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PREFACE. 



It is intended that iht present Yolnme shall he followed hy 
two others, each, like this first, complete in itself, hut so con- 
nected with the other two, that the whole may form a systematic 
compendium of modem elementary mathematics. Whether or 
not this intention he fully carried out, will depend upon the 
manner in which the portion of the plan now submitted to the 
public may he reoeiyed. 

Should this be such as to encourage the prosecution of the 
original design to its completion, the -three volumes wiU embrace 
an amount of mathematical instruction sufficient to meet the 
demand of most seminaries of education* 

The volumes in contemplation will contain, in addition to the 
more advanced parts of pure mathematics, the applications of 
these to mechanical philosophy, optics, and physical astronomy. 

The author has not space at his disposal here to give any 
summary of the particuhu*s introduced into the following pages ; 
he believes, however, that they may be consulted, not altogether 
without profit, even by those who are already in some degree 
familiar with Algebra and Trigonometry. 

Such persons may, for instance, gather some small additions 
to their knowledge from the remarks, generally inclosed in 
brackets, about series— combinations-^the incommensurability 
of the circular circumference, &c. And perhaps one or two 
things, common to all books of the kind — such as the theory of 
the greatest common measure, and the investigation of the fun- 
damental formulsB of Analytical Trigonometry — ^may be found 
to be placed in a more agreeable and satisfactory light. But for 
the reason just assigned, these matters cannot be enlarged upon 
here : and the author can only add that, from the pains taken 
with the manuscript, and with the proofs, he believes that very 
few errors indeed have escaped his notice. 

JuiTE, 1855. 
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L—ALaEBEA. 

Preuminabt Notions of the Subject. 

1. The rxQes and operations of Algebra are only those of Arithmetic 
applied to letters as well as to figures. You will gain a notion of how 
letters can be introduced into calculation as well as figures^ by reflect- 
ing upon what is done in working a common addition or subtraction 
example in the arithmetic of compound (or concrete) quantities ; as fot 
instance, in adding together several sums of money, or 
in subtracting one sum of money from another. 

Thus, the operation in the margin, though one of 
common arithmetic, differs but very little from addition 
dT algebra ; and, as fiir as the part performed by the 
letters is concerned, it does not differ at all. 

The letters I, 8, d, ia this example, are symbole, 
standing for powide, %MXImge, and j^ence. It is univer- 
sally agreed that, in money operations, these symbols 
shall have the meanings nere stated, and no other 
meanings ; yet it is plun tiiat if any person chose to do so, he might 
employ thsse same symbols l, «, <2, in his own private practice, to stand 
for days, hours, and mvmUes; or indeed for any other quantities. 

The result of the operation above — taking the symbols in the com- 
monly received sense — ^is 95 pounds 18 shillings and 10 pence ; but had 
these symbols stood for days, hours, and minutes, as just supposed, 
then the result would have been interpreted 96 days 18 hours and 
10 minutes. 

In working the above example, as in common arithmetic, the sym- 
bols I, e, d would not be written against each of the several items as 
here ; they would of course be placed over them once for all : they 
have been repeated in this place solely for the purpose of giving an 
algebraical form to the example, and having gone over vt^ ^^xv \s^ 
consider that you have worked an exercise Vxv «A<^\A.ciiv ^1 i^^^3Qtt»». "^ 
is true that if this exercise were given amoni^ «^!gi^sCTafi»5L««»KS^^^ *«^ 
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2 ALOEBBA. I 

vacant spaces which separate the distinct quantities from each other ; 
would be filled up : the quantities would be linked together by a mark j 
or sign, called the sign of addition ; it is an upright 2QI + 8« -f 2<2 * 
cross +, and is read ** plus ;" it implies that the 17^+ 1*4. ^ 1 
quantity to which it is prefixed goes to the increase ^g^ + 2s+ 4d I 
of what precedes. In the money example, as given 91+ 5s + Id 
at first, this is sufficiently understood, but the sign + ^ 

expressly declares it. Introducing therefore the sign 

of addition, as in the margin, we have a perfect 951 + lSs + lOd 

specimen of the algebraical form ; the result being 

correct, whatever l, «, d may stand for. 

If, instead of I, s, d, the symbols had been any other letters, a, h, e, for 
instance, or x, y, z, then, whatever quantities a, b, c, or x, y, z repre- 
sent, you could find no difficulty in working the following examples in 
addition of algebra, provided you understand what has just been said. 



26a + 


36 + 


2c 


13a + 


46 + 


ec 


4x+ 5y+ 22 


17a + 


16 + 


3c 


21a+ 


76 + 


3c 


18a;+12y+102 


43a + 


26 + 


4c 




26 + 


5c 


5x+ Sy+ dz 


9a + 


56 + 
76- 


Ic 


6a + 


36 + 


2c 
9c 


7x+lly + 14z 
2x + 5z 



95a + 186 + 10c 40o+166 + 25c 86a;+36y+440 



In examples of this kind you will find it the most convenient course 
always to begin with the first column on the left, not with the first on the 
right, as in arithmetic. In this latter science you add up the columns 
from right to left, for the sake of the carryings ; but there are no carry- 
ings from one column to another in addition of algebra ; you must see 
that such is the case, because the letters are not confined to any particular 
class of quantities, as pounds, shillings, and pence, or yards, feet, and 
inches, &c., but may stand for any quantities whatever. And it is 
plain that the addition may always be performed as above, though the 
quantities represented by the letters be unknown to us ; it is not neces- 
sary that the meaning of I, «, d should previously be made known to us 
before we could perform the operation in the margin at page 1 ; for 
whatever I may stand for, 951 must represent the sum of the entire column 
of quantities under which the 951 is placed. In like manner, 18« repre- 
sents the sum of the quantities in the second column, and lOd the sum 
of those in the third column, whatever s and d may stand for. It is of 
importance that you keep this truth constantly in mind, namely, that 
the interpretation of the letters is not at all necessary to the perform- 
ance of the operations ; it is with operations only that you will have to 
do at present, and the rules for the performance of these will now be 
given. When yon can work with algebraical 83rmbols with the same 
facility that you can work with the figures of common arithmetic, you 
will be shown how to apply algebra to special pmposes — to the solution 
of particular questions, where a distinct meaning is given to the letters, 
just as a distinct meaning is given to I, s, d, and such-like symbols, in 
concrete arithmetic ; but at present you will have to attepd to opera- 
tiont only — ^not to interpretations. 
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DEFINITIONS. 

2. The following are the signs of operation which are of most fre- 
quent use in algebra ; there are a few others which will be explained 
hereafter. 

1. + , plus, the sign for addition. 

2. — , minvs, the sign for subtraction. Thus, a + h signifies that the 
quantity represented by a is to be increased by the quantity repre- 
sented by b; and a—b signifies that the quantity represented by a is 
to be diminished by that represented by 6. If, for instance, a stand 
for the number 6, and b for the number 4, then a + b would stand 
for 10, and a—b for 2 ; that is, a plus b would be 10, and a minus b 
would be 2 ; in like manner 9 + 3 is 12, and 9— 3 is 6. 

3. X , the sign for multiplication, implying that the numbers 
between which it is placed are to be multiplied together : thus, 6x4 
implies that 6 and 4 are to be multiplied together, so that 6 x 4 is 24. 
In like manner a; x 4 or 4 x ;z; signifies that the quantity x is to be multi- 
plied by 4 ; in other words, 4 times a; is to be understood. But 
instep of the oblique cross for multiplication, a dot, placed between 
the fisictors, is also used for the same operation : thus, 6 . 4 equally 
implies the product of the two factors 6 and 4 ; and when only one 
of the factors is a number, and the other factors letters, the inter- 
vening sign for multiplication is usually suppressed altogether, the 
factors being merely written side by side, the numerical factor — when 
there is one — being always placed first : thus, 4x means four times x, 
equally with 4x:c or i.x: and in like manner o&i?, ax6xa;, a.b.x 
equally mean the product of the three fstctors a, b, x, or of whatever 
these represent. 

Although, as just stated, it is sufficient that algebraic quantities 
be written side by side, without any cross or dot between them, when 
the multiplication of those quantities — that is, of the numbers they 
stand for — is to be indicated, yet you will perceive that this plan will 
not do when the quantities are not algebraic symbols, but the arith- 
metical nltmbers themselves. If 2, 3, and 5 are to be multiplied toge- 
ther, the product would not be indicated by writing the factors thus, 
235 ; for everybody would take 236 to mean two hundred and thirty- 
five : a sign, in cases of this kind, must always be placed between 
the numerical factors to indicate their multiplication : thus, the product 
just mentioned would be indicated either by 2x3x5, or by 2.3.5. 
But, in using this latter form, you must take care that each dot ranges 
with the lower part of the figures, not with the upper ; because a dot 
before the upper part of a figure denotes that that figure is a decimal ; 
thus *3 means three-tenths. 

4. -<-, divide by, is the sign for division : thus 6-^2 means 6 divided 
by 2 ; and a-i-6 means a divided by b : that is, the quantity repre- 
sented by a is to be divided by that represented by b. 

There is another way of indicating division ; namely, by writing 
the dividend above, and the divisor below a line of separation dr8.w\2i^ 

between them; thus, —is the same aa^-%-^*, wi^ — ^iJcift ^axaa «a^ ^-vV>. 

B 2 



1 ALGEBBA. 

You will of course observe that the office of each of these signs of 
operation is simply to indicate the operation, not to perform it. 

The dgn b is used to express eqtudity; it is not a sign of operation, 
hut a sign of relation ; implying that the quantity written on the left 
jf it is equal to that on the right; thus, 6 + 2=s8 is a brief way of 
stating that 6 increased by 2 is equal to 8 ; and 6— 2ss4 affirms that 
6 diminished by 2 is equal ' to 4 ; we should read these statements 
thus, " 6 plus 2 equals 8/' and " 6 minus 2 equals 4." In like 
manner a+h^c—d affirms that a plus b is equal to c minus d, under- 
standinff of course by a, b, &c., the quantities, whatever they be, 
which these letters are made to stand for. 

The following are some examples on the preceding definitions. 

(l)13 + 4-6«ll. (2) 13a + 4a- 6a « 11a. (3) 13a;+4a;-6a:=lla;. 
(4) 66— 66 + 36«26. (6) 7y— 3y— 4y-0. (6) — 4aa; + 3aa:+ 6ax=:=5ax. 

In this 6th example, a minus quantity, that is, a subtractive quantity, 
is placed first, but in a set of quantities of which some are to be added 
and the others to be subtracted, the order in which they are placed 
before the eye is obviously of no moment ; we have only to take care 
that the sum of those which are subtractive is actually deducted from 
the sum of those which are additive. When the leading quantity is 
plus or additive it is not necessary to prefix the plus sign, the absence 
of the minus suffices to show that the quantity is additive. It may be as 
well to mention here that additive and subtractive quantities are also 
called positive and negative quantities. 

(7) — 56y+26y— 86y + 86y=26y (8) Bxyz-^ixyz'-2xyz= —Zxyz 

Here the sum of the subtractive quantities exceeds the additive or 
positive quantity by Zxyz ; therefore the minus sign must be prefixed 
to the result to indicate this &ct. 

5. The figure or number prefixed to a quantity, as a multiplier of 
that quantity, is called its coefficient; thus, in Ex, 7 the coefficient of 
the first 6^ is —5, that of the second 2, that of the third —3, and that 
of the fourth 8. The coefficient of loo; is 1 ; but to express once ax, it 
1h sufficient to write simply ax, which cannot be mistaken for anything 
else ; unit-coefficients may therefore always be omitted ; they are 
understood, though not expressed ; thus the coefficient of x, or of yz, 
or oixyz, &c., is understood to be 1. Avoid the mistake of saying, in 
such a case, that the coefficient is nothing, for this would be an impor- 
tant error. 

6. Any quantity written in the algebraic characters is called an 
expression : it is an expression of one term or a simple quantity when it 
is not separated into parts by the intervention of any plus or minus 
sign ; thus each of the following is an expression of one term, that is, a 
simple quantity, or a simple expression : — 

2aa:, Sabxy, —6abcz, l^pxy, &c. 

7. An expression consisting of two or more terms is called a compound 
expression, or a compound quantity. The following are compound ex- 
pressions : — 

2ax+Zby, Zbxy^2az, ax + li/—Zcs, &o. 
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The first and second of these consist each of two tenns, the third of 
three terms : we should read this third expression thus : a, x pins h, y 
mimis 3 times e, z ; remembering that when we say a,x\h,y\ &c., we 
mean the product of the factors which these lettess represent. 
. The foregoing particulars being understood, yon 'may proceed at 
once to Addition of Algebra, for which indeed the examples at page 2 
have in some measure prepared you ; by turning to them again you will 
peroeiye that, notwithstanding the presence of the Utltm in the several 
expressions added, the only actual work is with the coefficienta ; the 
column of coefficients is in each case added up, and then the proper 
letter written beside the sum. 



ADDITION. 

8. Case L When the quantities to he added are all like- qwmtUies, or 
quantities differing in nothing hU in coefficients, 

"Rule 1. Find the sum of the positive coefficients. 

2. Find the sum of the negative coefficients. 

8. To the difference of these two sums prefix the sign belonging to 
jbhe greater sum ; and the correct coefficient will be obtained. 

4. Write beside this coefficient the letters common to all the quantities 
whose coefficients have been thus added, and the amount of the whole 
will be expressed. 

[Note.* — It is obvious from these directions, that what is called 
addition of Algebra is not limited (as in arithmetic) to the finding the 
sum of a set of additive quantities, but extends to the finding the 
aggregaU or halanoe of a set of quantities, of which some are additive 
and some subtractive ; this balance is of course plus or minus, according 
as the sum of the additive quantities exceeds or &lls short of the sum 
of the subtractive quantities. If a person were to prefix the sign 
minus to his items of expenditure, those of income being plus, he woidd 
at any time learn the state of his affairs by proceeding as above ; the 
algebraical addition of the several sums would show the amount of the 
bjSance, the prefixed sign indicating whether it was in his fiivour or in 
that of his ci^tors.] 



(1) 


(2) 


(3) (4) 


2a: 


5aa; + l 


7axy—Sb 8cz + 2a;— 4 


- U 


8aa;-2 


— 4aa^— 26 — Scz— 7a; 


-3a; 


6aa;+4 


— axy+ h 5cs—ix+ 1 


4a; 


— aa;+8 


Saxy+Qb — Qcz+Sa;— 8 


8a; 


— 7aa;~5 


liaxy—5b 6a; + 2 


-2a; 


4aa;+8 


— 3aa;y— 46 — 7 


Ida; 


10aa; + 4 


21aa:y— 76 cz —16 


It is evident in 


all these examples, that the figures or coefficients are 



* Bemarks enclosed in brackets may be oiaVtte^ *, \x\x\. >iJaft T«»^«t N& 
recommended to attend to them, as nothing BupeT&MOua\& ^«si. 
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the only things that are actually added up, the letters being entire] 
disregarded till the balance of the coefficients is obtained, when tl 
letters, common to all the terms in the column, are copied down again 
it. Observe that the first column on the left is always that which 
first added, not the first on the right, as in arithmetic. 

Although you have nothing to do with the letters, beyond copyic 
them down against the sum of the coefficients, yet keep in mind thj 
the results of the addition are true, whatever interpretation you give 1 
the letters ; thus, in the fourth example, if we suppose c = 4, and z ^ < 
then the numerical value of all the quantities added will be 4 x 6 — 1( 
that is, 24 — 16, or 8 ; so in example 3, if a = 2, 6 = 3, a; = 4, ac 
y = 6, then the amount of all the expressions, when thus interpretei 
will be21x2x4x5--7x3, that is, 840 - 21, or 819. 



Examples for Exercise, 



2ax—o 

3aa; + 46 

7aa?+26 

■4aa? + 66 

oo:— 86 



(2) 

Aacx—Zm 

6acx— 2m 

bacx— m 

— liacx + 8m 

10acx+5m 



(8) 
6xy2 + 4db 
Zxyz^*Jab 

— xyz-^ ah 

— 2xyz + Zah 
Bxyz— ah 



Tamz—Zny 

— 2amz + ny 

— iamz—2ny 
—6amz + iny 

6a7m + 5»y 



(5) 

Ax—Zy+lz 

•2ar— 5y— 82 

6a; + 4y 

8y + 8z 

— ly— z 



(6) 
Zax + 4by—5cz 
6ax —Zcz 

2ax— hy + 2cz 
■ 7ax + 2by— icz 
8ax—5by 



(7) 

4tm4s—2nx + 17 

Zmz—5nx— 8 

^7mz—Znx— 1 

mz+ nx+ 4 

— Sm^—inx— 8 



(8) 
iax—iby + Zcz—i 

6(M;~36y— 6CZ+24 
6ax + Shy+ C2—5 
9ax + 6by—2cz + 7i 
ax—4by + icz—Z 



(9) 
3i6 + 2c-6rf + l 

-2|6-ic + 3d-| 

6|6-|c + id-7 

-246 + ic-|d + l 

b+ c+ d—i 



In the foregoing examples all the like quantities, that is, all thos 
which involve exactly the same letters, are arranged one under anoth( 
in a vertical column, and are thus put in proper order for the additio 
of the coefficients. But algebraic expressions to be added togethc 
seldom fall into this ordier ; and you will, in general, have to arrang 
them for yourself, as in these examples : — 

Add together the following expressions. 

(10) 5ax—7by + 2, 8aa; + 26y— 3, — 66y + 4, iax—7, 

(11) —ima + Zx, 6mz—7x+l, —Zmz—x—5, 2a; + 3. 

1 3 113 

(12) ■^ixy^2hz, -roxy—^, •gixy + -gbz, 5axy + bz. 
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4. Case II. WTien the qucmtities to le added are not aU like qita/iUities, 

When a set of algebraical qaantities intended to be added together 
are placed one under another, as in the first nine of the foregoing 
examples, but yet no attention paid to the orderly disposal of the like 
quantities in vertical columns, you will have to proceed in one or oiher 
of the two following ways : — Ist. You may alter the arrangement so as 
to remove this want of uniformity, and then proceed with the addition 
as in the former case ; thus, if the expressions be placed one under 
another at random, as in the first of the following gi*oups, you may 
change the order of the terms, as in the second way of writing them, 
and then add up the columns. 

Zx—5y + 2z = Sx'-5y + 2z 

— 4z + 3a;— y = 3a;— y — 42 

2y— 2 + a s= 2y— z +a 

Za + 5z—2x ss —2a; +5z + Sa 



4x—4y + 2z+ Aa, the sum. 



Or, 2nd. Without thus changing the order of the terms, you may pro- 
ceed as follows, which is the common rule for this second case of 
addition. 

Rule 1. Commencing with the quantity at the top of the first 
column, pick out all the quantities that are its like, wherever you find 
them, and write their sum under the first column. 

2. In like manner, passing to the quantity at the top of the second 
column, add to it all uie quantities that are its like, and so on. 

3. If there are any terms among the expressions that have no like at 
top of any column, add these by themselves and connect the results, 
with their proper signs, to those already obtained. 

[Note. — ^This ruje merely directs us to perform mentally the opera- 
tions actually placed before the eye in the illustration given above. 
There is certainly more work for the fingers in thus transcribing the 
several expressions under a different arrangement of its component 
terms, but the risk of mistake is undoubtedly less, as there is less 
hazard of overlooking like quantities. It may be as well to observe 
here that although it matters not in what order the terms of an alge- 
braical expression are written, yet, as in addition, it is customary to 
collect the terms like those which head the several columns before 
those unlike them are collected, the directions in the rule are given 
accordingly.] 

(1) (2) 

Zx'-5y+2z Aax—lZy + Zz 

—42 + 8a;— y 5y +3aa;+9y 

2y— z+ a 'Jxy—Az +90 

3a + 52 — 2a? 2+40 — 6y 

4a;— 4y + 22 + 4a lax— ^aj -vlacy -vX^^ 
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Examples for Exerciae. 

a) (2) (3) 

7ax-'Zby+li IS ^2ax^mz • idbx^Qcy + 2abo 

^2by+ 6 +2ax xy +3mz+ i Sicy + abx—12i 

42— ax ^by 2iii2— oo; — S — 17a6c— 3cy + 2a&p 

^Sax—Qby+lS —5aa;+ 17 +8wi« d7^abc+4cx 



(4) (5) (6) 

X 7 8 

ISory ~12^ + Sxyz 4 3az+25 q"^""I* +^ 

— 4y2 + ^xyz—lSyz 66+2^ az -rox+^b — 4- 

Zxz — 4a:y + 2yz — 2az— 36 — 66 — 4aa;— 3<? 

y 

a? 1 

7a?wz+ 2aa — Saw —5- +02 —56 4c +13 —7^6 

y 2 



When the expresaious to be added together are no^t already written 
one under another, as in these examples, but are placed side by side, 
as in examples 7, S, 9, 10, below, then, instead of placing them as 
here, without any regard to like quantities being confined to one 
column, it is better, of course, in copying off the expressions for 
addition, to write the terms in such order that the operation may come 
under case 1, as is done in the examples at page 6. Bat» without 
arranging the terms in columns at all, you may, in genenil, easily 
select and add together the several sets of like quantities, by a careful 
examination of the row of expressions as they stand, though, to dimi- 
nish 'the risk of mistake, the safest way is to bring all the expressions 
to be added under the arrangement of case 1. The following may be 
worked in either of these ways. 

(7) Find the sum of 800;— 26 + 1, — 56 + 3— 2aa;, — 14 + ax— 96. 

(8) — 9a?y+5a«— 13, 7aj5— 17+4ajy, 10+2«y— 8a«, aa+4. 

(9) Bxy'-7ae+Znm, — 5as+8a^, 7imi+2a2— 8j^, 92;$^— 13 + 02. 

(10) — 8paj+42y— 7a» Sgy— o+2par, — 26aj+8— 7c, 8o + 4jpa:+62y. 



SUBTRACTION. 

5. It has been seen that addition of algebra differs from the opera- 
tion that goes by the same name in arithmetic, not only in the circum- 
stance that in algebra letters stand for numbers, but also in this other, 
namely, that negative as well as positive numbers are introduced. 
The like difference has place between subtraction in algebra and 
subtraction in arithmetic. In arithmetic, all our operations are with 



positive nnmbers or quantities ; in algebra, both positive and negative 
alike enter ; it is necessary, therefore, for the purposes of algebra^ that 
we should know how to subtract a negative number. 

Now, to aubti'oct one thing from another, is to take away that thing, 
or its equivalent, from the other, and thus to get what is called the 
remainder ; thus, suppose we have to take 3 from 8, we may consider 
the 8 to be made up of 5 and 3, and therefore to be the same as 
5 + 3, and 3 being actually taken away, the remainder is 5. Suppose 
we have to take —3 from. 8, we may, evidently, instead of 8, write 
8 + 3 — 3, and —3 being actually taken away, the remainder is 8 + 8, 
or 11 ; we conclude, therefore, that if —3 be subtracted frx>m 8, the 
remainder is 11. Again, suppose we have to take —3 from —8, then, 
writing for —8, its equivalent —5—3, and actually taking the —3 away, 
the remainder is —5 ; so that, if —3 be' subtracted from —8, the re- 
mainder is —5. Lastly, suppose we have to subtract 8 from —8, 
writing for —8 its equii^ent —8—3 + 3, and then actually taking the 
3 away, the remainder is —8 —3, or —11. 

We have thus considered all possible varieties as to the signs of the 
two numbers, and have arrived at the following results. 

Svbtraction. 
8 8-8-8 

3-8-8 8 



11 -5 -11 



And it is easy to see that these same results would have been 
obtained if we had chcmged the sign of the number to be subtracted in 
each case, and had then added thus : — 

Addition, 
8 8-8-8 

-3 8 3-8 



11 -5 -11 



The two numbers 8 and 3 in the foregoing reasoning have been taken 
quite at random ; it is obvious that if any other two numbers had been 
chosen the contusion would have been the same, namely, that mhtrac- 
tion may cdwofyt he converted into addition by simply changing the sign of 
ike wumher to be subtracted; we thus deduce the foUowing rule : — 

BuuE. — Change the sign of every quantity to be subtracted, or 
conceive it to be changed (without actually rubbing it out, and putting 
the opposite si^ in its place), and then proceed as if the operation 
were addition mstead of subtraction ; the result will be the correct 
remainder.* 

* Beginners often puzzle themselves a good deal about n^fative 

Suantities, and, from regarding them in an erroneous light, surrouxLd. 
iiem with a degree of perplexity from which ^«^ «wt« taX^oi^^ ^x«Ri« 
This perplexity is, perhaps, increased "by dsacr&m^ ^«es^ »a vsoi^ 
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(1) (2) (8) 

From 5ax+7by txy—Saz — 2«u:— 3ny + 4 

Take Bax—2by "ixy + ^az 5mx + 2ny—d 



Bemalnder 2aa: + 9by lOxy-^Saz —7nix—5ny + 7 



(4) Subtract 7x— 8y + 2a— 66— 5 from 5y— 2x + 36— o— c. 

Here it will be advisable to alter tbe arrangemeot of tbe terms of tbe 
quantity to be subtracted (or of tbe other quantity, wbichever you 
choose), so that the like quantities may stand the one under the other. 
It is also necessary to observe that those terms which have no like are 
to be annexed to the remainder, obtained frt)m the other terms, by 
their proper signs ; and, to be correct in these signs, you must, of 
course, change the sign of every term to be subtracted that is Uius 
annexed : as follows — 

6y— 2a; + 86— o —e 
-3y + 7a:-66 + 2o— 5 



Bemainder Sy—9x + 96— 3o— c + 5 



ExampUi far Exerciie, 

(1) (2) 

^xy—baz + b —1 — 18a^ + 4a6— 3cc2 

.3a:y— 2(K+76— 4 5a^— 8o6 + 2cc?— 4 



teachers do, as "quantities less than nothing." A practical illus- 
tration, however homely, of an elementary difficulty in science will 
often do more to make the matter clear than pages of abstract rea- 
soning ; I, therefore, offer the following, suggested by what is done in 
the text : — 

Suppose a quantity of 8ib weight is put into a scale-pan, it will, of 
course, balance 8ib in the other scale-pan. Let now 3tb be added to 
the quantity, but, at the same time, let an upward pressure of 3ib act 
underneath the scale-pan ; this opposing force or upward pressure 
would be correctlv represented by — 3ib, and the balance would, of 
course, remain undisturbed, that is, 81b, acting on the scale-pan, is the 
same, in effect, as 8 + 3— 3lb so acting. Now, if the —3ft (that' is, the 
upward pressure) be taken away, the result is 8 -<- 3, or lift ; hence if 
— 3 be taken from 8 (that is, from 8 + 3— 3) the reminder must be 11. 
And universally, whenever you take away a ne^tive quantity, you 
diminish by so much the opposing influence, or increase by so much 
the direct influence— two forms of expression which may be allowed 
to amount, in meaning, to the same thing. In reference to the above 
illustration, there are actually upward and downward pressures acting 
on the scale-pan from the air. If we call the downward pressure a 
the upward will be —a, and the two united will be a— a, or so that 
the weight would be the same were the air removed. 
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(8) (4) 

6fnx^Sny + ipz—5 ax—Zby + c 



(6) Subtract — 802— 2by + 5cx—S from 9az— 6y + 3 

(6) 11^— 10gy + 4r from —Tpjc +135^—11 

(7) — 3a8 + 26y — 6a; + 1 2 from 18by + 7x- 2az— 8 

(8) 7a- 56 + 6c- 9a; from -8a?- 4<j + 6- 7a + 9 

(9) -2x^ + 1302-24 from -12az + ^ +3i 

2 

(10) 8^-5Y + 2yfrom2--8y + ~4 
^'06 a "^ b 

3 8 

(11) 16— 7aaj + 156y-2cfrom6aaj— 76y+5C-ll 

4 8 

(12) 2ia:-3Jy + 42-|fix)m64y-8i2 + | 

(13) -74oy + |-92 + jfrom24a;-44oy+- 

17 3 

(14) Zcex^-ray—-^ fi-om 3Jdy— 24cea; + ^— 1 

(15) -| + |-| + cfrom34a;-2iy+5J«+o-6 



OnihetLse and management of brackets or vincuZa, 

6. The signs + and — , in what has preceded, have been employed 
to connect together only simple quantities, lliey may be used also 
to connect together only compound quantities. In the examples just 
given certain compound quantities are subtracted from others; and 
tills subtraction has been actually performed, as far, at least, as the 
operation was possible without a numerical interpretation of the letters, 
in example 4, for instance (page 10), — 3y has been actually subtracted 
from 5y, and the remainder 8y exhibited ; but the subtraction of the 
— 5 from the — c, in the same example is not actually performed but 

* The learner will keep in mind that ^ is the same as -xy, that is, 

that the coefficient of xy in the expression in the text is -. In like 
manner, in the first expression in example 15, the coefficients of a;, y, z 
are — ^ 3' ""I '^P®*'*^^®^^' 
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only indicated, becanse, without knowing the number that — e repre- 
senta, we cannot take the number — 5 from it ; we therefore merely 
write down ^€ + 6, performing, in fiict, no operation at all, except 
merely chang^g the gubtraction into addition. 

If we were to limit ourselves simply to indicating the subtraction in 
Ex. 4, without actually performing it, we should inclose the whole of 
the expression to be subtracted in bra(Aei8, and unite it, by the sign of 
subtraction, to the other quantity, thus : — 

5y— 2a: + 86— o— c— ( 7a:— 3y + 2a— 66— 5) 
or 6y— 2aj+86—o—c— {7a;— 3y+ 2a— 66— 5} 
or 6y— 2a; + 36— a— c— [7a;— 3y + 2a— 66^6] 

The minus sign thus placed before a bracketed quantity denotes the* 
subtraction of the whole of that quantity from what precedes ; the 
brackets may always be remoyed provided the sign of every term in- 
cluded within them be changed, agreeably to the rule for subtraction, 
so that, upon removing the brackets, each of the above forms would b»' 

5y— 2a; + 36— a— c— 7a; + 8y— 2a + 66 + 5 

which expression, by actually performing the operations indicated "by 
the signs, as for as ti^ese can be performed, we have seen to be 

8y — 9a; + 96— 3a— c + 6 

which might have readily been written down, as the equivalent of the 
foregoing row of terms, without the more formal process at p. 10. 

If the bracketed expression were to be added to, instead of sub- 
tracted from, what precedes it, then the signs of its terms would 
remain unchanged, though the brackets be removed, because we do not 
interfere with the signs in cuidUion. The following are some instances 
of the introduction and removal of brackets. 

3aa;— 46y + (26y — aar) = 3aa;— 46y + 26y— oajsr 2aa;— 26y 
3aa;— 46y — (26y— aa:) = 3aa;— 46y — 26y + aa;=s 4aa;— 66y 
Sao;— 46y + ( — 26y — oa;) a 3aa;— 46y — 26y — aa;» 2aa;— 66y 
8aa;— 46y — (— 26y— oa^ « 8aa;— 46y + 26y + aa;«= 4aa;— 26y 

2aa;+ {aa;— (2y— 8aar)}«2aa!+ {oa;— 2y+3aa;}»2aa;+4aa;— 2y 

»6aa;— 2y 

2aa;— {oa;- (2y— 8aa?)} =2aa;— {aa;— 2y + 8aa;} =2aa;— 4aa; + 2y 

s2y— 2aa; 

Besides the brackets {),[],{ }» a straight line or bar drawn 
over the quantities to be linked together is sometimes, though much 

less frequently, employed ; thus, x + y + x — y and x + y—x-^y are 
respectively the same as x + y + {x—y) and x+y—{X'-y). It may be 
as well to notice, here that the two expressions thus chosen to show the 
meaning of the bar-vinculum, furnish a general property of numbers 
which is often in request : it is this, namely — 

a; + y + (a;— y)sB2a;, anda; + y— (a?— y)=2y 

two statements which are, of course, true, whatever numbers x and y 
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stand for, so thai the sum of two numbera increftBed by thair difierenee 
gives twice the greater of the two ; and the sum diminished by the dif- 
rarenoe giyee twice the less. Suppose, for instance;, x were *« 13, and 
y«B7, then the sum 20, increased by the difference 6, is 26 a 18x2; 
and the sum 20, diminished by the di£krence 6, is 14i»7 x 2. What- 
ever bond or tie be employed to unite a set of quantities into one 
compound whole, whether the bracket or the bar, the tie so employed 
is ciJled a vinculum^ without reference to its peculiar form. A multi- 
plier or coefficient placed before a set of quantities thus United together 
by a vinculum, implies that each individual term in tiie compound whole 
is to be multiplied by that coefficient^ so that it must be introduced as 
a £ftctor in every simple term when the vinculum is removed, thus : — 

a+6 (6— c+d)— a + 66— 6c+6€i 

8(ap— 4) + 5(y+2)«8a?-12 + 6y+10=8a?+5y-2, &c. 

And conversely when the same fiictor is found to enter two or more of 
the simple terms of an expression, the repetition of this common &ctor 
is avoided by introducing a vinculum, thus, taking the results at p. 12, 
they may be written as below, and they are more convenient for actual 
computation when numbers are put for the letters^ in this changed 
form : — 

gfluc— 2fty=2(aa;-6y) 6ax-2y «2(8aap— y) 

4ax— 66y»2(2(U[r— 36y) 2y — 2ax a-2(y— ax) 

2ax— 6&y=2(aa;— 8&y) Bax + dabx^Zax(L + U) 

Suppose, in this last example, a, h, and x were 5, 6, and 7 respectively ; 
you will see in a moment that the expression on the right of the sign of 
equality is much more readily calculated than that on the left^ since 
the work of the latter is 8x5x7 + 9x5x6x7, whereas that of the 
former is only 8x5x7 (1 + 8x6) that is, 8x5x7x19, and i£ a, h, x 
had represented laige numbers, the saving of work, by taking the form 
on the right instead of that on the left, would be very considerablew 
And this is one object had in view in introducing vincula, or brackets-^ 
the saving of numerical work. 

Write the following expressions free from brackets — 

(1) 3a-2(a-6) (2) 4{8a-(6-a)} (3) 2{2a:-(a:+y)-l} 

(4) 6[o + a:-2(a:-a)] (5) 2{o-8(2a:-3)} (6) 3{2a-(6-3a + c)} 

The equivalents of these expressions are (1) a + b, (2) 16a— 4&, 
(3) 2x-2y-2, (4) 15a-5a^ (5) 2a-12a:+18, (6) 15a-86-8c, and 
these, after (1), may be put in the following more convenient forms ; 
(2) 4(4a-6), (S) 2(a:-y-l), (4) 5(3a-a;), {S) 2{o-6x + 9),^ 
(6) 8(5a-6-c). 

SIMPLE EQUATIONS. 

7. An equation is merely a statement in algebraical characters, or in 
the figures of arithmetic, that two quantities are equal ; thus^ ^ x Vsi^ 
such a number that a; + 2 is equal to 7, then tb« %\iBi.\«9GCi<&TA x-v^«s.*\ Nsw 
an equation ; it is plain that for tlua to \>q Uui^ x mmfe ^K^^-csaMQ^^X 
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in like manner, 2a;— 3=9 is an equation, it affirms that x denotes a 
number such that the double of it diminished by 8 is 9 ; it is pretty 
obvious that, in order that such may be the case, x must stand for 6. 
An equation is said to be solved when the value of the letter, at the 
outset unknown, is discovered ; thus, the solution of the equation 
rzr+2ss7is:c=:5; and the solution of the equation 2x— 8=9 is a; =6. 
The letters chosen by algebraists to represent numbers that are at first 
unknown are taken from towards the end of the alphabet, as z, y, x, 
&c., and when for brevity they put letters for l^own numbers, they 
choose them from the beginning of the alphabet, as a, b, c, &c. 

In the equations which follow, the unknown quantity — that is, the 
number to be determined — ^will usually be represented by a; ; so that 
to solve the equation will be to find the value of x. The two opera- 
tions in principal request for this purpose are called TranspoirUion and 
Cleanng Fractions, 

Transposition consists in simply taking a quantity away from one 
side of an equation and placing it on the other side, at the same time 
taking care that the perfect equality of the two sides be undisturbed, 
80 that the result may still be an equation. In order to this, the 
quantity taken from one side must have its sign changed when it is 
transposed to the other side ; if this change of sign be neglected, the 
balance of the two sides will be disturbed ; if it be attended to, the 
balance will be preserved, as will be sufficiently evident from the 
following illustrations. 

Suppose we have the equation 6a;— 4= 5a; + 2, in which the 6a; and 
the 6x are unknown terms, and the 4 and the 2 known. In order to 
solve this equation, that is, to find the value of x, it is necessary first 
that all iike unknown terms should be collected together on one side of 
the equation, and all the known on the other ; we have, therefore, to 
remove the —4 from the left-hand side and the 5x from the right, and 
to do this by such operations as will not disturb the eq\iality of the 
two sides. . Now, let 4 be added to each side, or, which is the same 
thing, let —4 be subtracted from each ; the result will, of course, be 
an equation, namely, the equation 6a;=5a; + 2 + 4, because if equals be 
added to equals the results must be equal. The new equation, thus 
deduced, is nothing but the original with the --4 on the left taken 
away and written, with changed sign, on the right. Subtract now 5x 
from each side of the equation just deduced, the result must still be an 
equation, namely, the equation 6a;— 5a;=2 + 4, because if equals be 
taken from equals the results must be equal. Now, by comparing this 
last equation with that originally proposed, you will see that what has 
been done to obtain it is, in fact, merely the transposing the — 4 from 
the left-hand side to the right, and the 5x from the right to the left, 
the signs of the quantities thus transposed being changed. 

As the equation 6a;— 5a;=2 + 4 is the same as x—Q, the value of a; is 
in this way discovered to be 6. The original equation affirmed that 
6 times some niunber (represented at the outset by a;), diminished by 4, 
is equal to 5 times the same number increased by 2 ; the number ia 
found, as above, to be 6. 

Again ; let the equation proposed for solution be 7a; — 3 = 4a; + 9. 
By adding 8 to each side, or wluch is the same thing, subtracting —8 
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from e^tch side, the result iB7x^ix+9 + S. By sabtracting 4x from 
each side of this,, we have 7a;— 4a;=9 + 8 ; and comparing this with' 
the original you see that the — 3 and the 4x have been transposed, and 
their signs changed. And it is obvious that the removal of any term 
from one side of an equation, by subtracting the equal of that term 
from ho^ sides, is effected by, and is the same thing as, transposing 
that term with changed sign to the other side of the equation, the sub- 
traction of a quanti^ being the same as its introduction with changed 
sign. The equation 7x— ix^s 9 + 3, just deduced, is the same as 3a;= 1 2 ; 
if we divide each of these equals by the coefficient 3, there results 
x^i; and thus the value of x, at first unknown, is determined ; we 
learn that the number, such that 7 times that number diminished 
by 3 majib be equal to 4 times the same increased by 9, must be 4. 

Whenever a fraction occurs in an equation, we may deduce another 
equation from which the fraction shall be absent by simply multiply- 
ing both sides of the equation by the denominator of that fraction. 
When eveiy fraction is removed the equation is said to be cleared of 
fractions. 

X 
Suppose the equation to be - + 2a;=7 ; then multiplying each side by 

o 

3, there results the equation x + 6x^21 ; for equal quantities, whether 

multiplied or divided by the same number, frimish equal restdts. The 

equation just deduced is 7^=21, therefore, dividing each side by 7, we 

get x=Z, which value put for x satisfies the original equation, for 

1 + 2x3=7. 

To solve a simple equation containing only one unknown quantity. 

8. KuLB 1. If a fraction occurs in the equation, clear it away by 
multiplying both sides by its denominator. 

2. If both known and unknown quantities occur on the same side, 
separate them by transposition, so as that another equation may be 
deduced in which all the unknown quantities are on one side and all 
the known on the other. 

3. Collect the quantities on each side into a single term, namely, a 
angle unknown term on one side and a single known term on the other. 

4. If the coefficient in this unknown term (that is, the coefficient 
of a;) be other than unit, divide each side by that coefficient ; then x 
alone will stand on one side of the equation, and the known number, 
which is its interpretation, on the other. 

Example 1. Given the equation 7x + Z^2x+lS, to find the value of a;. 

As no fractions enter this equation, the first precept of the rule is 
not required ; but as known and unknown quantities are connected 
together on each side, we must apply the second precept of the rule and 
separate them. By transposition, 7x— 2a;=13— 3 
tiiat is, collecting the terms, 5a; =10. 

As the coefficient of a; in this last equation is 5, we divide each side 
by 5, agreeably to precept 4, and we thus get finally x—2, \ i^^^f^^^ 
required. 
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(2) Given the equation 8— da; + 12»80— 5a;+4to find the vml 
By tranapoflition, 5a;- Sa:^ 30 + 4-8-12 
Collecting the termfl, 2a;c»14 

Dividing by 2, a:- 7 

Bx 
(8) Given 8 — ^ + 4x^^22, to find the valne otx, 

o 

Multiplying by 8, 24 - 5a; + 12a; -66 

Transposing, — 5a; + 12a;<B 66 — 24 

Collecting, 7a;»'42 

Dividing by 7, a;* 6 

X 2x 
(4) Gtiven 7 + -5 — 1—4— a; to find the value of a?. 
4 o 

8^ 
Multiplying by 4, 3?+^— ^—l^-** 

Multiplying by 8, 8a; + 8a;- 12 - 48- 12aj 
Transposing, 8a; + 8a; + 12a;a( 48 + 12 

Collectmg/ 28a:- 60 

Dividing by 28, x^^^2^ 

2x 8a; x 
(6) Given -7r+-] — t"78 to find the value of a;. 

* ' 8 4 

da; 8a; 
Multiplying by 8, 2a;+^-y«21» 

12a; 
Multiplying by 4, 8a; + 9a;-~- « 876 

Multiplying by 5, 40a; + 45a;— 12a;« 4880 
Collecting, 78a;-i4880 

Dividing by 78, a;-^« 60 

(6) Given « + ^— t— ^^O, to find the value of af. 
2 4 2 

Multiplying by 2, a;+|-|-l-«0 

8aj 
Multiplying by 8, 8a; + a; — 5 — 8-bO 

Multiplying by 2, Qx + 2a;— 8a;— 6=0 
TransposiDg, 6a; + 2aj— 8a; =»6 

Collecting, 5a; « 6 

Dividing by 5, x -b-ssI^ 

[In the foregoing specimens of the method of solving a simp] 
tion with one unknown quantity, the precepts of the rule ha 
strictly obeyed ; but after a little practice in the operation, you 

* The learner will bear in remembrance that a fraction is mi] 
by a number when its denominator is divided by that number. 
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able to pnt some of the steps in a more compact form. Brevity has not 
been regarded in what is done aboye, only clearness and sunplicity.] 

Examples for Exercise, 
Find the value of a; in each of the following equations. 



(1) 5a?-^8=8a?+2 

(2) 7a;+3=42-6a? 

(3) 2a: + ^-66=0 

(4) l-f =18-. 

(5) 8a;+|+2=5a:-4 

#A\ X X X M ^ 

(6) 3+j + g-l = 

(7) 2(a:-8)«8 

(8) 3(a; + l)=5(a:-l) 

(9) £=2.5^ 

(10) ^.|=12. 



g-10. 
8 



(11) ^i^) + 6=8(x-8) 



(,2) 2.-««^.14-0 
(18) la,+^-l._l 

(Xi) l(a:-8) + 6-|(x+4)-8 

(15) f_2(8r2i)=i2 

„., 2z+8 7— 8a; 1, .. 
(^"^ -6 2 1^'^^^ 

(18) 3a;-2 + 4(-2a?)-10-(a:-l) 

(19) 2aj-5(12-ar)+8(2a:-8)«0 

(20) 8{2a;-(16-6a;) + 4}« 

6(8aj-2) 



Application of Simple Equations to the Solution of Questions. 

9. A question is solved by algebra by first expressing the conditions 
of the question in tiie form of an equation, and then solving the 
equation, as in the foregoing examples. The unknown quanti^, or 
that which is to be discovered as the answer to the question, is repre- 
sented, at the commencement, by an algebraic symbol, as x ; and when 
the question is translated into an equation, all we have to do is to find 
the value of x ; the mode of proceeding will become sufficiently clear 
by carefully examining the steps in the solutions here following. 

Note. The 83rmbol .*. stands for the word therefofre; it is very fire- 



* The line which separates the two terms of a fi-action, that is, the 
numerator and denominator, answers the purpose of a vinculum when- 
ever either of those terms is a compound quMitity, so that the sign 
placed before the fraction must be understood as extending its influence 
to the irAo26 of the numerator ; when the denominator 3 is cleared or 
removed from the fraction above, then, since the minus sign affects the 
whole of the numerator, the result must be written — (x— 10), or, 
—a; + 10, and similarly in Ex. 12. The leai-ner must never foit^^eX^ *CDaX» 
the minus sign before a vinculated quantity \& «k ^\tqgM\otl Va <2cassv^^ >^ 
the signs in that quantity upon the removal ot \^iQ ^TiQci\»ssv. 

O 
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qnently used, for brevity, in algebraical inquiries, and the same symbol 
reversed, thus */, is sometimes employed for the word because. 

1. Find two nmnbers such that their sum may be 15, and their dif- 
ference 7. 

Let X stand for one of the numbers, then 15— a; roust represent the 
other, and the difference of the two will be expressed by 15— a;— a;; 
this difference, we are told, is 7, hence the equation to be solved is 

15— a;— a?=7 
that is, 15-2a:=7 

Transposing, 15 — 7 — 2a; 

that is, 8=2a;, /.4=a; 

consequently, one of the required numbers is 4, and since the other is 
15— a;, that is 15— 4|. or 11, it follows that the two numbers are 4 
and 11. 

In this solution, it is assumed that x represents the smaller of the 
two numbers ; if it be made to represent the greater, then the other 
number 15— a; must be subtracted from it, and the equation to be 
solved will be 

a;-(16-a:)=7 
Bemoving the vinculum, a?— 15 + a;==7 

Transposing, 2a:= 7 + 15= 22 

.-. a;=ll 
consequently, 15— a:=sl5— 11 = 4, .'. the two numbers are 4 and 11. 

2. A railway-train loaves London at 12 o'clock to run to York, a dis- 
tance of 200 miles, another leaves York at the same time for London : 
at what o'clock will the trains pass each other, supposing that the 
train from London travels at the rate of 25 miles an hour, and that 
from York at the rate of 35 miles an hour ? 

Suppose they meet in x hours, then the train from London will have 
travelled 25a; miles, and that from York 35a; miles ; and, as the sum of 
these distances make up the whole 200 miles, we, therefore, have the 
equation 

25a; + 85a;»200 
ihatis, 60a;»200 

200 20 

consequently, the tndns will pass each other at 8| hours after starting, 
that is, at 3h. 20min. past 12 o'clock. 

3. Divide the number 20 into two such parts, that 3 times one part 
added to 5 times the other part> may make 76. 

Let X be one part, then, by the question, 20— a; must be the other 
part, and, from the other conditions of the question we have the 
equation 

3a;+5(20-a;)=7« 
Kemoving the vinoulum, 8a; + 1 00 — 5a; = 76 

Transposing. 8a;— 5a;= 76—100 

.'. -.2a;«-24 
Dividing by —2, a?=12 

consequently, sinoe 20— a; « 20— 12=8, the two parts are 12 and 8. 
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Yoa see that the sum of these makes 20, and that 8 times the first 
added to 5 times the second makes 76. 

4. What number is that of which the tiiird part exceeds the fourth 

part by 26 ? 

x X 

Let X be the number ; its third part is ~, and its fourth part is 7 ; 

o 4 

and by the question x x 

Multifdying by 3, to clear the first fraction, we have the equation 

a;-- ^==7^. 

Multiplying by 4, to clear the second fraction, we have the equation 

4a;-3a;=312 
that is, 07=312 

consequently the number sought is 312 ; the third part of it is 104, and 
the fourth part 78 ; and the former part exceeds the latter by 26. 

5. Divide £100 among three persons, A, B, G, so that A may have 
£20 more than B, and B £10 more than 0. 

Let X represent the number of pounds A should have ; then by 
the question, the number in B's share would be a;— 20, and in 0*s, 
a;— 20— 10 ; and since the sum of these numbers is to make 100, we 
have^ by addition, . 

X number of pounds in A's share, 

a;- 20 „ „ B's „ 

a;- 20 -10 „. „ C's „ 



3a;— 40— 10»100 „ all the shares 

that is, 3a;— 50=100 

Transposing, 3a;»100 + 50»150 

.-. a;=50 
consequently A must have £50 ; therefore B must have £30, and G £20. 

6. A person pays a bill of £2. 16s. 6d. with forty pieces of silver, 
half-crowns and shillings ; how many pieces were there of each sort ? 

Let X represent the number of half-crowns ; then, by the question, 
40— a; was the number of shillings ; so that the number of sixpences in 
the former was 5a;, and the nimiber in the latter 2(40— a;) or 80— 2:v; 
also, the number of sixpences in the whole sum paid^ namely, 
£2. 168. ed., is 113. 

.•. 6a; + 80 -2a;= 113 
Transposing, 5a;— 2a;s=113— 80 

that is, 3a;s33 

.*. a;=ll 
consequently there were 11 half-crowns, and therefore 40—11 or 
29 shillings. 

7. A vessel can be filled from a tap in 3 hours, and from a second 
tap in 4 hours ; in what time will it be filled if both taps be set running 
together ? 

Suppose it can be filled in x hours ; then, since ^ cA SX. S& ^SisA.^^ 
1 hour by the first tap and i of it by the Becon^ \-v V ^«JtSss -^^'^'*» 

02 
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is filled by both in 1 hour, consequently x times this, or ---x is filled in 

12 

X hours; but by the supposition this is thd whole vessel, that is, 1 whole 

vessel. 

consequently the vessel will be filled in If hours. 

8. A vessel can be filled by taps running separately in 2 hours, 
3 hours, 4 hours, and 5 hours ; in what time will it be filled if they all 
run together ? 

The part of the whole vessel filled by all the taps running one hour 

isi + J + J + i or j^ + §^ + rt + iS=^, consequenUy the part filled by 

77*1/ 
them in x hours is -^ ; if this part be in reality tbe whole, or 1 vesself 

then we have the equation -^="1 

/. 77a;=60 .-. x^^ 

so that the vessel will be filled in f ^th part of an hour. 

In this way, when we know the time in which any number of agents 
acting singly can produce an effect, we may always find the time in 
which the same effect would be produced by all the agents acting col- 
lectively. 

9. A market woman bought a certain number of apples at the rate 
of five for two-pence ; she sold one-half of them at two a penny, and 
the other half at three a penny, and thus gained 3(2. ; how many apples 
did she buy ? 

Suppose she bought x apples; then, as she gave 2d. for every 5, 

2x 
they must have cost -^ pence. 

Again, for - at two a penny she received -r pence, and for - at three 

X 

a penny she received - pence. Consequently, as she received Bd, mora 

than she spent, 

X X ^x _ 

Multiplying by 4, a; + -r-=-=-+12 

O 

24a? 
Multiplying by 3, 3a: + 2a? « -— + 36 

5 

that is, 5x^-r-+Z6 



Multiplying by 5, 25a?=r 24a: + 180 

Transposing, x » 180 

consequently, the number bought was 180, the cost of these at five fbt 
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180 
two-pence was -— - x 2 = 72 pence, the selling price of 90 at two 

90 
a penny was -— -ss45 pence, and the selling price of 90 at three a penny 

90 
was -^=80 pence, so that the selling price of the whole 180 was 

75 pence, three-pence more than the cost price. 

Note. When, as in the preceding question, fractions are foreseen to 

enter the operation when x is put for the unknown number, it will 

often be found to simplify the work to put instead of x some convenient 

multiple of x, that shall actually be divisible by the denominators; 

thus, as 5 and 4 and 6 are easily foreseen from the above question to be 

divisors of the unknown number, let that number be represented by 

60^ 
60a;, instead of by a; ; then the cost price of the 60^; apples is —=-■ x 2 

= 24a; pence, the selling price of 30a; at 2 a penny is 15ar pence, and of 
80a; at 8 a penny, 10a; pence ; hence the equation is 

15a: + 10ar=24a:+8 
Transposing, 25a;— 24a;= 8 

that is, a;=8 Z. 60a:«180 

Example 4 might have been simplified in the same manner, thus — 
Let 12^ be the number, then the third part of it is 4a;, and the fourth 
part 8a;^ therefore by the question 

4a;- 8a; =» 26 
that is, a;»26 .*. 12a;B812, the number required. 

10. Out of a cask of wine which had leaked away one-fourth part, 
80 eallons were drawn, it was then found to be one-half full ; how 
rxsoScL did it hold ? 

Suppose it held 4a; gallons, then after the leakage it contained 3a; 
gallons'; hence by the question 

8a;— 80=2a; 
Transposing, So;— 2a;— 80 

that is, a;»30 .*. 4a;3Bl20, the number of gallons. 



Questions for Exercise, 

1. IHnd two numbers such that their sum shall be 10, and their dif- 
ference 6. 

2. What number is that whose fourth part exceeds its fifth part 
by 10? 

8. Divide 20 into two such parts, that a third of one part added to a 
fifth of the other may make 6. 

4. Divide £300 among A, B, C, so that A may receive twice as 
much as B, and C as much as A and B together. 

5. How much tea at is. 6d. per lb, must be mixed with 501b at 6s, 
per lb, so that the whole may be worth 5s. per fb I 

6. A labourer was engaged for 30 days, on condition t\v».\> i<^t ^-s^t^ 
day he worked he was to be paid 20d., but ioT ever^ ^"^ \ifcSS\fe^Vvi4, 
was to be forfeited. He received £1 : how man^ ^-j^ ^•Wa ^a^\ 



22 ALGEBBA. 

7. A fish was cauglit whose tail weighed 9ib ; his head weighed as 
much as his tail and half his body, and his body weighed as much as 
his head and tail together : required the weight of the fish. 

8. Out of a cask of wine, of which a fifth part had leaked away, 10 
gallons were drawn, after which it was found to be two-thirds full : how 
much did the cask hold ? 

9. A person has £50 in half-guineas and crowns ; the whole number 
of coins is 101 : how ipany are there of each ? 

10. A gamester at the first sitting lost one-fifiih of his money and 
then won 10 shillings ; at a second sitting he lost one-third of what he 
then had, and won 8 shillings ; he then found himself in poasettion of 
£3 St. : how much had he at first ? 

11. A cistern can be filled from two pipes ; from the first in 8 homSy. 
and from the second in 5 hours : in what time can it be filled, Hf both 
pipes run together ? 

12. A can finish a piece of work in 2 days, B in three days, and C in 
5 days : in what time will it be finished, if all three work together ? 

13. A cnild being asked the time by the clock, aaid, that the hands 
were both together between 5 and 6 : required the exact time. 

14. What is the time between 12 and 1 o'clodL when the hour- 
hand points directly opposite to the minute-hand ? 

15. A person wishes to make a present of six guineas to a &mily of 
four persons ; to the eldest he intends to give sovereigns, to. the next 
half-sovereigns, to the third shillings, and the youngest sixpences, and 
to each the same number of coins : it is required to find how many 
each should have. 

16. A and B working together can reap a field in 7 days, which A alone 
can reap in 10 days : in how many days can B alone reap the fiield ? 

17. A walks at the rate of 3 miles an hour ; two hours alter he has 
left, B is despatched, at the rate of 4 miles an hour, to overtake him : 
at what distance from the starting-point will B come up with A f 

18. Two persons, 150 miles apart, set out at the same time to meet 
each other ; one goes three miles while the other goes 7 miles : what 
part of the distance will each have travelled when they meet ? 

19. Find two numbers whose difference is 6, such that one-third the 
less increased by one-fifth the greater shall be the same as one-third the 
greater diminished by one-fifth the less. 

20. A and B can finish a piece of work in 8 days, A and in 5 days, 
and B and C in 6 days : m what time can they finish it, if A, B, and 
C all work at it together ? 

10. From the foregoing exercises it will be seen that a very small 
amount of algebraical knowledge will enable you to solve questions that 
would be found very puzzling if they were to be worked by arithmetio 
only. As yet addition and subtraction of algebra are the only rules 
that have been taught ; multiplication and division are now to be con- 
sidered, but some stdditional definitions must first be given. 

Definitions. 

11. Powers. When equal &ctors are multiplied together, the product 
is called a potcer of the fiictor thus repeated. The second power is pro- 
duced £rom two equal fiMtors^ the third from three, the fourth from 
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four, and so on. Thus, because 3x3s9, 9 is the second power or 
square of 3 ; and because 3 x 3 x 3=27, 27 is the third power or cuJbe 
of 3. In like manner, 27 x 3, or 81, is the fourth power of 3, and so on. 
In the same way with letters, aa is the square of a, aaa is the cube 
of a, cuiaa is the fourth power of a, &c, 

£xponenl8, or Indices, Instead of writing down all the equal &ctor8 
producing a power side by side as above, it is sufficient to write only 
one £au:tor, and to mark the number of them by a small figure placed 
over the right-hand corner of it ; thus — 

3»«9, 8''»27, 8*=81, 8»«243, 8«-729, &o. 

The left-hand members of these eqaations denote the second (or 
square), the third (or cube), the fourth, fifth, sixth, &/o., powers of 3 ; 
and the right-hand members show what these powers really are. So 
with respect to letters; a\ a^, a\ a^, cfi, &c., denote the same powers 
of a, that is, of the number which a stands for. The small comer 
figures are called exponents, or indices. In the case of numbers, we can 
of course actually exhibit the power by multiplying together as many 
of the equal factors as the exponent points out ; in the case of letters 
we can do no more than indicate the power, as above, till the letter is 
replaced by the nimiber it stands for, when the operation indicated may 
be performed by common multiplication. 

Boots, The number to which the exponent is attached is the oorre- 
eponding root of the resulting power ; thus, 3 is the square root of 9, 
the cube root of 27, the fourth root of 81, &c. When the root is 
known, it is easy enough to get the power by common multiplication ; 
but when the power is given to determine the corresponding root, the 
operation is fi*equently one of difficulty ; you have seen in arithmetic, 
tnat to find the square root, the cube root, &c. of a number is a much 
more troublesome operation than to find the square or cube of a num- 
ber. Boots, like powers, are indicated by exponents; thusi, 9^, 27^* 
81^, a^, &c., denote respectively the square root of 9, the cube root of 
27, the fourth root of 81, the fifth root of a, &c. Boots are otherwise 
denoted by means of what is called the radical sign >J \ thus, the roots 
just expressed may be indicated as follows : — 

V9, -C/27, -^81, V<h &o. 

The mark *J. is merely a corruption of the letter r, the initial of the 
word root (or radix) ; when the square root is denoted, the little 
figure 2, implying the second root, is suppressed, as its insertion would 
be superfluous ; the absence of an index from the radical sign suffi- 
<Hently indicate that the square root is meant. 

The signs of operation here defined, when connected with compound 
or bracketed quantities, just like the other signs of operation attached 
to such quantities, operate upon the whole expression ; the bracket or 
vinculum may always be regarded as reuniting into one term what had 
previously been cut up into several terms. The square of the compound 
quantity aa^—bx + c is indicated by help of the vinculum in either of 
the four ways following — 

(ax^~bx + c)', [aa^^hx + cf, {aa?— bx-vcY» oa?— ^-^^ 
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and the square root of the same expression is denoted by one or other: 
of the forms 

or else by 



Add together the following expressions — 

1. (a + a;)«-.8, {a + a;}» + 6, [a + arP-1, 5 + 4(a + a?)« 

2. 6-V(a-ar), 8\/a-a; + 2, 5(a-ar)*-4, 2-3 (a-a;)* 
8. Subtract 4(2aa; + 3)*-86 from 7-y(2aa; + 3) + 26 

4. Subtract 8\/^^-2(a+a;) from 4(a:«-y*)* + 7(a-a;) 

6. Subtract 8a-v/(ar» + ya)-2 \/5»^ from 4 (ar^-jr')* + 2a(a? + j^)* 



MULTIPLICATION. 

Case 1. When the factors are simple quantities, 

12. Bulb 1. Notice the signs of the two Motors : — ^if they are liJse, 
that is, both pha or both miwus, the sign of the product is phts ; it 
they are tmlike, the sign of the product is minus. This is briefly ex- 
pressed by saying — ^like signs produce plus, and unlike signs produce 
minus in the product. 

2. Having written down the proper sign, write after it the product of 
the coefficients. 

8. And then annex the product of the letters ; that is, write down 
the letters in both fetctors side by side without any sign between them. 

Note. — ^The letters of the product ai*e usually written in the order 
they follow one another in the alphabet. 

when powers of the same quantity are to be multiplied together, the 
product is expressed at once by simply writing down that quantity with 
the sum of the exponents in the factors over it ; thus, a^xsc^ssx^^ 

a^xx^^aPf and generally x^ x a;** =«"*■*"**, whatever integers m and n 

may be ; this follows from the very notation for powers explained at 

page 23 ; for a:^ x a:^ is xxx x xxxxxs^afi^ and similarly whatever be the 

exponents of x in the factors. 

That the product of two quantities with like signs is plus, and the 

product of two with unlike signs minus, may be proved thus : — 

Let us take any two numbers for factors, as, for instance, 6 and 4, and 

let us give to them all the possible varieties as respects signs ; we shall 

then have to consider these four cases, namely — 

Q -Q 6-6 

4 4-4-4 

24 -24 -24 24 



i 
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The first is the case of common arithmetic, and requires no remark 
here. The product in the second case must be —24, because from the 
nature of multiplication the — 6 is to be repeated 4 times. The third 
case is peculiar ; in order to discover the correct product let the multi- 
plier be increased by 5, the product will then, evidently, be 5 times 6, 
or 30 too great ; i^ therefoi*e, we can find this erroneous product, we 
may correct it, and arrive at the true product by subtracting 30. Now 
— 4 increased by 5, that is, —4 + 5, is 1, and 6 x 1^=6, subtracting 30 
from this erroneous product, we have 6— 30s=— 24, .*. — 24 is the cor- 
rect product in the third case. 

In like manner, in the fourth case, increase the multiplier by 5, thus 
getting a product which is 5 times — 6, that is, — 30 too great ; this 
product is — 6xl»— 6, and subtracting the —80, the correct product 
is + 24, because we musk change the sign of the subtraddve quantity, 
and cuid. The products exhibited above are, therefore, all correct, and 
as uiy other factors might have been chosen, and similar conclusions 
obtained, it follows that the ** rule of signs " is correct. 

— 4a^^ 



(1) 


(2) 


(3) 


Multiply Zax 


-7cy 


5a:V 


by 2b 


Zax 


^6ay^ 



Product 6abx —21acxy — SOoxV B2ax^y^ 



(6) (6) (7) (8) 

Multiply -13a«6x* Zx^y 7a«6»25* ate* 

by —5by ^5aa^ bxhi —2h^ 



Product eSa^b^a^y -^Ucuifi^/y Z5a^l^a?s^ -2alf*aA^ 

Examples for Exercise, 
(1) 4aVx -36'a:y* (2) -6a6*«3/»x -6a;*2^' 

(3) -2aa: X 3aV x fia:^ (4) babx x ~26»a^ x -3/ x -4 

(5) Ta^ x^oicyx -^« (6) -^/x -^x -^ 

Case H. When one of ike f outers is a compound quantity and the other 

a simple quantity. 

13. Bulb. Multiply eadi term in the compound fitctor by the simple 
&ctor, always commencing the operation at the left hand ; the products, 
written one after the other, witii their proper signs, will be the com- 
plete product. 

(1) (2) 

Multiply 3aa:— 126y 4oa:»— 36^ + 22* 

by 2aV -3fe 

Product 6o*a^-24a%a« -12a6ar^3 + 96Vz-662* 
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Exavevplea for £xerciie, 

(1) (2) 

Multiply - 2xy^ + Scm? 12a»6»a;- Zcf + 2 

by 6asi^ -^laJt^a? 

Product 



(8) (6aj«a?-2ajy)x2a«6''a:« (7) 4c%{3a2a;-(4-4a«a;)} 

(4) (7ary + as2-4)x -36ay» (8) iaV{262^-(4aa:-3y»)} 

(5) (9a:«-10y*-122*) x -^la^y^^ (9) (5aj:+6y-C2) x -oa;x -5c 

(6) {oa:-(3ac + 2)}»x-4a26a:« (10) (7aa^-^)x -ogr^xfe* 



Case III. TTAen&o^^ t^ /actors are compotmc^Ttcon^i^ies. 

14. BuLE 1. Mijltiply all the terms of the multiplicand by each term 
of the multiplier. 

2. Place the several like products one under another, and find their 
sum by addition. 

(1) Multiply a + & by a + 6, and a—h by a—h, as also a+ 6 by o— 5. 
a +6 a —b 

a +b a —6 



a* + ab 
ab + V' 


a*— o6 


=a« + 2a6 + Z>a 


o«-2a6 + 6» 




a +6 
0-6 






'a + b)(a-b) = 


o' -&« 



Prom these three results, we learn that 

1. The square of the sum of two numbers is equal to the squares of 
the numbers themselves plus twice their product. 

2. The square of the difference of two numbers is equal to the 
squares of the numbers themselves mmva twice their product. 

* In examples like (6), (7), and (8), the compound factor is to be pre- 
pared for multiplication by first removing the inner vinculum ; thua^ 
the first fiictor in Ex. (6) is to be written ax—Bax^2t that is, —Sax— 2, 
and then multiplied by —ia^ba^. In like manner, tiie second £»otor in 
(7)is7a«a:-4. 
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8. The sum of two numbers multiplied by their difference la equal to 
the difference of their squares. Thus, take the two numbers 7 and 8 ; 
their sum is 10, and 10»=7*+82 + 21 x 2 = 100. 

The difference of the same numbers is 4, and 4'»7' + 8'— 21 x 2«16. 

Also the smn multiplied by the difference of the same numbers is 
10x4«7*-32=40. 

In this illustration of the arithmetical application of the foregoing 
general results, a is interpreted by 7, and b by 8, but a and b may be 
replaced by any numbers whatever. 

(2) (3) (4) 

a^ + ab +i« 8a:*- 4x SaP- 2x +8 

a — * 2x — B 8a:+4 



a^ + aH + ab^ 


ex'- 


- Sa^ 15«»- ea^-h9x 

- 9a^ + 12x 20a:»-8a:+12 


a» -*» 


Gx'- 


-17a:*+12a: 15x^ + lisc*+ a; + 12 


X +a 
X +b 


{7) 

- 6ab 

- 2ab 


(6) 
€ux^+ bx +« 
8a:-* 


a^ + ax 
bx + ab 


daa^ + Bba^ + Scx 
^aba?—b^x^bc 


a? + {a + b)x + ab 


Zaa? + (3* - a*) a:* + (3c- b^x—bc 


12ax - 
ax - 


+ 8 
+ 2 


12a^a^' 


- 5aHx + Zax 

-2iaHx +10a?i«- 6ab 

2iax -lOad + 6 


Ua'x'' 


-2da^bx+ 27aa; + 10a«*'-16a* + 6 



Examples for Exercise, 

(1) Multiply Soa;— 4 by 2aa;+ 2 

(2) Multiply 12aar»-36a; + c by 4ar'-8a; 
(8) Multiply 8a:^-8a:y + 12 by 2a:3-4 

(4) Multiply (3a:- 2) (2a: + 8) by 8aa;-l 

(5) Multiply*(3-4a:) (7a: + 5) by 5a: + 8 

(6) Multiply the square of a: + 2y by a:— 2y 

(7) What is the cube of a + a: ? 

(8) Find the cube of a— a; 
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(9) Multiply x^ + -x-2x by 6 

(10) Multiply 2a?-.ic + i by ix~ 

1 1 

(11) Multiply the square oi-x—^ by a— y 

(12) Find the product of the factors 2a:— 4, 7« + 8, ^a:— 2 
(18) (3aa;-46y-2) (5aa?-.26y-8)« 
(14)(ai:-.^(2a: + l)(7a:-8) = 

(15) (2aa; + 6)» (aa;-&) (aa; + 6)= 

(16) (7a:»-4a?-8a: + l)(2ar»-8a;-2)= 

(17) {ar»--(a + &)a; + c} {ar» + (a + 6)a;-c} = 

(18) Prove that {o^ -v s^y -v xk^ -^r f) {x-y)^{3^ + f) (a?-f) 

(19) Prove that {{a^ + aff-a^a?} (a«-ar')=(a? + ar») (a'-a^j 

(20) Find the result of {a? + f) {a?-f) (a^ + y*) without actual mul- 
tiplication, by aid of the principle 3, at p. 27. 



DIVISION. 

15. Division of algebra^ like multiplication, may be conveniently 
separated into three cases. 

Case I. When dividend and divisor are both simple guamUiiea. 

Rule 1. Write down the sign of the quotient ; if the signs of divi- 
dend and divisor are like, it is plvs ; if unlike, it is miniM. 

2. Then write the quotient of the coefficients found by common 
arithmetic. 

3. Lastly, annex the quotient of the letters ; these being such that 
if they were united to the letters in the divisor they would make up 
the letters in the dividend. 

As the correct quotient is always such that when multiplied by the 
divisor the product is the dividend, it is obvious that tiie quantity 
determined by these precepts will be that quotient ; for when it is 
multiplied by the divisor, the sign, coefficient, and letters of the divi- 
dend are necessarily reproduced. 

Note. When any letter or factor occurs in the divisor that is not 
also in the dividend, then, just as in common arithmetic, after the 
quotient by the other factors has been obtained, the factor unemployed 
must be written under it as a divisor, to imply that division by it has 
not been performed. This is only what we do in arithmetic, to which, 
indeed, the operations of algebra always correfn)ond ; thus, if we have 
to divide 180 by 24 ; then, the factors of 180 being 12, 5, and 3, and 
those of 24, 12 and 2, we see that after the division of 180 by 12, 
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giving the quotient 15, we must write the nnemployed diyisor 2 nnder 

IK 
this quotient as a divisor, so that -^ or 7^ is the final qnotien*. 

1. Divide — 8a*a^ hy 4a^. Here the sign of the quotient is mvnnu, 
the signs of dividend and divisor being unlike ; the coefficient of the 
quotient is, therefore —2. As to the letters of the quotient, we have 
only to annex those which, if united to the letters (i?x in the divisor, 
would make up the letters c^a^ in the dividend ; it is plain, therefore, 
that two a's, that is a' and one a;, are wanted for this purpose : so that 
we have 

wx 
(2) Divide -16a***aVby -4a?Ja?y 



— 4a*da:'y 
(3) Divide 12a*«a?y by -ZaJbo^ 



=4a»d»/ 



12aA«a^ 4d*a^ -4**an^ 44»an^ 
— or , or 



— ZaJta^yz z z —2 

These three forms of the expression are all the same in meaning ; the 
entire fraction is minus, because the dividend and divisor have unlike 
signs ; the first way of placing the minus, directiy in front of the frac- • 
tion, is that most generally adopted. 

(4) Divide 17a^*Va:'y* by 3o»*Va^y« 

You see that when powers of the same letter occur both in dividend 
and divisor, the quotient, in reference to that letter, is got by simply 

subtracting the lower exponent from the upper ; thus, -^^^'O^y -n^^y 

cr 

and so on ; if, however, the lower exponent be the greater, then we can 

subtract only a portion of the lower from the upper, and can thus only 

partially pemrm the division ; the lower letter, with its exponent thus 

diminished, still remains as a divisor ; thus, :^«:--, ^^—v, and so on ; 

for a? divided by a^ is, of course, the same as a? divided by a?, and then 

the quotient by x ; but a? divided by a? is 1, and this divided by x is - ; 

X 

in like manner, ^ divided by ^ is the same as ^ divided by ^, and 
then the quotient by ^ ; but ^ divided by ^ is 1, and this divided 

by/is^. 

It is very important always to remember that when powers of the 
same quantity are to be operated with, multiplication requires only the 
addition of their exponents, and division ooly the «u6£raicCvnw ^l>^c^!»x 
exponents. 
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£xample8 for Exercise, 

(1) Divide Uaah/^ by -2axf (7) Za^m^oey -i-Mnh^ 

(2) '^aYe'+Za^fa* (8) 26V2(i+-iiC»y2* 

(8) -12AVy+-6a3i«a:*/ (9) -7a:*3/2^+~2>^a 

(4) t(u?^ -k-Zol^xyj^ (10) •Taic*v^ar+5a*d*<a* 

(5) 16a*aV-^-4a'a:*A/y (H) 9A«>>/J+y-*-18a*»(«-y)* 

(6) -7a:y*-^2-h6ar'y*2i (12) 3ai (a;-y)i+6a'»ft<v/^^ 

Case II. Wh&n, the dividend is a compound quantity cmd the divisor a 

simple qtbcmtiiy, 

16. BuLE 1. By the former rule find the quotient of the divisor and 
edch term of the dividend. 

2. Connect these several partial quotients by their proper signs and 
the complete quotient will be exhibited. 

a) 

;r7--5 « Zo^ba^" 2abx + 1 

2oar 

(2) 
12aa:»2»-8a*aa?-4a!2 „ « « 1 

^ a= ZCUCZ-^ 20' 

4x!r z 

Examples for Exercise. 
8oV-12aa^ 12wV- Sm^xf^ + 16wV 

^^ 2cu: ^^ .4wV 

Zx^f2^'-4a^f!^--xy^ . 12x-^y''^Z{ai^ + 2x^f)* 

^ ' 5x2y«2 . ^^ Zxh/ 

,„ 15-9(aV + ftV3/»-3) ,ax 4(aV-2a3A)ic«-8(a«-8a^)*«« 

v> J^y 'V*'^ 4^ 

5 (3aV - 2) (7ce^x^ + 3ckc) - 1 Oa^ar» 

^^^ 2^^ 

(10) Divide {a»-2(a*-ar»)}{a*-3(««-a*)} by 2(wr» 

Case III. TTAen dividend and divisor are both compound quantities, 

17. BuLE 1. Arrange the terms both of dividend and divisor so that 
the powers of some letter common to both may follow each other in 

* It is in general better to remove vincula before attempting the 
division ; first, however, cancelling such fiictors as are obviously com- 
mon both to dividend and divisor. In example 6 it is plain that the 
iactor 3 is common to both, and in example 8 that 4x is common to 
both. 
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aeoending or deecending order. If, for inttance, x be the letter in 
reference to which the arrangement of the terms is to be governed, 
write the term containing the highest power of x first, then the term 
containing the next hi^est power, and so on ; or else write the term 
containing the lowest power of x first, then that containing the next 
lowest, and so on. 

2. After having thns arranged the terms of dividend and divisor, 
place them just as dividend and divisor are placed in long division of 
common arithmetic ; divide the leading term of the former by that of 
the latter, yon will thus get the leading term of the quotient ; multiply 
the whole of the divisor by it, and, as in arithmetic^ subtract the pro- 
duct from the like terms of the dividend, bringing down a new term, 
or two terms, if one be insufficient, and you will thus have a new 
dividend. 

8. Divide in like manner the leading term of this by the leading 
term of the divisor, you will thus get the second term of the quotient, 
which, multiplied by the divisor and the product subtracted, will give, 
when an additional term is brought down, a tiiird dividend. 

4. Proceed in this way till all the terms in the dividend have been 
brought down, and if there be any final remainder, then, as in arith- 
metic, this remainder, with the divisor written underneath, is the 
fraction to be connected with the quotient to render it complete, as in 
division of numbers. 

(1) Divide 6a? + 13a; + 6 by 3a: + 2 

Here the quantities are already jn'operly arranged for the operation ; 
the terms regularly proceed according to the descending powers of a; ; 
the work by the rule is as follows : — 

3a; + 2) 6a:* + 18a;+6 ( 2a:+8 
6ar»+ 4a? 



»ar+6 
9a;+6 

As no remainder is left, the complete quotient is 2a; + 3, without any 
fractional correction. 

(2) Divide 12a;»-18a?*-34a:» + 40a;* by ia^-lx 

As it is obvious here that a; is a fitctor conmion to both dividend and 
divisor, it had better be cancelled at the outset, as it is useless to 
retun it ; the work will then be as follows : — 

4a^7) 12a;*-18a;»-84a;» + 4(te( 3a;» + 2a*-&r+-^ 
12a;*-21a;» ^-7 



8a:»-34a;» 
8a;«-14a;» 



20a;* + 40a? 
20a? + 36a? 



5a; temaABdcs* 
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Sue 

Here the fractional correction is r ; which is united to the inte* 

4aj— 7 

gral part of the quotient to render it complete. 

(3) Divide 6a;*— 96 by 3a;— 6. Suppressing the &ctor 8 common to 
both^ the work is this — 

a;-2)2a;*-82(2a;» + 4a? + 8a; + 16 
2a?»-4a;» 



4a;» 



8ar» 

16a;-. 82 
16a;- 32 

The dividend 2a;*— 82 in this example is obviously the same as Sa^**: 
Oa;' + 00;^+ Oo;— 82, in which a complete form is given to the ezpresdon, 
by filling up the gap with zero-terms. In the foregoing operation, 
these zero-terms, or nothings, as they are of no effect^ are not brought 
down, and the bringing down of the final term 82 is postponed tiU it 
is wanted. 

(4) Divide 1 by 1 + x 

l + a;)l {l—x+a^—a^+kc 

1 + x * 



■X 
'X—3? 



ar» 
a? + a;» 

-a? 

a^, &c. 

It is plain that the quotient in this example will never terminate of 
itself ; the law of the terms is easily discovered after a few of them are 
found, BO that we may write as many of them as we please without 
prolonging the work, thus — 

= =1— a; + a:*— a;' + a;*— a:* + &c. ad iwfviwtwm, . , ..(l> 

1+a; ^ ' 

If we stop at the third term, the complete quotient will be 

=— — «1— a;+a:"— 

1+a; l+iB 

1 a;* 

if at the fourth, :; = 1 — a; + a?— a* + = ; and so on. 

1+a? l+a? 
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I..tx8tandlbrl;Uienjlf,thatim 

1 , , ^ 1 
^-1-1+1-^ 

«1— 1 + 1— 1 + 1— ^, &o. 
aa is sufficiently obvious, and stop whereyer we may, the developmintf 
as it is called, of - — r, that is, of -, cannot be oomplete till the frao- 

tional correction — ^ or +^ is annexed. It, howeyer, x be leif than 1, 

then the fractional correction becoming more and more ioiigniflisant, 
and at length indefinitely small, and In ikct 0, when the number of 
terms is infinite, we conclude that the deyelopment is aeonrately *x« 
preesed by the infinite series (1) without any fraotUmal oorreetirm { 

ihufl^ itx^-^ then j, that is, 

2,1111 1 . ... 

And we know from arithmetic that this is nothing boi a ge^WMrtrfii 
ifries whose common ratio is — ^ and sum ^, 

T 9 



(1) Diyide 2&e«-««-2»»-8;«» ty Ss^-i^ 

(2) Diyide o'+x' by n-t-x, and aim by a^x 

(8) Diyide jc*-5tw»+10«V-10«V+ife^^-4^ fcy i^^imt^ 

(4) Diyide 4aa>-M(i^-64«*;+ 1^0<s» fay U^U 

(5) Dindft9s^^iSx^^^Si3^^lSifixhf^^4x^f 
(«) Dmdej*-*»+«»-;s«-lbyj»+«-X 

(7) IKyide4(i»-2a:»+l)byJU+l/.«-I; 

(8)Di«le|.*+^-4.4hy^-.^4 

the SHK ■onber ae the tfiyidniiit vtuM «^ ^ >4i A k M]^4iM44 Af ^^ 

(10) Iiinitj^'^i(^'i^<x^4i¥fx^m^m^mdi0mnkmnm mm^ ^ 
the SHK ae A* dkmdtad viMO. dM Jir u» x i» #<t^ iM < w4 itf «^ 



' l^ya^aa a^lrt ad;]K'*'*^*»^>g>»<«<w^ ^'"^ 
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of each firaciion being 1 — indicate roots. This has already been ex- 
plained (Art. 11). But negative exponents, whether inte^al or firao- 
tional, and without limitation as to the value of the numerator in the 
latter case, are also employed in algebra. It is necessary to explain 
the meaning of these exponents, and to show how operations with 
quantities with which they are connected are performed. 

Negative Exponemts. — ^You have seen (page 29) that division of powen 
of the same quantity is effected by simply subtracting the exponent of 
the divisor from that of the dividend, thus : — 

— =:a«-««a?; — a=a'~*=sa* or a &c. 

The following extension of the notation for powers is obviously sag* 
gested from this : — 

^|=a»-'-aP; but-!=l /. o»=l 

-i«a*-*«a-» ; but -„«- /. o-*— 
a* a^ a a 

a> a} 1 1- 

We thus see that whatever whole niunber n may represent, o~^ is 

merely another way of writing — ; 1 divided by any quantity is calle4 

the reciprocal of that quantity; therefore, not only powers but the 
reciprocals of powers may be indicated by exponents, the former by 
positive, the latter by negative exponents. 

It is also worthy of notice that, whatever a may be, aP is always the 

representative of 1 ; for it is only another form of -. 

Fractional Exponents, — If we have to express the cube root of the 
square of a, we might employ the following notation, namely {efifi, 
but this is unnecessarily complicated ; if it be only laid down as a 
principle that the numerator of an exponent shall mark the power and 
the denominator the root of that power, then, instead of the above, we 
have the more compact form a^. In like manner, instead of (o^^, we 
have a^t meaning the fifth root of the third power of a. And generally, 

instead of (a^)^, we have a^, meaning the nth root of the mth. power 
of a. It is matter of indifference whether you say the wth root of the 
mth. power, or the mth power of the nth root ; because, whether you 
first take the power of a number and then get the root, or first find the 
root and then get the power, the result is the same ; that is to say, 

{o^)*f and (a")"* are identical as to value, whatever nunibers a, m, and 
n may be. For ezamplei, suppose m^S and n« i, then we have 
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and {a^*^a^a^a^ 

so that the two forms are identicaL 

From what has now been said, it appears that a^ may always he 

replaced by a} or a, because the mth root of the mth power of a ib, of 

conrse, a itself ; the two operations neutralize one another, and leave a 

p tik pn 

unaltered. Such an expression as o^ "*, or, a^^ is, therefore, simply 
p 

€fi ; for the former is but the mth root of the mth power of this, which 
is left unaltered by the two neutralizing operations. Whenever, there- 
fore, a fractional exponent has a factor common to numerator and 
denominator, that &ctor may be cancelled, and <the exponent be thus 
simplified. 

All that has been stated in reference to positive exponents applies 
equally to negative exponents ; for, since a quantity with a negative 
exponent is only the reciprocal of that quantity with the exponent 

xnade positive, that is, since a"""* is ~^, we have only to apply what 

has been said to the denominator in this reciprocal, and to change the 
notation of the results back again to negative exponents. 

The principal operations with exponents, when attached to the same 
quanti^, are here exhibited. 

1, <«n»x <*»»(«*+•; thus, o'xa^ssa®; o*xa»=ai"''^=»o^ 

2. <«»»+a^=a?"-»*; thus, a'+a*s=a'"*=sa~*=-5; 



a 






8. (««)»= d«»; thus, {c^=:>a^^ ; (a*)t=o***=a*« Va 

l^ese three general principles must be borne in remembrance, as 
they are of very frequent application in algebra. They may be ex- 
pressed in words as follows : — 

Fob Multiplication. — ^Add the exponents. 

Division.^— Subtract exponent of divisor from exponent of dividend. 

PowEBS OB Roots. — ^Multiply the exponent of the quantity whose 
power or root is to be found by the exponent of that power or root. 

(1) Express the product a^xa^ ; and a"^ x a* 

(2) Express the quotient a^-ha^ ; and a^^-t-a^ 

(3) What is the value of (a»)* ; and (a"*)* ? 
Hhe work of these six examples is as follows : — 

(1) a^xo^«a*"*"*=a^«a»at^; o""*xa*«*(i*"*=o^a=o^-v/a 

a* var 



(8) (al)J«e^; (a-4)5«a-f=-ir-4^ 

at v* 



D ^ 
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19. In extracting roots, or in evoliUion, as it is called, some caution 
must be exercised as to signs. In the operation of wMch this is the 
reverse, that is, in involutionf or the raising of powers, the role df 
signs guides us at once to the conect sign of the result, which sign is 
never attended with any ambiguity, for an even number of minus 
&ctors and any number of plus &ctors always gives plus, and an odd 
number of minus &ctors always gives minus. But in the revent 
operation of extracting a root, the sign is often ambiguous ; thus, thd 
numerical value of ^i is 2 ; but we have no right to sav that this 2 is 
plus any more than minus, since 2' and (—2)' are equally 4. Seeing^ 
therefore, that there is nothing to warrant any preference as to sign^ 
we say that the square root of 4 is ambiguously plus or minii% or 
in symbols, that v4Bd:2. Every even root of a positive quantity 
is, in like manner, ambiguous as to sign ; thus, /\/16» ±4, v9a= ±3, 
v^l6= ±2, &c. An even root of a negative quantity is impossible ; for 
no even number of &ctor8, whether they be all positive or all n^fative, 
can ever give a negative result ; and you know that only is a root of a 
quantity which, upon being raised to the corresponding power, re- I 
produces that quantity. Such an expression as -s/— 1, or \/— 4, or 
y/— 9, &c., implies an operation of impossible performance ; for there 
does not exist any number which, multiplied by itself, or squared, can 
produce —1, or —4, or —9, or indeed miniis anything. !Kxpre«don8 
of the kind here noticed are hence • called impossible, or imaginary 
quantities. Whenever they occur in the result of any algebraical in- 
quiry, they indicate that the conditions of the problem are impossible ; 
whenever the problem can be solved for real values of the unknown 
quantity, algebra will furnish those values ; when such is not the case^ 
tiie entrance of an imaginary quantity into the expression for the 
sought value will apprise us of the hct. 

If, however, an even root of a negative quantity be accompanied by 
the corresponding even power, then, as the two neutralize each othw, 
the negative quantity itself is the result ; for this negative quantity, 
thus submitted to operations that counteract each other, remains 
virtually unoperated upon at all; thus (-^Z— 4)*=— 4, (-y— 6)'=— 6, 
and so on. It is necessary that you should always remember that tko 
square of a square root of anything is the thing itself, and so is the 
cube of the cube root, the fourth power of the fourth root, and 
generally the nth power of the nth root 

An algebraical result may involve a root that cannot be accurately 
extracted ; such roots are v 2, y/S, -v/7, V^, &c. ; but we know firom 
arithmetic that, by aid of decimals, we can approximate to any such 
root to a degree of nearness as close as we please ; such expressions are 
called surdSf or irrational quantities ; expressions indicating no ex- 
traction, or in which the extraction, if indicated, can be aooarately 
executed, being called rational expressions. 

It may be as well to give here more formal definitionB of the new 
terms introduced into the present article. 

Definitions. 

« 20. Involution : the raising of powers. 
BvoluHon : the extracUug of roots. 
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ImagvMtiry or vm/pombiU quomtUy : any even root of a negative 
number. 

Surd or iiTcUional qumUity : a root that cannot be accurately ex- 
trooted, but which may be approximated to. 

BaHonal qwmHty : a quantity unaffected with a radical sign, or of 
which, when encumbered with a radical, the root can be accurately 
extracted. 

KOTB. A quantity consisting of but one term is frequently called a 
monomial, one of two terms a hinomicd, one of three terms a trmomiid, 
tii four a quai,drinomial. Quantities consisting of several terms, without 
ifpeoifying their number, are called polynomicUs or mtUtvnomidU, 



To extract any proposed root of a monomial, 

21. HuLE 1. First find the root of the coefficient, remembering that 
if the root be odd, then — ^the same as for an odd power — the sign is 
that of the proposed quantity ; and that an even root of a positive 
quantity isp2t(8 or minvjt (see Ex. 1, below). 

2. find tile root of the literal part of the term, by dividing the ex- 
ponent of e&cti letter by the index of the radical sign, or, which is the 
same thing, by multiplying each exponent by the fiactional index that 
replaooB ihe radical. 

Note. If the coefficient be a surd, in reference to the proposed root, 
then you can do no more than in(Ucate the required extraction. It 
often happens, however, that the coefficient may be split into two 
&ctor8, one of which may admit of the indicated extraction, in which 
case, the radical sign, or the equivalent exponent, is to remain attached 
only to the other &ctor, as in Examples 8, 5, &c., following : — 

(1) -v/4a?aj*«±2a?ar». (2) ^8af^x^^2a^x 

(8) yi2a«ajy=v'(4-8a«aV)=2v^8.a^=2aaiy\/3 

In this third example, and in all similar instances, it is better to put 
tiie factor under the radical last, because then no ambiguity can arise 
as to how £ur the influence of the radical extends. You see in the first 
form it was necessary, to prevent the radical from applying to all that 
foUowB it, to interpose a dot ; this, however, might have been dis- 
pensed with if an exponent had been used instead of the radical sign 

thus, 2(3*aa:V). 

(4) -^'-27a?Wa:*=-8ay6»a:«=-8a6W 

(5) V72a»6V«V(36.2)a*6V=6a6»a^V'2a^ 

The double sign is omitted in the result of this example, as also in 
that of example 3, because the sign ^ still enters, and therefore vir- 
tually the double sign still enters ; if a, in example 5, were 2, then ^/ 2a 
would be ±2, and the result would be ±12a6*ar ; it is only after ^ no 
longer enters, in consequence of the indicated operation being per- 
formed, that the double sign need be prefixed to the result. 
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It is in general better to remove radical signs firom deTiominaton o: 
£nactions, and to transfer them to the numerators ; this may be done bj 
aid of the well-known principle in arithmetic, that the terms of a frao 
tion may be each multiplied by any &ctor without disturbing the Yslm 
of the fraction ; thus, by multiplying numerator and denominator o: 

^7 Vo^t *1*6 ^orni is changed to •^--; , that is, to ^7=- ; whid 



is a better form than the preceding ; you will perceive that it is bettei 
by reflecting that when the numerical value of ^/ah is found — whicfa 
value will probably involve a string of decimals---it is easier to divide 
it by the value of a?l^ than first to multiply it by the value of c^h, and 
then to divide 1 by the product. 

JExamplesfor Exercise, 
(1) v'a'aV (2) V^a'a^ (8) V12a^xhf (4) ^^ 

(5) V<^^f (6) i/Sa'ai'f (7) 4^27b'(^afi' ^^ 

(8) /y/^ (9) (16a*6y)-i (10) a(ay)-* 

ai) {2S8a^V^-^ (12) (-8(M^y»)-* (18) /y^^ 



(14) What is the third power ofWZ ? 

(15) What is the fourth power of 4-v/2 1 

(16) What is the square root of 16^/6 1 

(17) Required the square root of C. 

(18) Eequired the cube root of ^ a^h, and the mth root of x". 



J. 



FRACTIONS. 

22. The rules for the treatment of numerical fractions in oommof 
arithmetic sufficiently suggest the methods of proceeding when th^ 
fractions are those of algebra ; the operations are exactly we same &a 
both, the only difference being in the symbols operated upon. 

To reduce a mixed quantity to am impi^oper fra^stUm, 

Rule. As in arithmetic, multiply the integral part by jbhe denomi 
nator of the fractional part ; to the product, unite the numerator witl 
its sign, and place the denominator underneath, thus : — 

,,, 2x ah + 2x ,-. - 6 18a-5 ,_. ^ I a»-a*- J 
(1) a+-r« — , — (2) 8a-^— — 3 — (3) a+x « ^T" 
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(4) „-6-- (5) ^^___=_^ 

(8) v^x+^=4- (7) 8-. 2-^ 7 



-s/a; -s/a; ^ ' 8 + a; 8 + a; 

Examples for Exercise, 
(!) Beduce 1— — to an improper fraction. 

X 

(2) Beduce 2«6 to an improper fraction. 

(3) Beduce i + 2x to an improper fraction. 

(4) Beduce «»-. 7aJ + 10 + 5 to an improper fraction. 

(5) Beduce a?—fl?+ « . to an improper fraction. 

2:r' 

(6) Beduce a* + oa: + a? + to an improper finction. 

(7) Beduce ^ ~ i—l to an miproper fraction. 

(8) Beduce +2, and --^ 2 to improper fractions. 



7*0 reduce an improper fraction to a whole or mixed qwmtitp. 

23. Bulb. Actually perform the division of numerator by denomi* 
nator, and to the quotient annex the remainder with the denominator 
underneath. 

Note. This operation is nothing more than that of common division, 
the quotient being completed, when there is a final remainder, by 
annexing to it the fractional correction, as in the examples at page 31. 

(1) z «3a; + 2 + r— (2) B=3a;+ 

* ' Soac dax ^ ' a+x a+x 

Examples for Exercise, 
Beduce the following to whole or mixed quantities. 

8fl»-4g-r 2ar* 15a« + 5g« 

W Ta ^^> ^T^ (^> 8a» + 2a»~2a-4 

^'^ a^ + xy + y^ ^^a^-dx+2 ^^ a + 2x 
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To reduce fractiom to a common denomvnaior, 

24. KuLB 1. Multiply each numerator by the product of Ml the de* 
nominators except its own ; you will thus get the numerators of the 
changed fractions. 

2. Multiply aU the denominators together ; the product will be the 
denominator conunon to all the changed fractions. 

Note. It will be seen that, by proceeding in this way, the terms of 
each of the given fractions are both multiplied by the same thingi 
namely, by the product of the denominators of all the other fractions ; 
and, consequently, that the resulting fractions, though changed in 
appearance, are not altered in value. 

The above rule will always effect the required object, but sometimes 
the new fr-actions frmiished by it will all admit of simplificatioD, in 
consequence of the same common &ctor entering into both numeititor 
and denominator of each. It is, of course, better to provide against 1 
the entrance of this superfluous &ctor, than to first introduce it and 
then expunge it. In order that the conunon denominator may be the 
least possible, it must be the lowest number or quantity l£at will 
admit of division by eadt of the given denominators ; such a quantity 
is called tJie least common m/idtiple of the denominators ; and whenever 
this least oonmion multiple is readily discoverable by a glance at the 
denominators, as it often is, it should be employed instead of the less 
simple form given by the rule. Tour experience of the application of 
this principle, in the fractions of conunon arithmetic, ought to render 
what is here said quite intelligible ; the following examples, however, 
will sufficiently illustrate it. Observe that the letters L. C. M. stand 
for ''least common multiple." 

(1) Change the fractions ^) -> - to others of the same value, and 

X y z 

having a common denominator. 

By the rule, the numerators of the changed fractions are myz, nan, 

axy, and the conunon denominator is xyz; therefore, the changed 

-. ,. myz nxz axy 

fractions are — 2_ — — 2. 

ooyz xyz xyz 

(2) Beduce -7-, -;-, - to fractions with a common denominator. 

4 o o 

Here it is easily seen that 12 is the least common multiple of the 
denominators ; 12 is divisible by 4, by 6, and by 3, but no number 
below 12 has these divisors. We conclude, therefore, to make 12 the 
common denominator ; in order to which, the terms of the first fruction 
must be multiplied by 8, those of the second by 2, and those of the 

third by 4 ; the equivalent fractions are therefore ~, -—5-, — . 

1a 1a 12 

The fractions frimished by the rule would be -^, -^, ^, which, 

though the same in value, are much less simple than the fonner. 

fix 2 

(3) Beduce -5 — 5, to fractions with a common denominator. 

•V ^flf XtQ 
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Since a?—(i?^(x-\rd) (a?— a), it follows that t*— a'is divisible by both 
denominators; it is their L.G.M. The first fraction has this denomi- 
nator already ; it only remains, therefore, to multiply the terms of the 

K /jj O tnt __ ^\ 

second by x—a ; the changed fractions are, therefore, -5 — ^ -^ — ~ 

(A) Eeduce 77=, -^t -^io fractions with a common denominator. 
^Ir 60 Zo 

Here the L. C. M. is 46^ x 3=sl26' ; hence the fractions are 

9a 86aj 66y 

12^' 126*' 126« 

ExampUafor JSxercise, 

Bednce the following fractions to equivalent ones having a common 
denominator. 
^ 2x Za + x . . a + b h . . 2ab 1 — 6 

^^^ T' "IT ^^^ "IT' ^::6 ^^^ "ST6' 5^ 

r^ ^ « /OK a + ^ g-a; 1 > . 3a:*-2a;-Hl 

2a? + l ^-. 2a: + 8 8a;-2 8 ,_. a:-l x + 1 3 ^ 
^1:2 (^^) -5-' -ft-' c (^^^ ^n* ^31' ? ^ 



Addition and Subtbaotion of Fbaotions. 

25. BuLE. — ^FoB Addition. Beduce the fractions to a common deno- 
minator ; take the sum of the changed numerators and place under it 
the common denominator. 

Fob Subtbaotion. Beduce the fractions to a common denominator ; 
take the difference of the changed nimierators and place under it the 
common denominator. 

n\ ^"^^ a— a;__2a + 2aj + 8a— 3aj 6a— x 
ibx 2ax _ 20ya? + 6a\x 2 (loy + Sa?)x 



(3) 



3a 5b 15ab I5ab 

2^-6_£j-4 2a:»-5-ar»-4a? a:»-4a;-5 
Zx 3 "^ 3a; ~ 8a; 



(4) 2= =^ ^ 

OiX ax ax 

Examples for Exercise, 
a a a . 2b 1 x-¥y x--y 

,MK rt *— 3 2a:— 1 ,^, 1 1 ,_. aa; hx, ^x 
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,^^, 2a:— 8 4a:»-f-3 4a;-f-2 ,,,, a* + a:* a + ar _ 



Mui/nFUOATION AND DIVISION OF FbACTIONS. 

26. Fob Multiplioation. 1. Multiply the numeraton togethar; 
the result wiU be the numerator of the product. 

2. Multiply the denominators together ; the result will be the deno- 
minator of the product. 

Fob Division. Invert the terms of the divisor, or torn the fiaotton 
upside down, and then proceed as in multiplication. 

Note. These rules are sufficiently demonstrated in the author's Budi* 
mentary Treatise on Arithmetic. 

Before performing either operation, reduce the fractions to lower 
terms, whenever a common fitctor is seen to enter numerator and deno- 
minator, by cancelling that' filter. A fraction is in its lowett termt, 
when there exists no itctor common to numerator and denominatoi; 

8a; 2a; 8a^ 
(1) J- X ^*^T^' ^ this example, the fiactor 2 in the second nume- 
rator and the tsyotor 2 in the first denominator may be cancelled, and 
the multiplication regarded as the same as ;p x ^. You should always 
be on the look-out for simplifications of this kind. 

^ ' 2a+c'*"2a'*2a + c'^ b^ b(2a + c) 

2a»-2y 4a^2y 2(a-.6) 4(2a«-2a5 + ay-y) 

Examples for Exercise. 

^'^ a^x + ax^ "^a^ + x* ^^ a-x^{a + xf 

... a-f-a: a—x a^—a^ ^-. a*— a:* x 1 



X c^+a? ^ * X a+x a—x 

Za + 2b 
8a-26"*'4a + 26 



2a + b Za + 2b . Zy/ja-i-x) 4(a + x) 



27. Note. In operations with fractions, the three prindples stated 
at page 26 will be found of vexy frequent application. To be expert in 
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these operations, you must acquire the power of reeognizing, at once, 
when an expression of three terms is the square of a binomial, and 
must also remember that the difference of two squares may always be 
replaced by the product of two factors, one &ctor being the sum and 
the other tiie difference of the roots of those squares. Thus, in £z. 6 

(X a\ [x q\ 
-•^t] ( — 7-)» wwi, in Ex. 7, the 

numerator of the dividend is {fi?—or)^. Much algebraical work is fre- 
quently saved by taking advantage of these properties. 

The ordinary operations with algebraic fractions being well under- 
stood, as also the arithmetic of exponents, the subject of simple 
equations may be more fully discussed ; in what has already been 
given under that head, algebraic fractions were, from necessity, ex- 
dnded. 



28. 0» £^ solution of simple equations witk one unknown guomtUy, 

General Bule. 

1. Clear the equation of fractions, if any enter ; this may be done by 
multiplying each numerator by all the denominators except its own, 
or, which is, in general, the preferable way, by finding a conmion 
multiple (the smaller the better) of all the denominators, and then 
multiplying each numerator by that multiple, after expunging from it 
the fgbotor which is equal to the denominator. 

2. Clear the equation of radical signs, if any enter ; this is done by 
causing the radical, to be removed, to occupy one side of the equation 
by ttsdf, all the remaining terms being placed on the other side, and 
then performing, on each side, the involution operation, which is the 
reverse of that indicated by the radical ; thus, if the radical be y/, 
square both sides, if it be v^, cube both sides, and so on. It is plain 
that this operation, on the irrational side, is simply equivalent to 
rubbing the radical out. If a second radi(^ enter, a similar course 
must be followed to remove i^ as, in general, the radicals can be 
cleared only one at a time. 

Nothing need be added here as respects the common operations of 
transposition, collecting the terms, &c. ; these simple matters have 
been sufficientiy explained and illustrated at page 16. 

Note. The most convenient order in which the general precepts in 
this and in the former rule may be applied in any particular case, must 
be suggested by the example itself ; but as fractions are usually more 
troublesome than integral quantities, it will be advisable to remove 
them either at first, or at an early stage of the work. 

The specimens of solution which follow will, however, afford some 
guidance as to the application of the rules. 

(1) Given the equation — + -5- =14 — - 

Clearing firactions by precept 1 of the rule, the result is 

18aj+16a;=S^e-l^ 
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Transposing, 18a; + 16a: + 12a;— 336 
Collecting terms, 46a;=336 

. _336 

•• ^~ 43 ■*'*¥ 

The first step in this solution is virtually got by multiplying each 
side of the given equation by the product of all the denominators ; and 
such is always implied in the general precept that has been followed ; 
but as the &ctor 2 is common to two of the denominators, this 2 may 
be cancelled from the product of the denominators, and we may mul- 
tiply each side of the equation by 12, the L. G. M. of the denominators ; 
and, in proceeding from fraction to fraction with this multiplier, we 
suppress that &ctor in the 12, which is the same as the denominator, 
and multiply the numerator only by what is left, that is, we multiply 
the first numerator by 3, the second by 4, the third (regarding the 14- 

14\ 
as -r-j by 12, and the fourth by 6; the equation, thus cleared of 

fractions, is, 

9a;+8a;«168— 6ar. 
Transposing, 9a? + 8a; + 6a;= 168 
Collecting terms, 23a;8=168 

Tou perceive that, in this second solution, the steps all involve 
smaller numbers than the corresponding steps of the former solution. 
And this is the advantage of using the L. C. M. whenever any two or 
more of the denominators have a &ctor in common. Observe always 
to suppress that fetctor in the L. C. M. which is equivalent to tibe de- 
nominator of the fraction to which the L. C. M. is applied. 

(2) Given £zi + f =12-^^ to find x. 

The L. C. M. of the denominators is evidently 6 ; therefore, multi* 
plying both sides by 6, the equation, cleared of fractions, is, 

2a;— 10 + 3a; = 72 - 2a; + 20 
Transposing, 2a; + 2a; + 3a;= 72 + 10 + 20 
Collecting terms, 7a;=102 



• • 



(3) Given .^ + 7-10 to find x. 

Transposing and multiplying by 2, \/8a;=6 

Squaring, 8a;:=36 /. a;=sl2 

(4) Given ^/iflx '>roS')-»ra'>r a?=s 2a to find a;. 

Transposing, agreeably to precept 2 of the rule, 

-v/(aa; + a;^s=a— a; 
Squaring, ac + arssa*— 2aa; + a^ 

or, ax^c^—^ax 

Transposing, Zax^c? ,\ a;s=~«^ 
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(5) Given -x/(4 +x)+ y/x^ 4 to find x. 

Transposing, y/{4 + ar) « 4 — >/aj 
Squaring, 4+ar=»16 — 8\/ap+a? 

Transposing, 8v/a:=12 /. 2v'ar=8 

• Squaring; 4a;»9 /. Xss2^ 

(6) Given >/a? + ^{2a + ar) = - ..- . .. to find x. 

V (Ai + X) 

Multiplying by v/(2a + x), we have 

-v/(2aa: + a:*) + 2a + a:= 4ii 
Transposing, y/{2ax +a^^2a—x 

Squaring, ^ax + a^^ic^—Aax + a^ 

that is, 2ax^iii^'^4ax 

Transposing, iax + 2ax^4a^ 

or, 2x+x^2x'=2a 

. _2a 

(7) Given a + x= ^/{a* + a:v/(ft' + a:*) } to find x. 

Squaring, fl' + 2tfa: + a:*=a' + a:v/(6' + a:') 

that is, subtracting a^ from each side, 

2aa: + a:*=s a; v^(6* + a:^ 
Dividing by ar, 2a + a: = v^(6' + a:*) 

Squaring, 4a' + 4aa: + a:*=6^+ai* 
Subtracting a^ from each side, 

4fl' + 4aa:=6* 
Transposing, 4aa;=s6^— 40* 

y-4a» 

Note. Hie following property of two equal fractions is of consi« 

derable use in the solution of a certain class of equations involving 

fractions. 

a c 
Let the fractions -r> 3 ^ equal, then adding, or subtracting 1, we 

a 

have, II- c- a + b c + d -. 

a e . a—b e — d ... 
^-1=^-1, or -J ^ (2) 

Divide (1) by (2), and we get the property referred to ; namely, 

that if -«^ then also 7= = : that is, the quotient of the sum 

a a— 6 c-'d ^ 

and di€ference of the terms of the one fraction, is equal to the quotient 

of the sum and difference of the terms of the other. 

(8) Given the equation ^ 5=5 ^ ^^ ^* 

From the principle just explained, 

and squaring, a;sslOO 
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(9) Given -^ r^-^y 5- to find x. 

By the fbregoiog principle, 

2^/a;+82 2Va; + 44 

24 "" 32 
• V^ + ^^ v^a;-H22 

12 "^ Te 

Clearing fractions, by multiplying by 48, 

4v/a?+64«3v'a: + 66 
Transposing, >/a:=2 ,\ a:— 4 

(10) Given v^+llr-M | to find x. 

^ ' -v/(a; + l)+-v/(a;— 1) 2 

Applying the principle abore to these fractions, we have 

Squaring, =-=9 

Clearing, a: + 1 ■« 9a?— 9 

Transposing, 10=8a? /, «=-— =1J 

o 

ExampUi for Exercise, 

j-K 8a; - - ,_. a;— 2 a? .^ x—6 /«\ * ^b ic a? «« 
<1) ^---9 = (2) _. + -»20— ^ (8) - + j«--- + 17 

(4) 2a;-^+15=l?^ (6) 4a-:c=j^ (6) ^a;-l-7 

(7) v^(3a;-l)«4 (8) l + ^x^^(x+7) (9) -y(2a:-6)-2 

nn\ g^-9 _ v/5a;-l ^ . y/fl-f a«)-f-a; _fl 

^^"^ v^5a: + 8 2 ^^^^ V'a + a^-* * 

(12) a;+v'(«-a:)---7j£-— r (18) a?+a;-««(aj-a;-»)« + a; 

(^«) j^i::;i:^}::M (^^ i..-^{i+.^(i6^a^} 

/^o\ 8a;+« 7a;-8 16a? + 15 2i .^^, // x // x 

<^®) Tr^6^T2 28-+ 7 ' ^^^) >/(«+a^) + A/(«-«)^ 

2-v/a?=0 (20) (4-v/ic->/3)»=81v'8 



29. Qtnestions to he solved hy sim/ple eqaatiom containmg only one 

vnhwum quomHty, 

(I) Find a number such that whether it is divided into two or into 
three equal parts, the product of the parts shall be the same. 
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Let X be the nombery then, by the question^ 

^ifi ^10 'T' ^0 ^0 l^v ^NW 

Dividing each side by a?^ 

4*27 '** cle»ri«»g> 27-4a: 
27 

(2) There are two sorts of spirits, one sort worth 20a. a gallon, and 
the other sort worth 12«. : how much of each must be taken to make a 
Igrallon worth 14«. ? 

Suppose -th part of a gallon of that at 209., then there must be the 

(1 — j th part of a gallon of that at 12«. The worth of the former part 

20 12 
is — shillings, and the worth of the latter part 12 shillings ; and 

X X 

by the question — + 12 *=14 ; that is, -=2. 

XX X 

Multiplying by a;, 8= 2a; /. a;=4 

Consequently there must be \ gallon at 20«., and .*. ) gallon at 12a. 
It is plain that \ of 20a. + } of 12a. » 14a. 

(8) A person bought a certain number of sheep for £94 ; having lost 
7 of them, he sold one-fourth of the remainder for what they cost him, 
namely £20. How many had he at first ? 

(4) Find a number such that if it be increased by 11 the square root 
of the sum may be equal to the square root of the number itself, and 1 
more. 

(5) A labourer is engaged to reap 20 acres, part of which is wheat 
and part oats, for £6. 6a. ; the wheat is to be paid for at the rate of 
7a. per acre, and the oats at the rate of 5a. But the labourer &Iling 
ill, reaped only the wheat : how much money ought he to receive I 

(6) A gamester playing at cards betted 3a. to 2a. upon eveiy deal ; 
after twenty deals, he haid won 5a. : how many of the twenty did he 
lose! 

(7) Divide the number 116 into four parts, such that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 8, 
and the fourth divided by 2, the results may all be the same. 

(8) A messenger starts firom a certain place and walks at the rate of 
d} iniles an hour ; but half an hour after he has left, another is des- 
patched to overtake him, which he does after walking two hours : at 
what rate does he walk ? 

(9) A merchant has spirits at 9a. 6<2. per gallon, and at 13a. 6<2. per 
gallon : how many gallons of each must he take to make 104 ^J1a'o& 
that shall be worth £56 ! 
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(10) A cistern is supplied by three pipes, A, B, G ; A can fill it la 
a minutes, B in & minutes, and C in c minutes : in how many minutes 
can it be filled if all the pipes run together ? 

(11) Divide the number 91 into two parts, such that if the greater 
part be divided by the difference of the two parts, the quotient may 
be 7. 

(12) There are two vessels containing 20 gallons bach ; in one there 
are 14 gallons of pure spirit mixed with 6 gallons of water, and in the 
other there are 8 gallons of pure spirit mixed with 12 gallons of water : 
how much must be taken from each vessel, so that 20 gallons^ half 
spirit and half water, may be obtained ? 



SO. SirtypU egtuUiona with two wnJcnown quarUitiet, 

In some of the foregoing questions, two numbers are to be fi>und» 
and in one of these questions (question 7), four numbers ; you are 
supposed, however, to have arrived at the correct results without 
employing more than one algebraic symbol, representing one unknown 
quantity or number. It is often more convenient to employ two 
symbols (as x and y), and sometimes to use three, or even more. 
Generally speaking, the more you are restricted as to the number of 
your symbols for unknown quantities, the more you must exercise 
thought and ingenuity in the solution of questions in which several 
things are to be determined. 

T^en two things are to be found firom the question, and you repre- 
sent each by a distinct symbol, the conditions of the question will 
always be found to be such as to furnish two distinct equations ; when 
three things are required, then these being denoted by distinct symbols, 
the question will, in like manner, supply three distinct equations, and 
so on. It is necessary, therefore, that you should know how to solve 
such aimtdtaneotts equcUionSf as they are called ; they go by this name 
because they hold simultaneously, being at the same time perfectly 
compatible with one another and perfectly independent of one another, 
each expressing a distinct condition, that is, a condition not implied in 
the other conditions. 

For solving a pair of simple equations involving two unknown 
quantities, there are three methods ; they are as follows : 

Bulb I. By eqtiating two expretswM for the tame wnhnmon quantity. 

Find an expression for one unknown quantity from the first equation, 
by the rule for solving an equation with only one unknown. Find an 
expression for the same unknown quantity fi*om the second equation. 

Equate these two expressions for the same thing, and you will thus 
have a simple equation involving only one unknown quantity, the 
value of which you can find by the former rule. This value substi* 
tuted in one or other of the expressions for the other unknown, com« 
pletes the solution. 

II. By the method of substitution. Find an expression for one of the 
unknown quantities fh>m either equation. 

Substitute this expression for it, in place of that unknown in the 
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fffuT eqnatioh ; the result 'will be a simple equation with only one 
unknown ; the value of this, when determined by the former rule, is 
to be substituted in the expression at first obtained, when the value of 
the other unknown will be exhibited. 

III. By equcUieing coefficients. Multiply the two equations by such 
fitctors — the smaller the better — as will cause the coefficients of one of 
the unknowns to be the same in boUi the resulting equations, or, at 
least, that will prevent their di€fering except in signs.* 

If the coefficients thus made eqaal have like signs, subtract one of 
the new equations from the other ; if the equal coefficients have unlike 
signs, add the equations together. The result will evidently be an 
equation fi*om which the unknown quantity, whose coefficients were 
equalized, is absent ; this resulting equation may, therefore, be solved 
by the former rule ; and one unknown being thus determined, the other 
may be found either by substitution or by applying the above operation 
to the coefficients of that other. 

Tou perceive that whichever of these three methods be employed, 
the first object is to get rid of one of the unknown quantities, that is, 
to dimintUe it, as it is called, in order that the former rule, for a single 
unknown, may be brought into operation. 

Both the two examples given below for illustration are solved by all 
three of the methods ; you will readily be able to judge for yourself 
which of them is best adapted for any given pair of simultaneous 
equations. 

(1) Given the equations 8^+ 2p J| | to find the values of* and y. 
1st method. From the first equation, ' 

x=» — g — (1) 

18 St/ 
From the second equation, «= — -— sL. ... (2) 

Equating these two values of a?, 

42-2y 48-8y 
8 " 2 
Clearing fractions^ 84 ~ 4y = 144 — 9y 
Transposing, 9y— 4yssl44— 84 

that is, 5y=60/. y=12 

Substituting the value of y, now found, in the equation (1), we have, 

42-24 18 

^"^ 3 "3" 
Consequently, the values of the unknown quantities are x=6, and 
y-12. 

* The coefficients in two like terms may always be made equal by 
multiplying each by the other ; but smaller multipliers will often bring 
about the equality, and, for simplicity's sake, ^ould sJbR^^^ \)^ ^x^i^ 
ferred when they suggest themselves. 
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2nd method. From the first equation, as before, x^^ — r-^. Sul 

o 

stituting this expression for x in the second of the proposed equation 

we have 

Clearing the fraction, 84 — 4y + 9y == 144 

Transposing, 5y = 1 44 - 84 = 60 /. y = 1 2 

Substituting this yalue for y, in the expression (1), we have, 

42-^24 ^ 
X g ^6 

8r(2 method. Multiply the first equation by 2, and the second by 8, j 

order to equalize the coefficients of :); ; then we have the equations, 

Qx + iy^ 84 (1) 

6a; + 9y=144....(2) 

Subtracting (1) from (2) 6y^ 60 •/. y«12 

Substituting this value in one of the given equations, say the firs 

we have, 

42—24 
3a;+ 24^42 /. aj=r^=-5-=^=6 

o 

Or, instead of substituting, let the first of the given equations I 
multiplied by 3, and the second by 2, in order to equalize the coefl 
cients of y ; then we have, 

9a: + 6y«126 
4x + 6y^ 96 
Subtracting lower from up^er, 5:); » 30 /. X'=^Q 

(2) Given the equations — --2«8, and — --^=^7, to find x and y. 

Zrd method, Bemoving the fractions, the equations become 

8aj-y=»12 

a: + 3y=14 

or, multiplying the second by 8, they are 

Zx-y=12....{l) 
3a; + 9y-42....(2) 
Subtracting (1) from (2) 10y=s30 /. 3/= 8 

And since from the second equation, x—li — Zyy we have, by subst 
tution, a? *= 14— 9=6. 

2nd method. From the first of the two given equations we have, 

y=ar-12 (1) 

and substituting this value for y in the second, 

aj + 9a;-36 = 14 
Transposing, 10a?=50 /. a?=5 

Substituting this in (1), 2^« 15 - 12 » 3 

Ist method. From the given equations, 

a;=. — r-^, andal8oa;sl4— 3y. ....(1) 
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12 + 1/ 
Equating these, — 5-^ « 14 — 8y 

o 

Clearing the firaction, 12 + y—42—dy 

Transposing, 10y=s30 /, yes 3 

Putting this value for y in (1), we have^ 

Of the three methods now explained, the tiiird is that which will, 
in general, be found of the easiest application. You will not under- 
stand that It is iuTariably the best ; a glance at the proposed equations, 
after you have prepared them for solution by removing fractions, ftc, 
will always suggest which of the three is likely to involve the least 
amount of work. The reason why the third method is, in most cases, 
the preferable one, is, that it never introduces fractious, as the others 
usually do; and, as before remarked, fractions are more troublesome 
to manage than integral expressions. We shall give one more example 
of the application of this third method. 

(3) Given 5i±ilf + f ^la/.j^nd ^^^+|=14, to find a: and y. 
6 4 ;. / o o 

The two equations, cleared of fractious, are 

12a:+16y + 5a;=200) ^ j 17a: + 16y=200... ...(I) 

12a;- 4y+ y= 84 J ^^ 1 12a;- 3y= 84.... (2) 

As the coefficients of y are smaller numbers than those of x, we shall 
commence by eliminatintf y, that is, we shall multiply (1) by 3, and 
(2) by 16 ; we shall thus have, 

61a;+48y« 600 
192a;-48y«1344 

Adding, 243a? =1944 /. x^—^B 

12a?— 84 ^^ 

And frx)m (2), y» ^ «=4a;-28«82-28«4 



Examples for Exercise, 

x-v J4a;+3y=31 /qv (6a? + 4y=65 
^^^ (3aj+2y=22 ^^^ j3a; + 2y«31 

^v \Bx+7y^ 79 ,^ J-i- + %=21 
w |ia;-2y«-9 ^^^ )y + 6 




3 \y+l 

1 1 r 

- + -C85 



^'^ {a:»-3^=* ^^Me 3 - ^"^ }6a;+9y 



a; y 
1 1^^ / 4 5^17 



384 
851 



va: y~6 \ « y** 

n^\ } ax r=hy ,..v J(a;+3)(y-.l)=ay 

B 2 
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SI. Miscella/MOtLs questions to he solved ly eqttations involving eUher one 

or two unknown quantities, 

(1) Solve question 2, page 47, using two unknown quantities. 

Suppose there is - gallon of that at 208,, and - gallon of that at 12s., 

X y 

20 12 

the worth of the former is — shillings, and the worth of the latter — 

« y 

shillings ; but the worth of the whole gallon is to be lU. ; hence the 

equations, 

X y 

20 12 ,, 
— + r--=14 
X y 

Multiplying the first by 12, and then subtracting the result from the 

second, we have, 

5=2 /. 8= 2a; /. a:«4 

X 

Again : multiplying the first by 20, and then subtracting the second 
from the result, we have, 

5=6 /. 8=6y :. y=i 

11 13 

so that -=T> and -=t> the parts required, 
a: 4 y 4 *^ ^ 

It is plain that the first part (J) beinff determined, the second part 

(I) is at once suggested, without any wo&. 

(2) Solve question 9, page 47, with two unknown quantities. 
Suppose he takes x gallons at 9«. Qd., and y gallons at IZs, 6c{. ; then 

the worth of the former is 19a; sixpences, and that of the latter 21 y 
sixpences ; hence we have the two equations, 

a; + y=104 
19a; + 27y= 2240 
Subtracting 19 times the first from the second, there results, 

8y=264 .-. y=33 
and since a;=104— y, /. a;=104— 33 = 71 

consequently, there must be 71 gallons at 9«. 6(2., and 33 at 18«. 6(i.' 

[Note. In the solutions to the following questions, one or two un- 
knowns are to be employed either at the option of the learner or as the 
case may seem to require ; but, in general, the solution will demand 
less thought and less work when there are as many unknowns as there 
are quantities to be determined.] 

(1) A and B have certain sums of money ; if B were to ^ve A ten 
pounds, A would then have twice as much as B would have ; but if A 
were to give the same sum to B, B would have three times as much as 
A : how much had each at first I 

(2) Divide 24 into two such parts, that the quotient of the greater 
divided by the less, may be four times the quotient of the less divided 
by the greater 
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(3) There is a certain fraction such tliat if 8 be added to the nume- 
rator the value will be }, but if 1 be subtracted from the denominator 
the value will be ^ : what is the frttction ? 

(4) A person desirous of relieving some poor people by giving 2a. 6d, 
to each, finds that he has not money enough by 8«. ; he therefore gives 
2<f to each, and then has is. lefb : how much money had he, and how 
mKoy persons did he relieve ? 

(5) There is a certain number, consisting of two digits, whose sum is 
6, if 9 be added to the number the digits will be reversed : what is the 
number ? 

(6) A &rmer has 28 bushels of barley at 28. id. per bushel, with 
wluch he would mix such quantities of rye at Za, per bushel, and wheat 
at is. per bushel, as would make 100 bushels worth ds. id. per bushel : 
how many bushels of rye and how many of wheat must he mix with 
the barley ? 

(7) A sum of money was divided equally among a certain number of 
persons ; if there had been three more, each would have received Is. 
less ; if there had been two fewer, each would have received Is. more : 
how much money was divided, and among how many persons ? 

(8) A vessel containing 120 gallons is filled in 10 minutes by two 
spouts running successively ; the one delivers 14 gallons a minute, and 
the oUier 9 gfdlons : how many minutes did each spout run ? 

(9) A person has £27. 6«. in guineas and crown-pieces, out of which 
he pays a debt of £14. 17s., and finds that he has as many guineas left 
as he has paid away crown-pieces, and as many crown-pieces left as he 
has paid away guineas : how many of each had he at first ? 

(10) A labourer is hired for 80 days at is. a day for every day he 
works, but on condition that he forfeit Is. 6d. for every day he is idle ; 
at the end of the time he has to receive £8, 168. : how many days did 
he work ? 

ill) Solve question (5), at page 47, with two unknown quantities. 
12) Solve questions (11) and (12), page 48, with two unknown 
quantities. 

82. Simple equations with three unknown quantities. 

The methods already explained for solving a pair of simultaneous 
equations with two unknown quantities sufficiently suggest the mode 
of proceeding with three simultaneous equations involving the same 
number of unknowns. For taking any two of the three equations, 
those methods enable us to eliminate one of the unknoMrns, and then, 
ocHnbining one of the same two equations with the third, we caD, in 
like manner, eliminate the same unsown from them. 

We are thus furnished with two equations containing only two 
unknowns, and these may be treated as in the preceding article. No 
fi>rmal rule is necessary ; the following specimens of a solution will 
amply suffice for guidance in all cases. 

!2x+Zy + iz^29 
dx + 2y + 52«=32 ^ to find the values of x, y, and z, 
4e+8^ + 22»25 
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First elimmate y from the first and third equations, which giye 

3y«29-2a?-42 
and 8y==25-4a:-22 
/. 29-2a?-43=25-4a;-a?....(A) 
Next eliminate the same quantity y from the first and second < 
tions, by multiplying the former by 2 and the latter by 3, and 
tracting the results ; thus, 

4x+ey+ 8j«68 



Diffierenee, 5a; + 7iE»88 (1) 

By equation (A) 2x — 22s« — 4, or x— «= —2 (2) 

From (2) x^z—2. Substituting this in (1) we have 
62-10 + 72=88, or 122=48 /. 2=4 
,', d;»2—2=4— 2=2 ; and substituting these values in either o 
given equations — ^the firsts for instance — ^we have 

4 + 8y + 16-29 /. y«fL^-8 

Consequently the sought values are a; =2, y=8, 2»4. 

(2) There are three numbers such that the difference of their d 
ences is 5, the sum of the numbers is 20, and thdr product 
required the numbers. 
lieiiXf y, 2, represent the numbers, then 

x-^y and y—z, represent their differences, 
and the difference of these differences is x— 2y + z, 
Heoce by the question we have the three equationt 

a:-2^+2« 5 (1) 

x+y+z* 
xyz- 
Subtracting (1) frtmi (2), By== 15 .*. y—5; hence from (2) an 

x+z^ 15 (4) 

a»= 26 (6) 

The square of (4) is a? + 2a» + 2?= 225 
And 4 times (5) is 4a::2 =104 

Their difference is a^— 2a»+ f?=121 

Now the first member of this equation is {x—iif (see p. 26), am 
second is 11'. 

.-. a;-2=ll 
and (4) a: +2= 15 



!« 5...-.(l) 

!« 20.... (2) 
!=130....(3) 



Their sum is 2a7 «26 ) , i« „ 

Their difference is 2? = 4 J •' *"^^' ^^^ 

Hence the numbers are 13, 5, and 2. 

In the latter part of this solution, there is an expedient adopted 
you will do well to attend to : there is nothing in the rule that p 
to its application ; but in algebra rules can do little more than 
^00, general directions. Cases will often occur in which indepei 
ingenuity must be exerted, and pre-established principles be re» 
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command. Toa remember that your attention was eepeciaUy. directed, 
at page 42, to the formation of the aquare of a Inaomial, that ia, to the 
development of (x-l-2)'aod (pc^zf; iite former being 2^ + 2£s + 2^, and 
the latter a^~'2xz+^; so that, knowing {x+z)\ we may always get 
(x-^£f by sabtracting 4xz fitom it. In the equations above, both 
^+zy* and iaes are given, so that {x^zf becomes known by subtrao- 
tion, and thence a;— >z itoelf ; and the som (x + z) and the difference 
(x— s) of the two unknowns x, z, being thus given, the unknowns 
themselTes are determined by addition and subtraction, as shown above. 

Sxampla far Exercise. 

!x+ y+ ««18 (22;+3y+4s»16 

«+Sy+2a=«88 (2) ]8ar+2y-5«« 8 

x+ijf+iz^lO (&B-6y+3e=» 6 

S5j;— 4y+2z=48 (8a?+4z«67 

ar+3y-42=24 (4) ^5ar+8y«65 

2a;— %+32»19 ( 2y~ z «11 

(5) Divide £100 among A, B, and C, so that A may have £20 more 
than B, and B £10 more than C. [Three unknowns to be used.] 

(6) A cask which held 60 gallons was filled with a mixture of brandy, 
wine, and cider ; the dder was 6 gallons more than the brandy, and 
the wine was as much as the cider and one-fifth of the brandy : how 
many gallons were there of each ? 

(7) Divide 48 into four parts, such that the first increased by 8, the 
second diminished by 3, the third multiplied by 8, and the fourth 
divided by 3, may give the same results. 

(8) Find three numbers^ such that one-half of the first, one-third of 
the second, and one-fourth of the third shall together make 46 ; that 
one-third of the first, one-fourth of the second, and one-fifth of the 
third shall together make 35 ; and that one-fourtli of the first, one-fifth 
of the second, and one-sixth of the third shall together make 28 J. 

(9) A and B together can finish a piece of work in 8 days, A and C 
together in 9 days, and B and G together in 10 days : in how many 
days can each alone finish the work ? 

[Note. The principles applied in the foregoing article to the solution 
of simultaneous equations with three unknown quantities may be ex- 
tended to n equations with n unknown quantities^ since the unknowns 
may be eliminated one after another, as in the preceding solutions. 
But when the equations are numerous, the operation becomes long 
and troublesome ; but inquiries in which more unknown qaantities 
than three are required are of very rare occurrence in algebra. 

It must be noticed that for simultaneous equations to admit of defi- 
nite values for the unknowns, each equation must be distinct from and 
independent of all the others ; if one of the equations be no more than 
a necessary consequence of any of the others, or be fedrly derivable 
firom those others by allowable operations, then that one cannot be 
regarded as a distinct equation, or as embodying any distinct condi- 
tions ; so that, in reality, the number of independent equations will be 
fewer than the number of unknowns to be determined from them^ oAd^ 
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therefore, the requisite number of eliminations, to lead to the definite 
determination of any one of the unknowns, cannot be effected — ^as is 
pretty obvious from contemplating the process. In such a case, the 
given conditions are insufficient. 

It might happen, on the other hand, that the due number of con- 
ditions, and, therefore, of equations, might be given, and yet the 
conditions might be such as to involve contradictions, so that their 
simultaneous existence would be impossible. It might not be easy to 
discover this want of congruity in a set of simultaneous equations ; but 
we need never attempt such discovery ; we may proceed with our eli- 
minations on the assumption that our equations are perfectly indepen- 
dent and perfectly compatible ; if this assumption be correct, we shall 
discover the hidden values of our unknown symbols ; if it be incorrect, 
our results will either give no definite values, or will else give such as 
will be palpably absurd and contradictory. The two examples following 
will serve as practical illustrations of what is here said. 

InmficierU Conditions, Incompatible Oonditums, 

(3a:— 2y+ 62=14 ( 3a;~2y + 62=U 

(10) \2x+y- 82=10 (11) ^2aj+y -82=10 

( 6a:-4y-f 102=28 ( &i:-3y + 22=36] 

83. Qucidratic eqwUumt involving only one wnknovm quantity. 

The equations considered in the preceding articles are all simple 
equations ; they are not called simple because they are so easy, but 
because each unknown enters in its simplest or lowest power, or at 
least, whenever any higher power, as the square, the cube, &c., oc- 
curred in the equation, it was always removable by subtraction, or 
division, or some other of the operations common to simple equations 
of the ordinary form. 

A quadratic equation is one which always involves the second power, 
or square, of the unknown quantity, for the removal of which, and the 
consequent reduction of the quadratic to a simple equation, a special 
and peculiar operation is necessary, requiring a distinct rule, derivable 
from the following considerations : 

1. The square of a binomial, such 9S x+a, or x—a, always consists 
of three terms, thus : — 

{x+ay=a? + 2ax + a^ (1) 

(a:-a)*=a:»-2aa; + o» (2) 

2. If only the first and second of these three terms be written down, 
we can always complete the square by supplying the wanting third 
term ; for we see that this third term is nothing but half the coefficient 
of x, in the second term, squared ; thus the coefficient of x in (1) is 2a^ 
the coefficient of a; in (2) is — 2a ; the half of the former is a, and the 
half of the latter —a ; and, in either case, the square of this half is a', 
the square of a quantity being always pltis, whether the sign of the 
quantity itself be + or — . 

Having therefore the first term a?, and the second term, before us, 
we can idways complete the square to which these two terms belong. 
For example, suppose the two terms a?-¥^ are given to complete the 
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square. Here, as the ooeffioient of a; is 6, of whioli the half is 3, we 
know that the wanting third term is 9 ; the complete square being 

a^ + 6a; + 9«(a:-f8)* 

the root of the square thus completed being simply x, together with 
the half coefficient used in completing it. If the incomplete square had 
been a^— 62r, then the wanting term (—8)' would have been equally 9; 

thufl^ a:»— 6aj + 9— (a:-8)* 

the root of the square being x^B, 

Hie following are a few examples of this. 

Complete the square, and write down the root of it, in the cases 
here given : — 

(I) x^ + Sx, (2) a?^ 12a:, (8) a:»- 2x, (4) x^ + lOar, 

(5) a»-5a:, (6) a? + 3a:, (7) a^ + x, (8) x^-x. 

Hie roots of these squares, when completed, are 

(1) a: + 4, (2)a:-6, (3) x-l, (4) a: +5, (5) x-f 



2' 



(«) « + J (7) «+5, (8) ar-i 



84. To tdve a gtMdraiie egtuxHon, 

Bulb 1. Place all the unknown terms on one side of the equation, 
and all the known on the other, as in simple equations ; fractions and 
radicals being cleared as before. 

2. If the first term, or that containing a^, have a coefficient other 
than unity, remove it by division. 

3. The leading term being now simply o^, take half the coefficient 
of :r in the second term, and add the square of this half-coefficient to 
both sides ; the unknown side will then be a complete square. 

4. Extract the root of this square, which is merely x with the half- 
ooeffident imited to it by its own sign ; extract, in like manner, the 
root of the known side ; we shall then have a simple equation, from 
which X may be easily determined. 

Note. Bemember that the square root of |i number takes the double 
sign dc (see page 86). 

(1) Bequired the values of a; in the equation a^—^x—T. 

Ab the coefficient of a^ is unit, and the known and unknown quan- 
titles properly arranged, no preparatory operation is requisite before 
applying precept 8 of the rule ; therefore, completing the square, by 
adding (—8)' to each side, 

a:»— 6a:+9=16 

Extracting the root, ar— 3=s±4 /. a; =8 ±4 

Ck>ns6quently the value of x is indifferently either a;=7ora'»~l. 
If either value be put for x in the proposed equation, its conditions are 
satisfied; thus, putting 7 for x, the equation is 49— 42 = 7 ; and put- 
ting —1 for X, it is 1 + 6—7. 



/. «=«±«=« or - 
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(2) Find the values of a; in the equation 2a^ + 8a;— 80 — 60. 
Transposing, 2ar» + 8a;« 90 

Dividing by 2, a:* + 4a; *= 45 

Completing the square, a;' + 4a; + 4 = 49 
Extracting the root, a; + 2 = ± 7 

/. a;=-2±7=5or -9. 

25 
(8) Given the equation 8a?— Sa? + 9— 5- to find x, 

o 

2 

Transposing, 8a;*— Saj—— ^ 

2 
Dividing by 8, a;»— a;=:— - 

1 2 11 
Completing the square, ^-•^+7'" — Q + T^og 

Extracting the root, *~2~ ^8 

1 1_2 1 

2*6 8^8 

X tsJx 8 

(4) Given the equation - — s~=*s *o ^^^^ *^® value of a;. 

Q A A 

Multiplying by 6, to dear fractions!, 

2a;-8-v/a;«9 

From this we may remove the radical in the usual way ; but it is 
better to put y for y^, and thus change the equation into 

22/*-3y»9 

,8 9 9 9 81 
Completing the square, S^-§y+i0-2"*'l6"i6 

8 9 
Extracting the root, y~7~ =^7 

8 9 8^ 

.-. y=j±j«8or-5 

9 
.*. a;=3^=9or- 

NoTic Every equation of the form a;*" + 007*^9^5, may be solved as a 
quadratic by putting y for a;^, and therefore jf for a;"**, as in. thisex> 

(5) Given the equation — 7—*= -. — , to find a;. 

^ ' ^ 4 + v/a; v/a; ' 

Clearing fractions, and remembering that the sum of two quantities 
midtiplied by their difference is the difference of the squares of those 
quantities, we have, 

2ar + 2-v/a;=16— a? 
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Transponiig, dx+2'y/x—16 

Or pnttiog y for ^x, 3y* + 2y «» 1 6 

Dividing by 3, y* + ^y = y 

/^ , ^ XV . 2 1 16 1 49 

Completmg the square, T + i^ + g = y + 9 "T 

1 7 
Extractdng the rooty y+o"±Q 

^ 3 3 3 



• • 



.. a?=«^«4ory 

(6) Given the equation 3fi + 4a?=sl2, to find x. 

Patting, agreeably to the preceding note, ^^y, we have 

3^ + 4y-12 
Completing the square, ^ + 4^^ + 4 a= 16 
Extracting the root, y + 2^ ±4 

.*. y=-2+4=2or-6 

/. a?=yy==^2or V-6 

(7) Given aa^+hx'^e, to find expressions for x. 

Dividing by a, x^ + -a:=- 

" '' a a 

Completing the square, 3^ + -x+ 7-^=- + j-j 

Extractmg the root, a.+_^«yr__« _ 

-&±\/(4ac+6*) 



• aj. 



• • 



2a 



[Note. This is a general /ormu^ for the solution of every quadratic 
equation, whatever may be the particular values of a, b, c. The values 
of X are always two-fold ; because, when the operation implied in V^ is 
performed, the result is ±. If the coefficients o^ h, e* are so related 
that 4ac+l^^0, then the irrational part of the expression vanishes, 
and the two roots, as the values of x are called^ are equal, namely, each 

18 — — ; when the relation is such that 4ac+l^ is negative, then the 

two roots are imaginary. In all other cases, the roots are real and 
ungual. It is clear that a being positive, the roots can never be 
either equal or imaginary, unless c is negative, since whatever be the 
sign of 6, fi' is necessarily positive. 

* There is no impropriety in calling c a eo^fficierU, it is the co- 
efficient of 0^ in the equation aa^-h-hic^ea^, which is the same as 
aa^-^-hx^c, because sfi=l (p. 84). 
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If the general equation above were written thus, aa^+hx + c^O, 
which, indeed, is in a form more convenient for the discussion of- the 
theory of quadiratio equations, then the above general solution would, 
of course, be, 

-ft±\/(y~4a(?) 

2a 
and we should have the following conditions, namely, 

ISl^ss iac, the two roots are real and equal. 
5* 7 4ac,* „ „ real and unequaL 

l^liac, „ „ imaginary. 

If one root be imaginaTy, it is obvious that the other must ba 
imaginary also, because the irrational part of the expression for a| 
enters equally into both values.] 

Exampleafor Exercise, 

[The learner may refer to the foot-note to Ex. 11 for some useful 
hints.] 

(L) 2a?^ix + 6 (2) a?-8a:-f 16=0 (3) ^^Lt^^^^^lSx 

(4) aj»-a;«l (5) 3jr»-102«a: (6) (a: + 2)«-ea; + 2 

(7) ?^+?^=l (8) 4^-^-8 (9) ^(a:+12)- ^^ 



X— 2 a:— 1 ^' ^x + 2 v / -v \ / ^^x + 5) 

(10) -v/(a; + 21)+-v/(a: + 21)-=12 (11) a:-l«2 + 4-'*' 

^^ X 

^ ' ar v^^ a;— \/(ar'— 1) ^ ' a a? a 

(16) (2a; + 6)*+(2a;+6)»«6 (16) -i-j — --j— gH=2a:-.17 

.^^ „ 4 fc 1 ««« /-«» 8a?+6 3af— 6 186 

(17) &.» + 7^- 108 (18) jj— 3- ^-^g=_ 

* The signs 7 and / stand for the words greater than and leas than, 
respectively. 

1 2 

f If - be added to each side of the equation a;— 2^1 + —r-, the first 
X ^ ^x 

side will become the square of \/a? — j-. and the second the square of 

1 + -y. In Ex. 12, y may be put for v^a:*, or for —7-3. In Ex. 16, 
^r a? \/a» 

y may be put for (2a? + 6)* ; for ^(a: + 21) in Ex. 10 ; and for ^^ in Ex. 
17. In dealing with Ex. 8, remember that if the sum of two quantities 
is a divisor, and the difiEerence of their squares a dividend, the quotient 
will be the difference of the quantities themselves. To Ex. 18, the 
principle explained at p. 46 may be applied. 
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S5. Second method of solving a quadrcUic eqwUum, 

The rale given at page 57 for the solution of a quadratic equation ia 
that generally taught in the bookb, and applied in actual practice ; 
but, as in order to complete the square, the coefficient of ar must be 
made unit, and then the half-coefficient of x squared, it is plain that 
fractions are likely to be introduced at an early stage of the work, and 
to encumber otur expressions to the end. 

The method now to be explained never tntroducet fractions, and ic^ 
therefore, to be preferred in all cases such as those just adverted to, 
and which) indeed, are those of by far the most frequent occurrence in 
practice ; we may pave the way to it thus : — 

Taking the general form cux^ + bxssCf let each side be multiplied by 
4a, it then bea>mes 4a*a? + 4cibx=iiac, which it will be convenient to 
write thus : — 

(2axf + 2b{2ax) » iae 

Written in this way, you perceive that the first member is in a form 
well adapted for the completion of the square without fractions ; the 
unknown quantity being regarded as 2ax, Proceeding by the former 
rule, the complete square is, 

(2aa:)« + 2b{2ax) + J»=iac+ 6« 

And therefore the root, 2<»X'^rh^^(i<ie + l^.. . .(1) 

You thus see that anv quadratic cu^+bx^^c is reduced to the simple 
equation (1), without the introduction of fractions, at a single stop, by 
following these precepts, namely : — 

Bulb IL 1. Take twice the coefficient of o^ in the proposed quad- 
ratio ; this will be the coefficient of a; in the reduced simple equation, 
the first term of which is thus found at once. 

2. To this first term unite, with its own dgn, the coefficient of a; in 
the proposed equation ; the first side of the derived simple equation 
will thus be obtained. 

3. The second side is found thus : multiply the second side of the 
proposed (namely c) by 4 times the coefficient of o^ (that is, by 4a), add 
the square of the next coefficient (that is, of 6) to the result^ and cover 
the two with the radical sign. 

This rale merely describes in words how^ 

From the quadratic equation, aa^ + &vsc 

There results the simple equation, 2ax + b= 's/i^ac + 1^) 

And this is the only step that need be committed to memory ; the 
convenience of it will be sufficientiy seen by oonploying it in some of 
the equations solved by the- former role. 

«. 25 

Ex. 8, page 58, 8a?-3a: + 9=-^, or9a:«-9ar+27=25 

/. 9ar»-9a:=-2 
/. RulelL 18j:-9=-v^(-72 + 81)«±8: 

9±8 2 1 
•• *""ir=8^'8 
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Ex. 4, page 58, after removing radical, 2y*— 3ys*9 
/. RulelL 4y-3-v/(72 + 9)=±9 

8i5 « 3 



• • 



Ex.5, after removing radical, By^ + 2y^l6 

:, Rule II. 6y+2-v/(192 + 4)-±14 

~2±14 ^ 8 



• • 



The method of solution here illustrated is that which will always be 
employed in the subsequent parts of the present work, except in the 
comparatively few instances in which fractions are not introduced by 
the common method of completing the square. As an exercise, let the 
rule be applied to the equations in examples 4, 5, and 17, at page 60, 
putting, in the last example, y for x^. 



86. Questions producmg quadratic equations vnth one fmknovm qwmtUy. 

(1) A and B set off from the same place, and at the same time, to 
travel a distance of 150 miles. By travelling 8 miles an hour fiuter, A 
arrives at his journey's end 8 hours and 20 minutes before B : at what 
rate per hour did A and B travel I 

Let x*^ miles per hour B travels 
then 0;+ 3— „ „ A „ 

and = hours occupied by B 



X 

150 



99 99 



A 



Now, by the question, if 8} hours be added to A's time, the sum 
will be equal to B's ; hence we have the equation, 

255.^81-— 

aj+8 ' X 

^, ^ . 150 25 150 

that IS, s + -5-=' 

^ ac+S 8 X 

or dividing by 26, —-^ + q ^Z 

JK + O O X 

Clearing fi^tctions, I82; +0:^ + 30:— 18a; +54 
that is, sc^-¥Zx^6i 

:. RuleH. 2a?+8«x/(216 + 9)«v'225-±15 

... ^,:i?±l£„6 0,^-9 

The negative value of a; is, of course^ excluded by the nature of the 
question; /. a;+8»9 ; oonsequMitly, A travels 9 miles per hour, and 
B6. 

You will observe that although the solution of a quadratic equation 
always furnishes two values tor the unknown quantity, yet that the 
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question in wliidi the qiaidratie originsteB maj be so restricted as to 
render only one of these Tshies ecbuaaible ; the efiaatifm being firee 
frcnn the resteictioiis of the qiaatum as to adnuasible Talnes. 

(2) What two numbers are these of whidi the diiierenoe Is 2 and the 
diflEerence of the eobes 98 ! 

Let the two nnmben be x and x+ 2, then, bj the qnesiiony 

(ar+2)'-a:»=98 
thatia, &e*+122;+8=98 

TVansponng^ 6a^ + 12x=90 

Dividing by 6, a? + 2a:= 15 

Cranpletnig the sqnare, aE*+2x + l»16, .*. x+l^dbi, .*. j?«S or 
—5, .*. ar-i-2=5y or —3 ; hence the numbers are either 3 and B, or 
—3 and —5. 

(3) Divide the nnmber 20 into two parts sach that their product 
maj be 105. 

Iiet X be one part^ then 20— a; is the other, and, by the qnestion, 

20ar~a«=.105 
or, OE*— 20?"=— 1.05 
Completing the sqnare, o^— 20 + 100b— 5 
Extracting the root, :r— 10«=\/— 5 

.-. a:«10±V'-5 

As the Tahie of x contains an imaginary quantity, we conclude that 
the solution of the question is impossible m real numbers ; it is impos- 
sible to divide 20 into two parts of which the product is 105. This 
is one use of imaginary quantities ; their entrance into the answer 
showing that the question implies an impossibility. 

ExcmvpU» for ExercUe^ 

(1) Divide 33 into two parts such that their product may be 162. 

(2) A person bought a certain number of sheep for £120, and finds 
that if he had had 8 more for the same money, the price of each would 
have been 10«. less : how many did he buy ? 

(3) What two numbers are those of which tiie sum is 6, and the sum 
of the cubes 72? 

(4) Is it possible to divide 126 into two parts such that their product 
may be 4000 ? 

(5) A and B start at the same time and from the same place to 
travel a distance of 300 miles ; A travels 1 mile an hour fiister than 
B, and arrives at the journey's end 10 hours before him : at what rate 
per hour did each person travel ? 

(6) A person bought cloth for £33. 15«., and sold it at £2. 8<. per 
piece, thus gaining by the transaction as much as one piece cost him : 
how many pieces were there ? 

(7) A company at a tavern had £8. 15«. to pay ; but before the bill 
was settled, two of them left, in consequence of which those who re- 
mained had each 10«. more to pay : how many persons were there at 
first! 
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(8) There are two numbers whose product is 120 ; if 2 be added 
to the less, and 3 subtracted from the greater^ the product will still 
be 120 : required the numbers. 

(9) A gamester won the first game as much money as he had in his 
pocket, at the second game he won Ss. more than the square root of 
what he then had, at the third he won the square of all he then had, 
and found his money to amount to £112. 16«. : how much had he at 
first? 

(10) There are two numbers whose difference is 4, and which are 
such that if one be taken for numerator and the other for denominator 
of a fraction, and then the former be taken for denominator and the 
latter for numerator, the sum of the square roots of the two fractions is 
also 4 : requii^ed the numbers. 



87. — Simultaneous Equations with two unknown Quantities. 
1. When one is a simple equation cmd the other a quadraHc. 

BuLE I. From the simple equation find an expression for one of the 
unknowns in terms of the other and the known quantities. 

Substitute this value in the quadratic, from which one unknown will 
thus be eliminated, and the equation reduced to a quadratic with a 
single unknown. 

this yalue for x in the second, we have 

/8 + 4y\« . _- ^- ^. 9 + 24y+16y» . ,. 
[—^J -»*=16; that 18 1 2—3^=16 

Multiplying by 9, and transposing, 

73r»+24y=185 
/. Rule II. 14y + 24 = -/(ISS x 28 + 24«)« V'4356« ±66 

,. x=i±*l!=5. or -7f 
tience the values of x and y are either 

S'+S-Sy'-aol I""™ *e first equation a-l±5?. Sabsti- 

tuting this for x in the second, we hare 

or. LtM±££ + y+M _C^_20 
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Multiplying by 2, and transposiDg, 2^+ TyasSQ 

/. BoLElL 4y+7«x/(312 + 49)»V'861=-±19 

• • * — 2 — ' " 
hexice the Talaes of x and y are either 

Note. — ^As observed at page 54, by the exercise of a little address, 
a simpler and neater solution may often be obtained, than would be 
furnished by implicitly following uie directions of a formal rule. In 
quadratics with two unknowns, instances very firequently occur where 
rules are of but littie avail, and where the solution can be effected only 
by the independent skill and ingenuity of the algebnust. You will see 
the advantage of departing from rule in the following example. 

(3) a^+4xy=96 ) The first equation is {xyf + i(xy)=^9e /. com- 
x + y =6 ) pleting the square, 

(xy)» + 4(a:y) + 4=100 

Extracting the root, «y+2«±10 /. xy^S, or —12 

Squaring the second equation, 

a^+2xy + j^z=S6 

Subtracting 4xy »32 or —48 

we have a?— 2a:y + ^= 4 or 84 

Extracting the root, a?— y= ±2 or v^84=2-v/21 

/. adding and subtracting x + y^sQ 

we have 2a:=8, or 4, or 6±2-v/21 

2y=4, or 8, or C^F 2^/21 

hence the values of x and y are 

y^2\ **' y=4} ^ |y=3q:2^21 

It thus appears that x and y have each four values. If the rule had 
been implicitly followed, the first equation, after substituting in it the 
expression 6— ^ for o^ or 6— x for y, would evidently have been one of 
the fourth degree ; and every equation has as many ro<a9 as there are 
units in the number marking its degree ; that is, a simple equation has 
one root, a quadratic two, a cubic three, and so on. But tiie proof of 
this general proposition belongs to the ''Theory of Equations."* 

* Bee the " Analysis and Solution of Cubic and Biquadratic Equa- 
tions," by the author of this work. 
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2. Wlvm hoth art quadratic equationB, 

38. If both equations are ^f the Becond degree, the principles of 
algebra, which suffice for the solution of every quadratic with one 
unknown quantity, will often be found to be inadequate, whatever 
artifices or expedients be employed to bring the proposed simultaneous 
equations within the range of those principles. When the elimination 
of one of the unknowns is effected, the resulting equation, involving 
the other unknown, will frequently rise to the third or fourth degree, 
requiring special and more advanced methods for its solution. There 
are, however, two classes of simultaneous quadratics which are manage- 
able by the rules already established, namely, homogeneous equations, 
and symm^ricaX equatiotia. These may be treated as in the following 
examples. 

Homogeneons quadratics, A pair of equations are said to be homo- 
geneous when each unknown term in both is of the same dimensions, 
that is, when each term consists of the same number of unknown 
fectors ; thus, the .terms a^, Sa^y, %xy^, 4^ are all of three dimensions, 
because each contaius three unknown &ctors. In homogeneous quad- 
ratios, each term is of two dimensions. 

KuLE 1. Put for one of the unknown quantities an unknown multiple 
of the other^ that is, for y, put sx, or for x, zy, then the square of this 
other will enter each of the unknown terms, so that an exprassion for 
it may be deduced from each equation. 

2. Equate these two expressions ; you will then have a quadratic 
equation in which the factor 2 is the only unknown quantity, and 
from which 2, and thence x and y, may be determined. 

(1) 2a:» '^'^^^SZll I ^* ^ ^**'' ^' *^®° *^® equations become 

20 
2ar» + 82ar»+s2aJ»=20 /. ar»= 



Bx^+i^sp^^n :. a?^ 



2H-3a + 2« 
41 



6 + 45? 

Equating these two expressions for a?, we have 

20 ^ 41 
2 + 32+i* 6-f4z* 
Clearing fractions, 100 + 802*^82 + 1232 + 4l2» 
Transposing, 392?— 123z= — 18 

or, 132»-4l2=r-6 

/. Rule 11. 262-41 «v'(-3l2 + 41^= ±37 

•• ' 26 ^""'U 

•• 5 + 42» 41 -^^ *^'6xl3« + 42""^^ 

.'. «- ±1, or v^8^y 

.% y=«a:=±3, or ijgV^S^ 



ALGEBBA. 67 

Examples for Bosercise, 
(1) a?-¥xy^n ) (2) 4a:«-2icy=12 ) (3) x'-^xy^\2 = ) 

(4) a;« + 43r»=256-4a;y) . (5) 6a:»-5;ry + 2y»=12 ) 

3/:-ar»«39 J 3ar' + 2a^-32r'=-8 J 

(6) 2a:2~3icy + 3^=4) 

89. Symmebriccbl quadratics. An equation is said to be symmetrical 
"when the unknowns entering it may be interchanged without altering 
the equation ; for instance, x + y=a is a symmetrical equation, and so 
is a^—axy + t/^^b, because, if a; be changed into y, and y into x, the 
equation remains unaltered. The genersU method of solving a pair of 
symmetrical quadratics, and which may often be successfully applied to 
synunetrical equations of higher degrees, is as follows : — 

Bulb. Substitute i» + v for x, and v— v for ^, in each equation ; you 
will thus get a pair of equations containing the new unknowns u and v, 
instead of x and y, and from which the values of u and v may be found, 
as in the examples below. 

Note. It has been more than once observed that though general 
rules may always be followed with safety, yet that, in particular cases, 
certain expedients may often be employed with advantage ; these must 
be suggested by practice, and a carefiU observation of the peculiarities 
of the example before us ; they cannot possibly be embodied in rules. 
The example following will illustrate this remark. 

(1) a? + y"— a?— y=*18 ) Substituting u + v for x and tt— v for y, 
xy + x + y^l9) agreeably to Sie rule, the equations become 

(i*+v)« + (t*-v)«-2i«=18) 5 «» + «»-« =9 

{u+v){U''V) + 2u=19\ ®^ (tt«-t;»+2tt«lft 

Adding these, to eliminate v, 2u^ + uss2S 

:. Eule II. 4i* + 1 = v^226 - ±15 .'. i*=| or -4 



t^=9 + t»-tt«=j, or -11 .*. v=±^, or -/-ll 

7 1 
•. a:=tt + v=5±p or -4±-/-ll; that is, a?=4, orS, or -4±V'-11 



• • 



y=tt-.v— ^:f ;^, or — 4=F\/— 11 ; tl^a* is* y=8, or 4, or — 4=F\/--11 



2^2 

On account of the symmetrical form of each equation, if orsa, y—h^ 
be one pair of values, then a; =6, y=a, must be another pair. 

Let us now try to solve the preceding equations independently of 
the general rule. 

By adding them together, after doubling the second, we have 

a:* + 2a:y + y» + a: + y - 66 
that is, (a;-fy)« + (a: + y)=66 

/. Rulell. 2(a:+y) + l«v^225=±16 
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Hence by substitatioix, the proposed equations become 

ar» + 3^=25, or 10 
a-y^lS, or 27 
Subtracting twice the second from the first, 

a:*— 2ajy + ^=l, or —44 
/. a;-y=±l, or2-v/-ll 
But (1), a: + y = 7, or — 8 

/. adding and subtracting, 2aj=7±l, or— 8±2\/— 11 

2y«7qFl, or -8qF2V'-ll 
.-. a;=4, 8, or -4±v'-ll; y=3, 4, or -4:f ^/-ll 

Examples for Exercise. 

{\)^ + t^ls) (2)a^ + f^i) (8) a:3 + y»«189> 

a; + y=12) ^ ' ^ <r , 

(4) a;* + ^ + a; + y=18 ) 
xy^ 6f 



40. EaTIOS, PbOFOBTIONS, and PBOaBESaiONS. 

When one quantity is divided by another of the same kind, the 
quotient is always an abstract number ; this quotient is also called the 
ratio of the two quantities, the dividend is called the antecedetut of the 
ratio, and the divisor the consequent, so that dividend, divisor, and 
quotient, in common division, answer to antecedent, consequent, and 
Initio, here ; thus the ratio of 8 to 4 is 2, and is the same as the ratio 
of 4 to 2, or that of 2 to 1. In like manner, the ratio of a to & may be 

expressed by the fraction -r, or by a-^&, but it is more usual to express 

it thus, a : hf which differs from a-i-h only by the absence of the little 
mark between the dots. The antecedent and consequent (in this case 
a and () are called the terms of the ratio. 

Proportion is an equality of ratios ; it consists, therefore, of fcmr 
ft ft 
terms ; thus, if T=-^t the four terms which enter these equal ratios, 

namely, a, h, c, d, are said to be in proportion ; the equality of the 
ratios is usually expressed thus, a I bllcl d, and sometimes, though 
less frequently, thus, a I h=c I d, and it is expressed in words by 
saying aistob, a^cistod. The first and last of the four terms of a 
proportion are called the extremes, and the two intermediate terms the 
means. 

As a proportion is only another form of writing and expressing two 
equal fractions, and two equal finctions only another form of expression 
for a proportion, the properties of equal fractions become the properties 
of a proportion ; and vice versd. Of these properties, the following are 
of the most firequent application. 
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/ 41. Theoi'ems respecting Proportion. 

Theorem 1. If four numbers are in proportion,, the product of the 
extremes is equal to the product of the means, and, conversely, if 
the product of one pair of numbers be equal to the product of another, 
the £a.ctors of one product will be the extremes, and those of the other 
product the means of a proportion. 

CL C 

1. Let o : 6 :: c:d: then -=3 /. ad=he 

a 

CL c 

2. Let ad=6c .*. ad-t-db^hc-i-db .'. t= 3* *^** is, 

a 

a : h :: c : d 

If the proportion he a I h i: b I c, the three quantities a, h, are 
said to be in continued proportion, and from what is JDst proved 
the product of the extremes of three such quantities is equal to the 

square of the mean, that is, ac—ly^. Moreover, because -7"=-, it 

c 

follower multiplying by -, that -=-^ •*• ~~ w* ^^^ ^^» *^® ^"* " *® 

the third as the square of the first to the square of the second. 

Theorem 2. If four quantities are in proportion, they are also in pro- 
portion when taken inversely ; that is, the second is to the first as 
the fourth to the third. 

n c 
Let alh y, c',d, that is, 1=3 » then, since the recip<V)cals of two 

o a 

equal quantities must be equal, -^- ,\ h \ a W d l c, 

Ot 

Theorem S. If four quantities of the same kind are in proportion, 
they are also in proportion when taken altematdy ; that is, the first is 
to the third as the second to the fourth. 

Let a\h ',', cl d, that is, t= j. Multiply by -, then -= jj that 

a '""c c a 

is, a : c : : 5 : (2. 

It was necessary to stipulate that the quantities be all of the same 
kind, for if any two differed in kind, those two could have no ratio. 
From the definitions of ratio and proportion, the first and second terms 
of a proportion must be of one kind, and the third and fourth alsc> of 
one Kind, but the two pairs of terms need not be of the same kind 

unless alternation is to be applied to them ; the ratios -, - employed 

above imply that a, h, c are like in kind, and the ratio 3 implies that 

h and d are also like in kind ; and thus all four of the terms must be 
like in kind. 

Theorem 4. If a I h :: c : d, then also 

adtmh I a±.nb :: c^md I cirwJ 
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For since ■=•=-; /. t±»»=« j±*». . • .(1) 

a a 

and, ■T±n=2±n (2) 

Dividing (1) by (2), 

a-izmb c^md ... . , . j . » 

— ; — T=—, — -7 . . a±nib : o±«6 :: c±imd : c±nd 

where m and n are any values whatever. 

[This is only a particular case of a much mure genenil theorem, 
namely : — 

If two firactions are equal, as ^=-^ we may replace the terms a, b, 

of the first, by any two expressions which are such that each term of 
both is of the same dimensions, as respects a and b ; provided only we 
replace the terms c, d, of the second, by two expressiomi involving c 
and dina, similar manner ; thus, from 

6=5' ^"^ "^y "^"'^ ^^ 4a« + 2a6-6»=4c» + 2cd-d» 

For let c=ma {m being some number whole or fi-actional), then 
d^mb, otherwise the fractions could not be equal. Putting these 
values for c and d in the second of the changed fractions, it becomes 

ITieorem 5. If any number of quantities of the same kind are propor- 
tionals, then as one antecedent is to its consequent^ so is the sum of 
all the antecedents to the sum of all the consequents. 

Let there be a : 6 : : c : (2 : : e : /, &c. 

^^* /»= J— :? &c. =m; then a=nib, c=md, e=mf, &c. 
** a / 

/. a + c + e+ &c. ==m{b + d+f+ &c.) 
. a + c + e+ &c. a c . 

b + d+f+ &c. b (f 

/. a : 6 :: a + c + e+ &c. : b + d+f+ &c. 
Besides these, many other theorems may be easily deduced ; the 

fuUowing are obvious consequences of the equality -t=-j* 

6. If the first and second (a, 5) of four proportionals be multiplied or 
divided by any quantity (m), and the third and fourth (c, d) by any 
quantity (n), the results are proportionals. 

7. If the first and third, and then the second and fourth, be in like 
manner multiplied or divided, the results are proportionals ; that 

. ma mc , x v j 

IS — r = — r» whatever be m and n. 
nb rw 

8. Like powers or roots of four proportionals are also proportionals ; 
that is -7-= -7", whatever be n. 

Jn fin* 
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9. If several sets of four are proportionals, then, if the corresponding 
antecedents and consequents be multiplied together, the products will 
be pruportionals ; for if 



&c. &c. -^ 



, aei &e. egl Ac. 
bfk &c. dhm &C. 

.*. aei &C. : Ifk kc : : cgl kc : dhm Ac. 



KoiB 1. Theorem 1 establishes the truth of the rule known in arith* 
metic as the Rule of Three, in which three terms of a proportion are 
given to find the fourth ; for since the product of the first and fourth 
is equal to that of the second and third, it follows that, to find the 
fourth, we have only to divide the product of the second and third hj 
the firai. 

NOTB 2. The proportion discussed in this article is usually called 
geometi'ical proportion. If four quantities be such that the first exceeds 
or &lls short of the second by the same quantity that the third exceeds 
or fiiUs short of the fourth, me four are said to be in arithmetical pro- 
portion; so that, as the former kind of proportion implies equal 
qvotientSf the latter implies equal differenoa ; thus a, a + <2, 6, 6 + <2, are 
in arithmetical proportion ; the sum of .the extremes is evidently equal 
to the sum of the means. Whenever the word proportion is used, 
without any prefix, geometrical proportion is always to be understood. 

IVariation is a term firequently used, instead of proportion^ in such 
cases as these, namely: — the price of a conmiodity varies with its 
weight ; the amount of work varies with the time expended on it, and 
so on ; the meaning being, that one price is to another as the weight 
at the former price to the weight at the hitter ; or, that one amount of 
work is to Another as the time expended on the former to that expended 
on the latter. In all such cases, two quantities suffice to indicate the 
proportion instead ci four, the mark oc, which stands for varies at, 
being placed between them ; thus, A (X. B implies that A varies as B, 
If Af B he two corresponding states of these mutually dependent 
quantities, and A', B' any two other corresponding states, Uien the 
operation ^ oC ^ is equivalent to the statement A : A^ 11 B l B', 

Here A is said to vary directly as B ; but if A O^ -^ that is, if 

11 
A I A' II -^ I -ni) then A is said to vary inversely as ^ ; in which case, 

by multiplying the third and fourth terms by BB^, the proportion may 

be written A \ A' W Bf \ B, 

B B -C 

If ^ OC ^, that is, if ^ : -4' :: -^ ; -^, then A is said to vary 

directly as B and inversely as C. And if ^ oc BC, then A is said to 
vary wnjointly as B, C» 
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What is here esad may be praoticallj ilhistrated by reference to a 
triangle, thus, 

1. If the altitude be invariable^ Area OC Base 

2. „ area „ „ Base a j— • 

8. If neither be invariable. Base oc =; 

Perp. 

4. „ f, Area ot Base x Perp. 

From what is said above, it appears that a case of variation may 
always be converted into one of proportion ; but in solving problems^ 
it is, in general, sufKcient to convert the variation into an equation, 
whenever the varying quantities are like in kind. When we say that 
one such quantity varies as another, we only i^rm that, throughout 
all their mutual changes, their ratio remains the same ; so that, calling 
this constant ratio m, the expression XQf^y may always be replaced by 
cs^my. We shall give two examples. 

(1) liz(Xy, and y(Xx, prove that xcc ^/yz. Since z varies as y, and 
2^ as a;, it follows that z varies as a; ; so that both z and y vary as x. 

(2) The conditions of variation being as above, prove that 

« + y + 2 a -/y* tV^ + -v/^- 

Herea;+y+2=(l + m+»)aj .'. aj=»; — .-^.(1) 

Because x^x \ tjacy^ ^/m*x 

. y^mx > /, l/xz^s/n^x 
z^nx ) \/yz^^nm'X 

\/yz+ a/xz+ ^xy x+y+z . ^. , 
.. aJ=— ;- — ^7 — ^ -q — ^-r-f by (1) above 



42. Abithmetioal Pboobessiok. 

An arithmetical progression is a series of quantities of which each 
differs from that immediately following by the same constant diff&rence. 

If a represent the first term, d the common difference (which may be 
either positive or negative), and n the number of terms, then the 
general form of the arithmetical progression is 

ct, a + d, a+2d, a + Zd, ,, ..a+{n—l)d 

To mvestigate a formida for the tvm, (S) of an orithTneUcal aeries. 

Putting I for the last term, that is, putting 

i«a+(w— l)d (I.) 

8^a+{a+d) + (a+2d) + {a + Zd)+ ...,.+l 
or, writing the n terms in reverse order, 

S:^l+{l-d)+{l-2d) + (l''Zd)+.,.^+a 
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Adding these two equivalent expressions together, 

2iS— (a+Z) + (a+i) + (a+0 + (o + Q+ {a+l)^n{a+t) 

/. ^-|(a + Z)-^[2a + (n-l)ci} by (I.) . . .. (II.) 

Any three of the quantities, a, d, I, n, being given, the fourth may be 
fonnd by formula (I.) ; and any four of the quantities a, d, I, n, S being 
given, tile fifth may be found by formula (II.). The rule for S may be 
thus expressed, 

Bulb. Multiply the sum of the first and last terms by half the num- 
b^ of terms ; the product will be the sum of the series. The last 
tenn is the first increased by as many times the difference as there are 
terms following the first. 

(1) The first term of a decreasing arithmetical series is 199, the 
conunon difference 3, and the number of terms 67 : required the sum 
of the series. 

Here a=199, d^-S, n=67 /. Z-l99-66.3=l. 

/. iSf=y.200«6700 ^ 

(2) Find the sum of one hundred terms of the series 1, 2, 8, 4, 5, kc. 

o«l, d^l, ««100, Z-100, /. 5«60. 101 =5060. 

(3) The fifth term of an arithmetical progression is 13, and the 
eleventh term is 31 : required the series. 

By formula (I.), o+ 4d=13 (1) 

a + 10d=31....(2) 

.'. 6d=18 /. d=3 

/, (1), a+12a=13 /. a«l, and /. the series is 

1, 4, 7, 10, 13, &c. 

This problem may be solved a little differently, by regarding 13 as 
the first term and 31 as the seventh term of the series, and thence find- 
ing d firom formula (I.), thus, 

81=13 + H /. <i-^«3 

o 

so that by adding 3 continually to the 13 up to 31, we get the part of 
the series to the right of the term 13, and subtracting 3, we get the 
four terms to tibe left. The five terms thus interposed between 13 and 
81 are called arithmetical means, as in the following example. 

(4) It is required to insert four arithmeticdl metxns between 7 and 13, 
that is, 7 being the first tenn and 18 the sixth, to supply the interme- 
diate terms. 

As o=7, n«s6, and Z=18, we have, by formula (I.), 

13«7 + 5d, .-. d«?«H 
Hence the four means are 8^, 9f, lOf, 11|. 
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Examples for Exercite, 

(1) Bequired the sum of ten terms of the series 1, 5, 9, 18, &;c. 

(2) Required the sum of seven terms of the series 4, }/^, &c. 

(3) The fourth term is 9, and the seventh 15 : required the arithme* 
tical progression. 

(4) Insert two arithmetical means between 8 and 9. 

(5) Insert three arithmetical means between 6 and 26. 

(6) How many terms of the series 1^ 6, 9, ftc.^ must be added to- 
gether to make 190 % 

(7) Find the sum of an arithmetical series of which the first term is 
10, the common difference \, and the number of terms twenty-one. 

(8) A hundred stones being placed on the ground in a straight line, 
at the distance of two yards apart, how far must a person travel who 
brings them one by one to a basket placed two yards behind the first 
stone ? 



43. Geohetbical Pbooression. 

A series of quantities are said to be in geometrical progression when 
the quotient of any one and that which inmiediately pre^des it is uni- 
formly the same. 

If a represent the first term of such a series, r the constant quotient 
or ratio, and n the number of terms, the entire progression will be, 

a, aVf aa^, ar^, at^, ar^, .... aT^~^ 

From inspecting this general form, the following properties become 
obvious, namely, 

1. The product of any two terms is equal to the product of any other 
two equidistant from them, thus, 

at^xa/t^^arxa/r^^axat* 

And if the number of terms be odd, the product of the extremes is equal 
to the square of the middle term, or the mean; thus a x aiA={ar')^. 

2. The last (or nth. term) is equal to the product of the first term, 
and that power of the ratio which expresses the number of terms mimm 
1, that is, calling the last term /, 

i=ar*-i....(I.) 

To investigate cm expression for the svm (S) of a geometrical series, 

S=a + ar+aif^ + ar^+ ar^-^ 

rS^s ar + a^ + ai^-har*+ ...,ar^^'^ + af^ 

Subtracting, (r-l)iS=a7^-a==ri-a(by I.) /. ^=a^lzi«!:?Z5..(ii.) 

This latter formula for S, expressed in words, is the rule following; 
namely : — 

EuLE. Multiply the last term by the common ratio ; from the pro- 
duct subtract the first term, and divide the remainder by the latio 
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minus 1. The last term is the first multiplied as often by the ratio as 
there are terms following the first. 

If r be a whole number greater than unity, or an improper £raction, 
the terms of the series continually increase, and at length become 
infinitely great ; if r be a proper fraction, they continually diminish, 
and at length become infinitely small; an infinitely smiUl quantity 
cannot sensibly differ from 0, since whatever value we assign to it short 
of must be too great. Hence the infinite decreasing series may be 
represented thus, 

a + ar + a7^+ +0 

where may be regarded as the last term ; for incluiUng the cannot 
add to the sum, even should it be disputed that a zero-term can be 
rigorously arrived at. Hence, putting for I in the formula for S, we 
have the following expression for the sum of an infinite series, changing 
8 into 2, to distinguish an infinite from a finite series. 

2«r^....(ni.) 
1 — r ' 

This formula evidentfy involves less computation than the formula 
(II.), so that we may affirm that it is more easy to compute the sum of 
a decreasing geometrical series, when continued to infinity, than to 
compute only a few of its leading terms ; — a statement that, in the 
absence of sufficient evidence, would seem to be paradoxicaL The rule 
for summing an infinite decreasing series is as follows : — 

KuLB. Divide the first term by 1 minus the ratio. 

(1) Kequired the sum of five terms of the series, 

l«4-i- 16-64+ &c. 
Here o«l, w«6, r=-4 /. Z=ar«-i=(-4)*=256 

r— 1 —6 

(2) Kequired the sum of eight terms of a geometrical series of which 

1 . 1 . 

the first term is -, and the common ratio -. Find also the sum of the 

same series to infinity. 

a:.3, r=2, «=8, ..Z=a,-i«3y =^ 

• o_r?-a_/ 1 1\ 1 255 

•• r-1 V768 S;"^ 



2 384 



Also, 2=ri-r=3^l'3 



80 that the sum of the series continued to infinity is just double of the 
first term. And it is plain, from the formula, that the sum of any geo- 
metrical series to infinity is always equal to the first term multiplied by 
the reciprocal of what the ratio wants of unity ; thus, when the ratio 

2 3 5 

is -, the sum 2 is 8a, when the ratio is -, the sum is ^ when it is 
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1 8 

— -, the Slim is -^ and so on. The sum is always the same in sign as 

the first term, whether the ratio is a positive firaction or a negative one. 

ExamjiUi for Exercise, 

(1) Find the som of twelve terms of the series 1, 2, 4, &o. 

(2) Find the sum of twelve terms of the series 1, 8, 9, &c. 

(3) It is required to insert three geometrical means between 2 and 
32 ; that is, to complete the series of which 2 is the first term and 32 
the fifth. 

(4) Insert five geometrical means between 2 and ^ 

(5) Required the sum of the series l*-i + i— i+ &o., to infinity. 

(6) Required the fraction equal to the recurring decimal 666. . . ., 

.1 . . .» .66 6 a 

that IS. sum the series — I 1 h &c. 

Note. The firaction equal to any number, part of which is a recur- 
ring or circulating decimal, may be found as follows : 

Let the number be 847 '584584 .... 

Puti!'« 847-584.... 
.'. 1000 P- 847584 -584.... 



.-. 999 i!'^ 847237 /. i^-^^f^ 

Here F is multiplied by 1000 in order to bring a complete period 
before the decimal point. 

Again, let F^ 4 -7548543 .... 

10i^« 47-543 .... 

10000 i!'»47543 -548 .... 



/. 9990 i^-47496 ;. F^^l^J^ 
" '""''' ^ *'**'" •• ^ 9990 1665 

This process suggests the rule given in books on Arithmetic 



44. MiactXUmeoue questions involving proportion and progression, 

(1) The sum of 500^ is to be divided between two persons, so that 
their shares may be to each other as 7 to 8 ; required the share of each. 

Let the shares be x and y ; then by the question, 

a; + y=500 /, y ==500— or 

and x:y::7:S 

:. {Theo, 1, p. 69.) 8a:=7y .'. 8a:=8500-7a? 

/. 15a;=8500 /. a;=2^=233i 

xO 



/. y=500-a:«266| 
Hence the shares are 2882. 6«. 8d and 266Z. IZs, id. 
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(2) Find three numbers in geometrical progression such that their 
sum shall be 7 and the sum of their squares 21. 

Let the numbers be x, y, and z ; then by the question 

x+y + 2=^7 (1) 

as8=^ (2) {Theo. 1, p. 69.) 

x» + ^ + s?^21.. ..(3) 
From(l)a? + 2=7-y .'. ar* + 2a» + z»= 49 -14y + y* 
Subtracting (2) a:* + a» + 2»=49-14y 

that is, from (2) ar» + jr» + z*= 49 - 14y = 21, by (8) 

/. 14y=49-21 = 28 .'. y=2 
.'. (l)and(2) a; + 2==5 .'. ar»+2a3 + 2»=25 

a»=4 /. ixz =16 

/. ar»-2a» + 2»= 9 

.'. rc— z=±8, anda8aj+2=5 /. a?=— 5— , 2=— — -; that is, 

07=34, or 1 ; yss2 ; z=:l, or 4 : so that the numbers are 1, 2, 4. 

(3) Find four numbers in arithmetical progression such that the pro- 
duct of the exti*emes may be 22 and that of the means 40. 

Let X be the less extreme, and y the common difference, then tiie 
four numbers are x, x + y, x + 2y, and x + Zy; and by the question^ 

ar» + 3a;y=i=22....(l) 
a^ + Zxy + 2f=:iO....{2) 
Subtracting (1) from (2), 2f^1S .'. y«=9 /. y=±3 

.'. (1) a»±9a;=22 .-. 2a;±9 = >v/(88 + 81)=±13 

/. a;=55±l^:=.2or-2; or 11 or -11 

Hence the numbers are 2, 5, 8, 11, or —2, —5, —8, —11. 

The other two values of x give the same numbers in reverse order. 
It must be observed that the values x=2 and a; = — 11 arise from 
taking the positive value of y; and x=—2 and a; =11 arise from 
taking the negative value of y ; and in uniting the values of x and y 
in the expressions x + y, x + 2yt x + 3y, care must be taken not to com- 
bine them so as to violate these dependent conditions. You must 
always take note of the connection of one unknown with another de- 
pendent on it as to the signs, and not pair them together in opposition 
to that connection. 

Examples for ExercUe, 

(1) What number is that to which if 3, 5, and 8 be severally added, 
the three sums shall be in geometrical progression ? 

(2) How many terms of the series 2, 5, 8, 11, &c., must be taken in 
order that the sum may amount to 26 ? 

(3) If a person were to begin the year by giving away a £surthing the 
first day, a halfpenny the second, three &rthings the third, and so on : 
how much money will he thus have disposed of at the end of the year f 

(4) Find three numbers in geometrical progression such that their 
product may be 64^ and the sum of their cubes 5&4.' 
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(5) Find two oumbers in the ratio of 2 to 3, and such that the dif- 
ference of their squares may be 245. 

(6) A hare is 50 of her leaps before a greyhound in pursuit of her ; 
she takes four leaps to the greyhound's three ; but two of the grey- 
hound's leaps make three of the hare's : how many leaps must the 
greyhound take to catch the hare ? 

(7) What two numbers are those whose difference, sum, and product 
are as the numbers 2, 3, and 5, respectively ? 

(8) A corn-factor wishes to mix wheat-flour which cost him 10«. a 
bushel with barley-flour which cost him As. a bushel, in such propor- 
tion as to gain 43} per cent, by selling the mixture at lis. a bushel : 
required the proportion. 

(9) There is a number consisting of three digits which are in arith- 
metical progression ; if the number be divided by the sum of the digits, 
the quotient will be 26, but if 198 be added to the number, the digits 
will occur in reverse order. What is the number? [A number of 
three digits, a;, y, 2, is expressed thus, lOOx + lOy + z.] 

(10) There are three positive numbers in geometrical progression 
whose sum is 13, and the product of the mean and sum of the extremes 
is 30 : required the numbers. 

(11) Prove that the geometrical mean between \/(»'-l-l)+ >v/(l — »*) 
and v('*' + 1)— \/(l— w^) J8 n times the arithmetical mean. 

(12) The following are three infinite series, namely, 

« , 1 1 1 

Prove that S^xS.^^'S^ 



45. Harmonioal Proportion and Progression. 

[Besides the two kinds of proportion and progression considered in 
the foregoing articles, there is a third kind, called harmonical propor- 
tion and harmonical progression. 

Four quantities are said to be in harmonical proportion when the 
first has to the fourth the same ratio as the difference between the first 
and second has to the difference between the third and fourth ; thus, 
a, 6, c, d are in harmonical proportion (or, as they are, for brevity, 
called, harmonicah) when 

aid:: a— 6 : c—d, or o(c— d)=d(a— 6) 
80 that any three of the harmonicals being given the fourth may be 
found. 

When, of the four harmonicals, the two means are equal, as a, 5» 5, e, 
then the three, a, 6, c, are in harmonical progression, and we have 
a: c :: a— 6 : 6— c, or o(S— c)«c(a— 6) 

a+o 
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80 tbat tbe harmonic mean (5) between two quantities (a, c) is twice 
their product divided by their sura. 

When the series consists of more terms than three, and is such that 
•very consecutive three form an harmonical progression, the whole 
fkeries is called an harmonical progression. Every harmonic series is 
closely connected with an arithmetical progression, since the reciprocals 
of the terms of one series are always the terms of the other, 

For let a, b, c, d, &c. be an harmonic series, and call the reciprocals 
of the terms of, h*, c', d% &c. ; then, from the equation above, we have 
the following conditions, namely, 

ab + 6cas 2a<?, bc + cd= 26d, &c. ..... (1) 

or, dividing each equation by the product of the three quantities en- 
teringity 

112 112^ ,nv 

c a b a b c 

thatis, c'+o'=26', d' + 6'^2c', &c (3) 

BO that a'f b\ <f, df &c. are in arithmetical progression. 

And conversely, by taking any arithmetical progression a\ h', c', d% 
&c., we might, from the conditions (3), get (2), and thence (1) ; that 
is, we might show that the reciprocals of an arithmetical progression 
form an harmonical progression. It is from this connection between 
the two kinds of series that the term harmonical has been applied, for 
musical strings, of equal thickness and tension, produce perfect har- 
mony, when sounded together, only when their lengths are as the 
reciprocals of the arithmetical progression 1, 2, 8, 4, 5, &o., that is, the 
lengths of the musical strings must be as 1, ^, J, }, ^, &c. ; and hence 
the propriety of calling the reciprocals of such progressions harmonical 
or musical progressions. 

When any two terms, however wide apart, are given, we can, as in 

the other' kinds of progression, always discover the intermediate terms 

or means ; for from the relation just established, we shall only have to 

take the reciprocals of the given extremes, to find the proposed number 

of arithmetical means between them, and then to take the reciprocals 

of these means. Thus, suppose we have to insert two harmonic means 

between 1 and 2. 

15 2 

• Two arithmetical means between 1 and -, are - and - ; therefore, 

di O O 

the two harmonic means are - and - ; the series being 1, <-, -xt 2. 

There is no general formula for the 8um of an harmonic series ; the 
allied arithmetical series gives no aid here, and we should have to 
proceed by actual addition of the terms ; but all the problems respect- 
mg harmonicals, of any particular application, can be solved by help of 
the corresponding arithmetical series.] 



The Binomial Theobeh. 

46. The binomial theorem is a general expression for the develop- 
ment of any power or root of a binomial. It i& otki^ ol ^<b te^<:»^»*'vssi:5^x* 
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tsint theorems in algebra, as it not only enables us to write oat the 
development or expansion of {a+x)% whatever be n, without the 
trouble of actually performing the involution or extraction indicated 
by n, but it also makes known to us a remarkable law, to which the 
several terms of the result are always subject^ and which law affords 
us great assistance in many theoretical and practical inquiries con- 
nected with the more advanced parts of algebra. 

In the portions of the subject discussed in the preceding pages, the 
principal object in view, after the fundamental rules of operation were 
established, has been the determination of unknown values from certain 
assigned relations between them and given quantities ; that is, we have 
been mainly occupied in solving equations, and in working questions. 
We now enter upon a department of algebra of a different cnaracter ; 
instead of equations proposed for solution, we shall have to deal chiefly 
with identities* and to investigate the changes of form under which 
certain algebraic expressions may be written, without any regard to 
particular values of the general symbols. 

The changes here spoken of are not objects of mere algebraic curi- 
osity, or of mere speculative interest ; they subserve the purposes of 
science in the most important of its practical applications ; there are 
certain symbolical expressions presented to the eye in a brief aild com- 
pact form, which, nevertheless, indicate operations of very laborious 
performance. The aim is to unravel or develope these expressions, to 
exhibit their component parts in detail, to discover the hidden laws of 
their composition, and thus to facilitate their actual calculation, when- 
ever the general symbols receive particular interpretations. Of these 
developments, that of the expression (a + x)^ — ^the Binomial Thxobbm 
of Sir Isaac Newton — ^is of primary consequence, not only on account 
of its intrinsic value, but because of the aid it aiSfords in the decompo- 
sition of other algebraical forms. In the following articles, we shall 
give the investigation of this important theorem in as complete and 
simple a manner as we are able. 

But we must first establish a preliminary principle of essential use in 
this class of inquiries. 

Prdiminary Theorem. 

47. If the series A+JBx + Cr* + Da^ + &c., the terms being either 
finite in number, or infinite, be equal to the series A' + B'x+Ca^ + 
jyoi? + &c., whatever value be given to x ; then, provided only that the 

* Identities are, of course, eguationSf but equations are not in general 
identities, as they usually imply that the symbols are subject to con- 
ditions, and are thus limited to particular values, determinable from 
what is called the sohuion of the equation. It would be absurd to 
speak of the solution of an identical equation, which fixes no condi- 
tions ; (x + y)^=a^ + 2xy+^; {x+y) («— y)=a:*— y*, &c., are identical 
equations, the second member of each being nothing more than the 
first member differently expressed, so that the equation holds for aU 
values of X and y, without limitation. 
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OMffioienis are none of them infinite in valae, the coefficients of the 
Uhe powers of x will always be equal; that is, A'^^A', B'^B', 

For since the two series are equal for all values of a;, without excep- 
tion, we are at liberty to put for x the extreme value xssQ, for which 
value, however, all the terms after the first in each must vanish, since 
the coefficients are finite. 
Consequently Asa A', Knowing this, we may conclude that 
£x+Oai^+Da^+ &c,^B'x+aa^ + jya?+ &c. 
or, dividing by x, that 

JB+Cb: + i>a!*+ &c.^B'+Ox + iya^+ kc. 
But, for the value x^O, these, as before, become simply S^J3f, so 
that the following equality must have place, namely — 

Cx+J)x^+ &Q,^C'x+jyx^ + &o, 
or 0+Dx+ &o.^C' i'D'x+ &c. 
which, for Xt^O, beoomes simply (7«>C^. And by proceeding uni- 
formly in this way, we infer the equality of the coefficients of all the 
like powers ; that is, that 

A^A', B^jy, C»C\ D^jy, &o* 



JwvettigcUion of the Binomial Theorem, 

48. The theorem we have to prove is this^ namely, that whatever be 
the exponent n, 

I V- - _- 1 n(»— 1) « . , n{n— l)(n— 2) . , . . 

If we were to divide each side of this assumed equality by a*^, the 

(ct + tx\ * x\ * X 
J , that is, (1 + -) , OT putting sfor -, it would be 

(1+2)*^; and in like manner dividing, and substituting, with respect 
to the second side, we should have only to prove the truth of the fol- 
lowing more simple form, namely — 

X 

It is plain that if we can prove this, we shall only have to put - for 2, 

* Some very able algebraists object to this form of proof; they say 
it involves a diviedon by ; but where there is any division by in the 
steps above, I am at a loss to discover. In the first step, x is assumed 
to be. 0, in virtue of the Uberty, allowed by the hypothesis, to 
assume a/ug value for Xy the zero-value included ; the result is, tha|i, in 
the proposed pair of series, A* must be ^ ; we therefore return to the 
series, and, availing ourselves of this knowledge, expunge the first 
term firom eadi, and then divide by the factor x, common to both, 
without restricting the x by any hypothesis whatever, and so on to the 
end, 

a 
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and then to multiply each side hj a^ in order to get the theorem as 
announced ahove. We shall prove 'first that no fractional or negative 
exponent can enter the development of (1 +z)^, whatever be n. 



48. I. The development of (1 + 2)** is always of the form 
(l + z)^^l + Pz+Q^ + Jis? + S^ + &c (1) 

1. Suppose first that n is a positive whole number ; then, as (1 +z)^ 
is a positive power determinable by the repeated multiplication of 1 + 2 
by itself, it is plain that the first term of the final product must be 1 , 
and that all the powers of z in that product must be positive integers ; 
if neither fractional nor negative exponents occur in the factors^ they 
cannot possibly, from the nature of multiplication, occur in the pnrod/wA. 
In the case supposed, therefore, the development is necessarily of the 
form (1). 

When we say that the development is of the form (1), you are to 
understand that the development is affirmed to confoim to (1) as a 
model ; that if we only knew what values to put for the unknown 
symbols P, Q, i2, &c., the form might be made "id&nincal to the correct 
development, without disturbing the exponents of 2. The determi- 
nation of the actual values of these symbols will be made matter of 
especial consideration hereafter ; at present we aim only at establishing 
the fwm of the development. 

2. Suppose, secondly, that 9) is a positive fraction, as -: then, 
• p 

(1 + 2)4 indicates that afber the power jp of 1 + 2 has been found, the 
root q of that power is to be extracted. Now the power j>, as already 
proved, is of the form (1) ; and whatever root of (1) be extracted, since 
by repeated multiplication^ of that root by itself, (1) is reproduced, it 
follows, from the nature of multiplication, that the leading term of it 
must be 1, and that no fractional exponent can enter' it, for whatever 
fractional exponent enteitt an expression whose first term is 1, the same 
must enter every power of that expression. For instance, whatever 
power we take of 1 + aa: + ca;» + cfa:* + &c., the fractional power g^ will 
always reappear in the result ; and if the vacant place be filled up by a 
zero-term, and the expression be written thus, 

1 + aa; + Oa:* + CKcJ + dc* + &c. 

the fractional exponent ^ will always occur in the same pUhce in the 
power as here in the root, namely, in the fourth place ; and the same 
IS evidently the case whetiier the leading term of the root be 1 or any 
other number. Of course the proper place of a power is that which 
it occupies when all the powers in the expression are arranged in 
regular ascending or descending order. Hence no fi:-actional exponent 

p 

can enter the development of (1 + 2)?. [The absence of negative expo- 
nents is proved for all oases at the end of the next paragraph.] 

8. Suppose, lastly, that n is negative, and let it be either integral of 
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fractional; then the deyelopment of (l+z)"^, or, which is the same 
thing, the development of r- — r^ will be the quotient of 1 by an ex- 
pression of the form (1). The first tenn of this quotient is therefore 1 ; 
and since the first remainder cannot contain stoj fractional power of z, 
neither can the next term of the quotient, neither, therefore, can the 
second remainder, nor, in consequence, the next term of the quotient, 
and so on. Hence, generallj, whether n be integral or fr^tional, 
positive or negative, the form of the development will always be 

(1 +«)»«! + Pz+Qz» + i22r» + iS8* + &c. 

provided, at least, that a negative exponent cannot possibly enter the 
development. If negative exponents be supposed possible, let —jb re- 
present the largest of them ; then, if every term containing z were to 
be divided by z~^, no negative exponents could occur in the quotient, 
because each exponent in the dividend being numerically less than —k, 
when each is increased .by h, all would be positive ; consequently, the 
development would be of the form, 

(l + 2)»«l + (a + 63* + C2^ + eZs'y+ &c.)z-* 

/. multiplying by 2*, 

(l+2)»^=2* + (a + 6z* + C2^ + (feY+ &c.) 

The two sides being identical, we may put any value for z ; put 2=0, 
then 0=a ; that is, the coefficient of the supposed negative power is ; 
in oth^r words, such negative power cannot enter the development. 
In all cases, therefore (1), is the form the development assumes. 



49. II. DetermvncUion of the confident (P) in the general form (1). 

1. When the coefficients P, Q, R, &c., are known for any particular 
value of the exponent n, their values for the next higher exponent n + 1, 
may be easily found by actual multiplication ; thus, if 

(1 +«)*=! +^+g3»+ &c. 

then multiplying by 1 + z 

l+pz + gt^+ &c. 

2+2>2"+ &c. 



we have (1 + 2)'»+i = 1 + (|) + 1)2 + &c. 

Hence the difference n—p between am/ exponent n and the coefficient 
j> in the second term of the development, is the same as the difference 
between n + 1 and the coefficient p + lin the second term of the suc- 
ceeding development. Now when n=l, the development is l + l2^ 
whennss2, it is 1 + 22+ 2^, in which cases we see that the difference 
between the exponent and coefficient of the second term is nothing; 
hence, for integral positive exponents, the coefficient of the second 
term is always equal to the exponent ; that is, when n is integral and 
positive, 

Q 2 
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(l + 2)'»-l+tMJ+Q8« + i2z» + ^+ &0 (2) 

Thii8(l+2)»«l + 32+Q2J* + -R2»+ &c., (l+zy^l + 4z+Q^ + R^+ &c. 

(l+z)*=l + 62+Qz? + i£3^+ &c. ; but the values of the other co- 
efficients Qt R, Sf &o. are still unknown to us. 

(2) The same equality between the exponent and the coefficient of 
the second term also exists when the exponent is a negatiye int^er ; 
for, since by (2) 

1 1 

we have only to actually perform the division here indicated as fiur as 
two terms in the quotient to establish this truth ; thus, 

l + n«+G2?+ &c. )1 (1— iw+Ac. 

l+m+ &o. 



— wa— &c. 
— n«— &c. 
Hence, whether the integer n be pocdtive or negative, (2) is still the 
form of the developiAent. 

(3) The same equality exists when the exponent is either a potitiye 
or negative firaction. For let ± - be put for n ; then (1) 

For brevity put / for Pa+ Qs?+ &c., then 

that is, substituting for these expressions their developments as fur as 
they have been ascertained, 

l±iM5+ &c. = l + g/+ &C. 
or, replacing s^ by the expression it stands for, 

l±pz+ &c.=l + 5(Pa+Qz?+ &c.)+ &c. 

This equation is of course true whatever be the value of z, for It is 
an identical equation ; consequently, the coefficients of like powers of a 
are equal (47). 
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that is, the coefficient of the second term of the development is still 
equal to the exponent. 

It is thus proved generally, that whether n be whole or fractional, 
positive or negative, 

(l + 2)i»=l + n«+Qz»+J22» + &*+ &c....-.(8) 

or, replacing z by its value -, and then multiplying all by of*, that 

€v 

(a + ar)»»=:d»+«tf»-ia?4 Qa*- V + iZa*- V + 5»"- V + &o (4) 

in which development the subsequent ooefficienta Q, M, 8, kc,, remain 
still to be determined. 

1 
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50. in. DeUrmvMOUm cf ike co^cienU Q, B, S, ike. 

The investigation thus &r has been tolerably easy, the present oon* 
eluding portion of it will require a little more algebraical address ; the 
first step of it inyolves one of those artifices or expedients for which the 
ingenuity of the investigator is often taxed in the higher departments 

2f algebra ; and, throughout, the preliminary theorem (at 47) is turned 
importwt account. 
In the identity (3), substitute h{l + x) for z, which we may, of course, 
do, as e is altogether arbitraiy ; we may put for it whatever we please 
at any stage of the investigation. We shall thus have 

{1 + 6(1 + a;)}*-l +n6(l + a;) + Qft»(l +a;)« + J»»(l +a;)» + iS6*(l +a;)* + &o 

Now we know from (3) the first and second terms in the develop* 
ment of each of the binomials (1 + ar)*, {l+xf, (l+ar)', (L+x)*, &c. ; 
and collecting all the first terms together and all the second terms 
together, we nave for the above development the series 

(l + «6 + Q6» + i2y + 5"6*+ &c.) + (n6 + 2Q6» + 3i26» + 456*+ &c.)a;+ &a 
But l + h{l+x) 18 the same &8(l+h) + lx, and by (4) the develop- 
ment of {(1 + &) + hx}^ is the series 

(l + 6)*+«(l + 6)*-i6aj+ &c. 
Of this series, as also of that before obtained for ike same expresnon, 
only two terms, the first and second, are actually exhibited ; but as the 
two series must be equal, whatever be the value of x, the coefficients 
of the like powers x must be equal (47). 

/. »(l + 6)»-iJ=«6+2Q6* + 8Jra'+456«+ &c 
.-. n(l + 6)*-i = » + 2Q6 +8i26» + 4-S6»+ &c. 
Multiply each side by 1 + &, we shall then have 

«(l + 6)*«n + (2Q + n)6 + (8jB+2Q)fi»+(4^+3JZ)6»+ &c. 
Bat(3), »(l + 6)*=»+n'6+nQ6' + »ii26'+ &c. 
The two series on the right must therefore be equal, whatever be the 
value of h ; consequently (47). 






2 
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2*3 

n{n-l)(n-2){n^B) 

2-S-4 
&C. &o. 

where the law of the coefficients is sufficiently obvious. It follows 
iherefore that the development (4) is 

n(n—l) ... «(n— l)(n— 2) ,, . ,.. 

2 2*<5 

51. And this development is the Binomial Theobem. You see 
that each term is related to that which immediately precedes it by a 
uniform law, not only as respects the coefficients, but as respects the 
letters a, x ; thus, disregardioe the coefficients, and attendltv^ Qi\!&^ V^ 
the letters ct, x, the first term is «», and cv^ry fsc^«»<v?^«n^'«fc'a^^'o*^ 
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ting coefficients) is found by multiplying the immediately preceding 

term by -, the powers of a regularly decreanng by unity, and the 

powers of 2; as regularly increaimg by unity, so that the sum of the ex- 
ponents is always n ; the law of the coefficients is abundantly obvious 
from the expressions for P, Q, B, &c., deduced above ; the coefficient 

n 
of the second term is n, or j, and every subsequent coefficient is ob- 
tained from that immediately preceding it, by introducing an additional 
jkctor into both numerator and denominator, the fEictors of the nume- 
rators uniformly decreasmg by 1, and the Actors of the denominators 
as uniformly increa,smg by 1. 

Tou perceive that the additional &ctoT here spoken of, which enters 
the numerator, is no other than the exponent of a in the preceding 
term, and that the additional &ctor which enters the denominator is 
the exponent of a; in the same preceding term, increased by 1. Hence, 
from having presented to you only a single isolated term of the entire 
development, you may, without any other aid, discover : 1. To what 
power of a -f a; that term belongs ; 2. What place in the entire deve- 
lopment the given term occupies ; and 8. May write down all the 
subsequent terms of that development, and, if need be, all the preceding 
terms. Thus, suppose the term 5Ma^ were presented to us as one of 
the terms of some power of a + a;. 

1. As the sum of the exponents is 8, we conclude at once that the 
power is the eighth, so that the development is that of {a+x)\ 2. As 
the exponent of a; in any term is always 1 less than the number which 
marks the place of that term, we conclude further that b^c^a? is the 
fowih term of the development. 8. To find the coefficient of the next 
OT fifth term, we must multiply 56 by the additional &ctor 5, and then 
divide by 4, or, which is better, divide by 4 first, and then multiply by 
5 ; the result is 70 ; hence the complete fifth term is *jMa^. And, in 
a similar way, from this we could easily discover the sixth term, and 
so on to the end. As to the terms preceding the given fourth, they 
are got by writing down the first a®, and thence deducing the others, as 
above ; iJ^e complete development would be found to be 

(a + a;)8 = 08 + Sa'^a; + 28a8a? + Seo/'ar* + 70a*ar* + 66aV + 280V + Boa? + a:« 

You cannot fail to observe here that the coefficients form the same 
series of numbers, whether you write them in direct or in reverse order. 
Such is always the case, whatever positive integer the exponent may be. 
The co^cierUs — from the very principle of their formation — ^are never 
affected by the particular letters of the binomial ; those above would, 
of course, have remained the same had the left-hand expression been 
ip + qY, or (x + y)\ or {x + a)\ &c If it had been (x + a^, the deve- 
lopment would have been 

{x + aY^a:fi+ Sx^a + 2Saf^a^ + BQa^c? + 70ar*a* + 66a?o» + 28a?a« + %xcP + a' 

where a and x have merely changed places on both sides of the iden- 
tity, so that one development being revei'sed, we have the other. 
And it is plain that such is always uie case, and, therefor^ that the 
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coefficients, when written in reverse order, form the same series as 
when they are written in direct order. 

When the exponent is odd, the number of terms is even, and when 
the exponent is even the nnmber of terms is odd, thus, (a+iyf^a + x, 
(a + xy^ a* + 2ax + a?, (a + xf = a' + Mx + Zaa^ + a', and so on. Hence, 
in the case of an even exponent, there is always a middle term ; in the 
case of an odd exponent, there are 4wo middle terps ; hence, when the 
exponent is. even, the coefficients need be computed only up to the 
middle term inclusive, and then for the following terms it is sufficient 
to copy in reverse order the coefficients preceding that middle term. 
When the exponent is odd, the coefficients need be computed only up 
to the first of the two middle terms, and the subsequent coefficients will 
be those already written, put down in reverse order. 

The entire number of terms for all positive integral values of n 

18 » + 1, so that when n is even we need compute only the first jM + 1 

coefficients ; and if n be odd, only the first ^n + 1). 

If n be a negative number, or a fraction, then it would be absurd to 
speak about a middle term, or a pair of middle terms, in the develop- 
ment; for, as the general development (A) shows, the series could 
never come to an end ; the iactors in the numerators, when n is 
n^fative, would themselves all be negative, and would become greater 
and greater. And when n is a fraction, it is plain that no &ctor could 
ever oecome zerOf so that a last or final term could never be reached ; 
it is only when n is positive and integral that (n— 1), (n— 2), (n—S), &c., 
could ever at length become zero, and thus put an end to the series \ 
the term involving (n— ti.) would, of course, be zero, and that which 
precedes this — ^which is the n + 1th term — ^would be the final term. 

We shall separate the practical applications of the binomial theorem 
into two cases : first, when the exponent is a whole number, positive 
or negative ; and secondly, when it is a fraction. 



52. I. To find the development of (a + x)** wTien nU a whole number, 

either positive or negative. 

Bulb. Write down the first term of the development, a** ; the 
coefficient in this term is, of course, 1 ; then the second and each 
subsequent term is found thus : — 

Multiply the coefficient in the term last found by the exponent of a 
in that term ; the product, divided by the expotient of x in the same 
term increased by 1 (or by the ntmber which marks the place of that 
term), will give the coefficient of the next term. And with respeqt to 
the letters, the powers of a are to diminish, and those of x to increase, 
by unity, in eacn successive term. 

Observe, 1. That when n is positive, the coefficients are to be com- 
puted only up to the middle of the development, and are then to be 
repeated in reverse order. 

2. When one of the two tenns of the binomial is negative, all the 
odd powers of that term will be negative. 
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(1) Required the deyelopment of {a-¥xy, 

Ist term, 2nd term, 3rd term, 4th term, 

As the number of terms is 7+ 1=8, we have now reached the first 
of the pair of middle terms, and may therefore complete the develop- 
ment without any fiirther calculation, 

.', (a+a?)^==a^ + 7a«a:+21a»a;»+36aV + 35a?ar* + 21aV + 7aa« + ar' 

(2) Bequired the development of {a—x)\ 

1st term, • 2nd term, 8rd term, 4th term. 

As the number of terms is 6 + 1«=7, the fourth is the middle term, 
therefore for the complete development we have 

(a-a;)«=:a«-6a*a; + 16(«*^-20a?ar» + 15aV-6aa:* + aj" 

(3) Required the development of (a+ar)-', or ^. 

Ist term, 2nd term, 3rd term, 4th term, 

o-', — 3a-*a;, ^^^— a-^s^— 6a-«a:*, — ^—a-^a? == — l^a-^s^, &c. 

.". (a+a?)->-a-«-8a-*a?+6a-»a!»-10o-^ + 16a-V-21a-8aj*+ &c. 

o» a* or or a' a' 

1/^8 6 . 10 , 15 , 21 . ^ , 

■"-i(l — x+—jxr — rar + -^— -rar+ &c.) 

<r a a^ or cr <r ' 

a series which may be indefinitely continued, as it never comes sponta- 
neously to an end. If the expression had been (a+a;)~>, or -. r^ 

(a + Vf 

we should, in like manner, have had 

, .a 1,- 2 3- 4- 5- 6. .. 
(a+a;)-««-,(l — a; + -«a!*--jE* + -..a?*--=a:* + &c.) 
^ ' <r^ a <r <p a* or ' 

rin such cases as these it is of course impossible to exhibit on the 
right the complete algebraic equivalent of the expression on the left ; 
we can only present a few of the leading terms of the development ; 
what is wanted to make up the complete equivalent is ooncealed under 
the '' &a" Nor can we make use of such an infinite series to compute 
the value of the undeveloped expression for particular numerical values 
of a and Xy unless we know tha^ after a certain finite number of terms 
of the series, the supplemental value, under the " &c.", becomes prao- 
tically of no consideration, becoming less and less as the number of 
terms increases, and ultimately vanishing.] 

(4) Required the development of (a+ 2a;)*. 

Ist term, 2nd term, 3rd term, 

a», 5c«*(2ar), ^ o»(2ar)«- 10a?(2a?)« 
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Hence the complete deyelopment is 

(a + 2a;)*=a« + 6a*(2x) + 10<r»(2a;)» + 10a«(2a!)» + 5a(2xy + (SLr)* 
= o* + 1 Oa*a; + 40a?ai» + 80aV + SOoar* + 32a:* 

(5) Required the development of (a— So;)^. 

Ist term, 2nd term, 8rd term, 

o», -5a*(3ar), 10a?(3a?)« 

/. (a- 3ar)«=. a»- 5a*(3a;) + 10a»(3ar)«- 10a«(3a:)3 + 5a(3a;)*- (3ar)* 
=. a* - 15a*a; + 90a3ar»- 270a«ar» + 405aa:* - 243a!* 

(6) Beqnired the development of (2aa;— 3^)*. 

let term, 2nd term, 3rd term, 

(2aa:)», -6(2aa;)*(3y), 10(2aa:)»(3y)« 

/. (2oa:- Zyf = (2ax)»- 5 (2aa;)% + 10 (2aa:)»(3y)a- 10 (2aa;)«(3y)» + 

6(2aa:)(3y/-(3y)» 
- 82a*a;»- 240a*a:V + 720a»aV - lOSOa'a^V + SlOaa^ 

-248y» 
Exawples for Exercise, 

(1) Required the development of (a+a;)^ 

(2) What is the seventh power of a— a; t 

(3) Required the seventh power of a;+ 2y, 

(4) Required the development of jz — -^3. 

(5) Required the development of (a+ 2ar)~'. 

(6) Prove that when n is a positive whole number, 

l+n+-— - + ^- +....«2* 

, - »(n-l) »(»-l)(«-2) ^ 



m 
53. n. To find the devdopment of (a+ x)'^, the exponemt heing a frac- 
tion either positive or negative, 

RuLB. Proceed exactly as in the former rule, taking the given firac- 

* The student is here cautioned against falling into the error -^coun- 
tenanced bj the books on Algebra — that these equations hold whatever 
he <^ vahie of n. The error would be similar to that committed by 

•upposing the infinite series l+r + r' + r' + f*+ .... tobeequalto= , 

whatever be the value of r. If this fraction be developed by actual 
division, then, at whatever term — calling it the nth term — we stop, 
there will always be a remainder; which, connected with the quotient, 
l~r being placed under it as denominator, will be the fractional cor- 
rection of tibat quotient ,* if n be infinite, this fraction will be the 
proper correction of the infinite series. (See the remarks at ig&^ ^<)^\« 
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tional exponent for — , and then writing out the development, always 

using a and x. "When this is done, then substitute for a and x the 
particular values for them given in the example. 

(1) Eequired the development of (6*— ar)^. 

Substituting 6* for a, and —a; for a;, 

,,\u u,; u ^u ^ ^gw .«, 4.8.12 

(2) Required the development of -^r- r or (1— a;)""*. 

Ta + ar^^'^a""^ — a'^x -i o""^a^— a""^ic' + &c. 

Exam/pies for Exercise, 

(1) Required the development of (a' + a:")*. 

(2) Required the development of (a*— a*)*. 

(3) Develope (a?— 6')* in a series. 

(4) Develope (a* + a^)i in a series. 

(6) Develope (ft' + ar)-*. 

(6) Find a series for the cube root of 9 ; that is, develope (8 + 1)^ 
by the binomial theorem, and thence deduce the root to eight or ten 
places of decimals. 

54. [The binomial theorem can be applied to the purposes of arith- 
metical calculation, as in this sixth example, only when the particular 
case of the series is such that the more of its leading terms we add 
together the nearer we approach to a fixed and finite number, equi- 
valent to the entire sum of tho series taken in all its infinitude of 
terms. In order to this, the terms of the series — at least, after a 
certain number — ^must continually diminish and tend towards zero, as 
the number of terms tends to infinity; the term infinitely remote being 
infinitely small, or zero. A series thus admitting of a finite value, and 
whose terms, therefore, continually diminish down to zero, is called a 
converging series, while a series whose terms, on the contrary, con- 
tinually increase, is called a diverging series ; sudi a series has, of 
course, no finite sum, and cannot be employed in calculation. A series 
whose terms neither increase nor decrease, but remain constant, as the 
series 1— 1 + 1— 1 + 1— . . . ., is called a neutral series. 

The general series determined in the foregoing examples all become 
useless for the purposes of calculation, except for certain particular 
values of the symbols ; thus, if we take the series 

12 8 4 5 6 

(a+a?)->=-.(l — x + -~^a^ — .3r^ + -.x^ — .a^+ &c.) (1) 

^ ' ar^ a or or or <r / \ / 
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at page 88, and put a and x each equal to 1, we have 
(l + l)-a«-L'-l-2 + 3-4 + 6-6+ &c (2) 

But to say that -^ is equal to the series of natural numbers, taken 

with alternate signs and extended to infinity, is palpably absurd ; the 
series is divergent, and has no finite sum. The &ct is, that as the 
terms do not ultimately vanish, as in a convergent series, there is a 
supplementary correction of the series included under the "&c." in 
(1), which, upon putting in it 1 for a and x, would supply the correc- 
tion of the series (2), fitted to render that series, stop at what term we 

may, the strict eqmvalent of — rr. And such a correction is always 

necessary whenever the series is divergent ; but, in general, it is not 
to be determined. 

The more convergent a series is, that is, the more rapidly its terms 

approach in value to zero, the fewer of those terms require to be added 

to furnish an approximation to the sum, sufficiently neaf for practical 

purposes. It is pretty obvious that a series is always convergent when 

any term, however remote, divided by the preceding one, is less than 

111 
1. The harmonical series l + ^ + ^ + j+...,is not convergent, though 

its terms diminish; it does not fulfil this test, for — i rsrl — is not 

w w— 1 ti 

less than 1 when 9i is oo . The sum of this series is infinite : on the 

contrary, the geometrical series 

= =l + r+r» + r' + f*+ 

1— r 

is always convetgent when rZl; for r»-f.r«-i=r, whatever be the 
value of ?» ; but if 9*7 1, then the series (without a supplementary cor- 
rection) is no longer the equivalent of = • 

In approximating to the value of a converging infinite series by 
actually summing up its leading terms, it is usefiil to be able to 
estimate the amount of error committed by disregai*ding all the terms 
which follow those added up. When the terms of the converging series 
are alternately + and — , this is easily done ; thus, let the series be 

5«a— 6 + c— d + «— Z+gr— ^+ . . ... 

then if we stop at a negative term, as /, we shall neglect the quantity 

(gr— ^) + (A;— + (m— »)+ 

of which all the terms are positive, because g, h, h, &c., continually 
diminish, 

.*. a-b + c-d+e-flS 
but if we stop at a positive term, ^, then we shall omit the quantity 

— (A— A;)— (Z— m)— . . .-. 
of which all the terms are negative, 

/. a—b+c—d'he—f+gyS 
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It follows, therefore, that at whatever term we stop, the error com- 
mitted is always numerically less than the term immediately following ; 
the error is in excess if we stop at a positive term, and in defect if we 
stop at a negative term. 

When the terms of the converging series have all the same sign, a 
limit to the amount of error is found by taking a geometrical series of 
which the first term is the same as that immediately following the 
term at which we stop, and in which the ratio is equal to the grttUett 
ratio that can have place between two consecutive terms of the sup- 
pressed series. The sum of this ffeometrical progression must, of course, 
exceed the sum of the neglected terms of the proposed series, and will, 
therefore, make known a Hmit which the error committed cannot reach. 

For a complete examination of the peculiarities of infinite series, 
the advanced student may consult a paper on the subject by the author 
of this work, in Vol .IX. of the Transactions of the Ciunbridge Philoso- 
phical Society.*] 

iNVESnOAHON OF THE EXPONENTIAL ThEOBEM. 

55. The expression a', where the unknown, or perfectlv arbitrary 
ir^mbol Xf enters as an exponent, is called an exponential quantity ; 
the object of the exponential theorem is to develop this expression in a 
series proceeding according to the positive integral powers of x. That 
it really admits of such development is shown as follows : — 

Write 1 + & for a, that is, call a— 1, ft, so that the symbol a may 
have a binomial form ; then by the binomial theorem we have^ for a', 
or (1 + ft)*, the development 

o*=l + a*+ \ ^ y + -^ — ^l ^ft> + -i o o / ^ft* + &c. 

Now if the fiictors entering the numerators of these terms were 
actually multiplied together, the result would evidently be a series of 
terms such 9a Ax-¥Ba?-¥Oa?-\- &c., which is sufficient to show that 
theproposed form of development is possible. 

Without attempting to execute in rail the multiplications here spoken 
of, it is plain that the first term in the arranged development^ after 
the 1, which first term we have represented by Ax, would be 

ia O 4 

From what is now shown we are then justified in assuming 

a«-l+ila:+^a;*+(7a;3 + Dar*+ &o.....(t) 

.'. ay=l+ily + ^/+C7y» + iy+ &c.....(2) 

And also a»+y-rl + il(a;+y) + ^(a;+y)«+(7(a:+y)»+I>(a;+y)*+ fto. 

The last two identities must of course have place because the first is 
an identity ; that is, it is an equation which holds whatever be put 

* For methods of summing a great varietv of converging infinite 
series, reference may be made to the author's Moments of Algebra, 
fourth edition. 
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at page 88, and put a and x each equal to 1, we have 
(l + l)-a«^«l-2 + 8-4 + 6-6+ &c (2) 

But to say that —j^ is equal to the series of natural numbers, taken 

with alternate signs and extended to infinity, is palpably absurd ; the 
series is divergent, and has no finite sum. The ract is, that as the 
terms do not ultimately vanish, as in a convergent series, there is a 
supplementary correction of the series, included under the " &c." in 
(1), which, upon putting in it 1 for a and x, would supply the correc- 
tion of the series (2), fitted to render that series, stop at what term we 

may, the strict equivalent of —yr. And such a correction is always 

necessary whenever the series is divergent ; but, in general, it is not 
to be determined. 

The more convergent a series is, that is, the more rapidly its terms 
approach in value to zero, the fewer of those terms require to be added 
to furnish an approximation to the sum, sufficiently neaf for practical 
purposes. It is pretty obvious that a series is always convergent when 
any term, however remote, divided by the preceding one, is less than 

1. The harmonical series l + -+- + 2+...,is not convergent, though 

11 1 

its terms diminish ; it does not fulfil this test, for — i ^^ 1 — is not 

n n — 1 n 

less than 1 when n is oo . The sum of this series is infinite : on the 

contrary, the geometrical series 

^i + r + t^ + f^ + f^+ 

1— r 

is always convetgent when r/1; for fW-a-r^-^^r, whatever be the 
value ofn ; but if 9*7 1, then the series (without a supplementary cor- 
rection) is no longer the equivalent of = • 

In approximating to the value of a converging infinite series by 
actually summing up its leading terms, it is useful to be able to 
estimate the amount of error committed by disregarding all the terms 
which follow those added up. When the terms of the converging series 
are alternately + and — , this is easily done ; thus/ let the series be 

S=:a—h + e—d+e—f+g—h+ . . ... 
then if we stop at a negative term, as /, we shall neglect the quantity 

(gr— ^) + (*— + (w— w)+ 

of which all the terms are positive, because g, h, Is, &c., continually 
diminish, 

/. a-b+c-d+e-flS 
but if we stop at a positive term, g, then we shall omit the quantity 

— (A— A;)— (Z— m)— . 

of which all the terms are negative, 

/. a-b+c-d-^e-f+gyS 
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THE THEORY OF LOGARITHMS. 

56. The invention of Logarithms is due to Lord Napier, of Merohis- 
toun, in Scotland. This distinguished person being much* deyoted to 
matters of practical calculation, and feeling the irksomeness of the 
common operations of multiplication and division whenever large num- 
bers were concerned, at length conceived a plan wherebj these lengthy 
processes may be replaced by the simpler operations of addition and 
subtraction. How this is brought about may be explained as follows : 

1. Every positive number may be regarded as produced from some 
power, whole or fractional, positive or negative, of any assumed base- 
number or root, provided that root be positive, and other than unity. 
For if a stand for the assumed base, and n for any positive number 
whatever, then the solution of the equation a^ssn, that is, the deter- 
mination of X in this equation, will make known the proper exponent 
to be put over the given number a, so that the power a' may be equal 
to the given number n. 

2. It will be shown presently that the value of x in the equation 
a^s=n, where a is any positive number other than unit, chosen at plea- 
sure, and n any proposed positive number whatever, can always be 
found by aid of the exponential theorem ; in other words, that any 
positive number n can always be represented under the form a', a 
being any chosen number, except unit, but which when once chosen 
remains invariable. The suitable exponent x for any given nxmiber n 
is called the logarithm of n, to the assumed base a, and the. form 
x^logn stands for the words "a; is the logarithm ofn" A table in 
which the proper values of x &ve inserted against the respective numbers 
1, 2, 8, &c., up to any proposed limit, is called a table of logarithms of 
the numbers 1, 2, 8, &c., up to that limit ; so that a table of logarithms 
is in reality nothing more than a table of exponents, it being understood 
that these exponents apply to some fixed base of which the value is 
declared. It is found that 10, for sevei'al reasons, is the number most 
convenient for a base, and accordingly our modem tables of logarithms 
or exponents are always constructed in reference to this base. In such 
tables, therefore, we may expect to find, already computed for us, the 
proper values of a;, fulfilling the conditions 10*= 1, 10*= 2, 10*=* 3, 
10* =4, &c., that is, we may expect to find, computed for the base 10, 
log 1, log 2, log 3, log 4, &c. Of course log I is aJways 0, whatever be 
the base ; because, without any restriction as to the value of a, we know 
that a^=l (see page 34). The following theorems will suffice to show 
the practical use of a table of logarithms : how such a table may be 
constructed will be explained afterwards. 

Theorem 1. If the logarithms of any two or more numbers be added 
together, the sum will be the logarithm of the product of those numbers. 

Let a*=n, anda*'=w ; that is, let x=slogn, anda/=logn'. Then 
a*xa*'=s»»', that is, a'^'^=snn', so that x + af^lognn'; \mtx+af^ 
logn + logn', 

/, logn + logw'«alogwn' 

In like manner, 

log nnf + log »" = log nn'n" = log n + log n' + log n" 
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and so on. Hence the sum of the logarithms of any number of &ctors 
is equal to the logarithm of their product ; and consequently, m times 
the logarithm of any number is equal to the logarithm of the mth power 
of that number ; tnat is, m being a positive whole number, m log n=: 
log«*». 

Theorem 2. The diffisrenee of the logarithms of any two numbers is 
the logarithm of the guotietU of those numbers. 

Let o*=w^ and a^^n'i then o*-^a*'=a*"*'=«-- /. «— a^=lofir— ^ 

It 
that is, logn— logn':slog-7. 

Theorem 3. The fnth part of the logarithm of any number is equal to 
the logarithm of its mth root. 

— X lOfTfl tH 

For let oF^n .'. a^^n^ .'. — =log»*», that is, — 2— =logvn. 

m m 

And generally whatever be the exponent m, whether positive or nega,' 

tive, whole or fractional, mlogn is always the \oa of n*^; for since 

a*»n ,*. a™*=sn"* .*. mafsslogn*", that is, mlog»=log»'». 

lliese theorems sufficiently show the great use of a table of loga- 
rithms in abridging complicated arithmetical operations. If we have 
to find a product, we take from the table the logarithms of the £Etctors, 
add them together, and thus get a log, and opposite to this log in the 
table is the product sought. If we have to find Vk power , we take from 
the table the log of the root, and multiply it by the exponent ; the 
product is a log, against which, in the table, is the power sought, 
whether that power be whole or fractional {^Theo. 1 and 3). 

If we have to find the quotient of two numbers, we take from the 
table the logs of dividend and divisor, subtract the latter from the 
former, and for the difference get a log, opposite to which, in the 
table, is the quotient sought {Theo. 2). 

Imjegtigatwn of series for the construction of Logarithms. 

57. Let a represent the base of the system of logarithms to be con- 
structed ; then, putting N for any positive number, we have to find a 
convergent series for x, in terms of a and N, from the equation 
a«=iV: This gives a^^Nv /. (Exp. Theorem.) 

l-^Axy + -ja?f-^ &c. = l+^'y+-5-2^+ &c. 

two series which remain equal whatever be the value of y, 

. :. (47), Ax=^A' .: ar=-j- j- j 

(by eq. 6, page 98), 

ihat is, galKtitutmg (1 + n) foriV, and putting Jf for r 

(a-l)-^a-l)' + &o. 



96 ALQBBBA, 

111 
log(l + »)a=Jlf (w— 5n'+-n*— jn*+ &c.)....(A) 

2 o 4 

1 
The multiplier M=^ —, is called the mod/uhu of the particular system 

A 

f)f logarithms ; you see it depends for value entirely upon the particular 

base a that has been selected. If a were chosen so that M might be 

1, the general series aboye for the log of any number 1 + n would be 

111 
simply n— -w* + -7i'— -j-n* + &c. To secure this simplicity of foim, 
2 o 4 

Napier made wnity the modulus of his system, and then determined 

the corresponding base from the condition A*^l, 

58. And here it may be well to suspend the investigation for a 

moment, to draw your special attention to two cii'cumstonoes which 

must be always borne in mind. 

1. That whatever the base a may be> the logaritibm of that base, in 
the system to which it belongs, is always 1 ; for a*»a> .*. l^log a. 

2. The logarithms of the tame nvmheT^ in any two systems, are to one 

another as l£e moduli of those systems : for the right-hand member of 

(A), provided n remain unaltered, would differ firom its present value 

if the i^stem were changed firom that in which the modulus is M^ to 

another in which the modulus is M*, only in having ^replaced by M\ 

^i 
80 that the rcAio of the two expressions for log (1 + n) would be -^,, 

Let now e stand for the valae of % which satisfies the equation A^\\ 
then, by the exponential theorem, 

*'-l+*+ 2 +2:3 + 2:8:4***" 
so that making a;»l, we readily find for the Napierian base ^ the value- 

€«l + l+i + ;r^+;r4-7+ ...=2-718281828459 

On account of the rapidity with which this series 2jl 

converges, a comparatively small number of the leading g 

terms will suffice to determine t to several places of 4 

decimals; thus, taking only ten of the terms 2+ 5 

11 fi 

^ + ;r-r+ . . . ., and computing as in the mai^n, we get ^ 

e true to seven decinuds. 8 

Resuming now the general series for log (1 + n), and 9 

leaving the base of the system, and consequentiy the 10 

1 
modulus -?, or 3f, open to any hypothesis, as to value, 

that may be hereafter introduced, we have, by taking n 2 '7182818 
first positive and then negative, 

log(l + n)«if(n-iw« + ^n»-ln* + &c.)....{l) 

ifi o 4 

log(l-n)=Jf (-n-in»-i»»-ln*-&o.). . , .(2) 



5 

1666667 

416667 

88333 

13889 

1984 

248 

27 

8 



Subtraotiiig, log(l+n)— log(l— «), that is, log- » 

1 — n 

2if(«+in» + in» + &c.)....(3) 

59. These series are of but little direct importance in compnting a 

table of logarithms^ on account of their slow convergencj, except whea 

« is a smaU fraction. But, as we are dealing all along with identities;, 

we are at liberty, at any stage of the investigation, to put anything 

we please for n. Now it is evidently desirable that we should obtain a 

p + 1 
lapidly-converging series for log , without restricting p to small 

P 
values; because, from such a series for log (p + 1) —log p, we could 

then calculate the logs of all the numbers 1, 2, 3, 4, &c., in succession. 

"Forp^l, log p is known, since the proper exponent x, for a^asl, is 

x^O ; and from thus having log p in the simplest case, we could 

thence get log (p + 1) or log 2, thence log 3, and so on. Put thei'efore 

=- — , whence n=^ -, and we have, (3), by transposing 

logp to the other side, 

log(p + l)=2af(^ + 5^j^,+g^^. + &o.) + logi, 

a series which increases in convergency as p becomes greater. 

[It must not be supposed that, in this last step, we have replaced 
the s^ies (3) by another, deduced from it, which is more convergent 
for the same values. We can never increase the convergency of a 
series, in this sense, by any substitutions or transformations ; we have 

merely replaced n by ^ ; and now, making p=l, 2, 8, &c., auo- 

^essively, we, of course, get no greater oonveigency than (3) affords by 

making n—-,-=, -z, &c. The advantage of the change consists in replac- 
3 6 7 

1+n . p+1 

ing the fraction = by the equal and much more suitable frtustion'^- — .] 



Application of the foregoing series to the compulation of the Napierian 

logarithms of the natural numbers, 

60. Putting p^l, 2, 3, &c., in succession, the series just deduced 
gives the following numerical results, remembering that in the Napierian 
q^stemifa*!. 

Nap.log2-2(|+^ + ^+&c.) = -6931472 

log3-2fi + ^ + ^+ &c.) + log 2.... =1-0986128 

bg4p.21og2 (2%«are»» 1) -l-E^^^^^^ 

H 
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g7p+j^+ &c.) + log 4.... =1 •6094379 



log5=2(i 



1 + n / 2 \ / 2 \ p^-Bp + 2 _ (p- 

l-»'"\ l)3-3i)/'^V jp'-Sp/ i)8-3p-2 (p + 



loglO=log 2 + log 5 (Theorem 1) =2 -SO^SSSl 

This specimen is sufficient to show how Napierian logarithms may be 

constructed, but much more commodious series may be obtained for 

the logarithms of numbers a little advanced in the numerical scale ; 

1 2 

thus, if instead of putting =■ for n, in (3), we had put -5 — 5- , we 

should have had 

p»-8j34-2_(p-l)^ (j> + 2) 

l)V-2) 
and thence, 

21og(2)-l)+log(p + 2)-21og(^ + l)-log(2)-2)=: 

^ !?:i3^^K?=3^) ''li]^^) ^ *'• I 

and therefore by transposition, 

log (2) + 2)=log (p— 2) + 2 log (j3 + l)-21og(jp— 1) + 

a series which converges very rapidly for all values of p above 8, and 
which may therefore be employed with advantage when the logs, up to 
log 5 inclusive, have been found. This formula is due to M. Borda. 
Although eveiy individual formula for the construction of a table of 
logarithms is simpler to the eye when the logarithms are to be those of 
Napier, than when any other system is adopted, yet a table constructed 

to the base 0^=10, instead of Napier's base a=e=2<7l82818 is of 

much easier formation and of &r greater practical use, as will be shown 
presently. 

61. But before we can compute logs to the base a =10, we must 
know the corresponding value of the modulus M, which, as we have 
seen, in Napier's system, is simply 1. Logarithms of the same number 
in any two different systems are as the moduli in those systems (p. 96) ; 
therefore, distinguishing Napier's logs thus, loge, and the common (or 
Briggs's) logarithms, in which the base is 10, thus, logio, we have, by 
writing M for the modulus in the latter system, 

if logiolO 1 _ .43429448 

l""log,10 2-3025851- *3*29448 

We thus have the constant multiplier M, which must be applied to 
the foregoing series when the base of the eystem of logarithms is to 
be 10 ; the log of the hctse — taken in the system to which the base 
belongs — ^is, of course always 1 (p. 96). By extending the decimals 
in loge 10, found above, we have for tiie modulus M, the value Ms= 

•43429448190325 We shall now proceed to show how a table of 

common, or Briggs's, logarithms may be computed ; they are called 
Briggs's logs because Briggs uiged upon Napier the advantages that 
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would arise from changing the base of the system from 2 '71828 to 

10, although it is known that Napier himself had already had this 
change in contemplation. But Briggs executed the calculations on 
the new system. 

[As we are about to show the construction of logs to the base 10, it 
Sb sufficient for our purpose to apply the general theorem at the bottom 
oi last page to the particular case before us, and thus to write 

1 :^.M. or4=M12.=2 •3026861 
A 1 logelO' logiulO 

But if, without assuming any particular value for the base, we repre- 
sent it generally by ct, then the theorem is 

J[=r-2__=-iog^; because logoa=l (Tkeo, 1, p. 96) 
iogaa 

Hence, writing this expression for A in the exponential theorem 

(p. 93), we have 

« , , a?\og^a a^loge^a ar*log/a . 

a«=l+a:log,a+~^ + -^ + ^-^+ &c. 

= 1 + loge^« + 2 Gogea'O' + 273 (!<>&««*)'' + &c- 
therefore, putting y for a', which may be anything, 

y = 1 + logey + 2 (log«# + ^ (iogeV? + &c. 

Note. Log**y means the nth power of log y, and is the same as 
(}ogy)^. It may be remarked that the property A ^log^a might have 
been deduced at once from (5), at page 98, since the series (5) is lege a.] 



AppliccUion of the foregoing series to the computation of common 
logarithms, or those to the hose 10. 

62. The general series employed in ai'ticle 60, page 97, is 

log(p + l)=2if (^ + ^^^ + — L_+ &c.)+logp 

M being taken equal to 1, its proper value for Napier's base e. When 
the base is 10, then, as already shown (p. 98^, the proper value of M is 
'43429448 ; so that, for common logs, the constant multiplier 2M of 
the series, instead of 2, as in Napier's logs, will be '86858896, and we 
shall have the following results by putting for p the values 1, 2, 3, &c., 
in succession. The distinguishing symbol logio need not be preserved, 
it will be sufficient to introduce such distinction when logs to a base 
other than 10 are the subjects of inquiry. 

log 2- -86858896 Q + J^ + A-+ &c.) = -3010300 

log 8= -86858896 (^ + -1. + -^+ &c.) + log 2= -4771218 

log 4«21og2 «-^^^^^^^ 

H2 
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log 5« -86858896 Q + J^ + A_+ &c.) +log4= -6989700 

Iogl0=log2 + log5 =1 -0000000 

And in this way may the computations be carried on to any extent. 

Enough has now been said to give you a clear and satisfEictory notion 
of the way in which logarithmic tables may be constructed. Neither 
Napier nor Briggs had the advantage of the facilities offered by alge- 
braical series, and the existing tables, by these laborious calculators, 
were constructed by far more operose methods. Modem algebraists, 
however, have supplied formulae in abundance for abridging the work 
required even by the process explained above ; but it would be out of 
place to enter at length into these matters here. The inquiring student 
will find ample information respecting them in the auUior's " Essay on 
the Computation of Logarithms." It only remains for us here to ex- 
plain what are the advantages of Briggs's logaiithms over those first 
proposed by Napier. 

On the ^peculiar advantctges of the system of logarithm's compiUed 

to the base 10. 

63. There are two distinguishing advantages peculiar to the system 
of logarithms computed to the base 10, and of these, the first is, by &r, 
the more important ; they are as follows : 

1. The table will be complete though the logs of only the whole 
numbers 1, 2, 3, &c., be inserted ; there is no occasion for the logs of 
numbers involving decim^. 

2. There is no need of inserting in the tables the irUegrdl part of a 
logarithm ; the decimal part being sufficient. 

These principles, will be sufficiently apparent from the following 
illustration. 

log 3672 «8-5529115 

log 357 -2= W^= log 3572-1 «2 -5529115 

log 35 -72- log^^« log 857 -2-1 «1 -5529115 

85 '72 
log8-572= log-^= log35-72-l« -5529116 

8 •'572 — 

log -3572= log^^- log 8 -572-1-1 -5529115* 

log -03672=: log-^« log -3672-1-2-5529115 

.A9K70 _ 

log -003672=log— ^^«log •03672-1=8-6529115 
&c. &c. 

* This is a brief way of writing —1+ -5529115; the minus sign 
bein^ placed over the figure affected by it. 
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In like manner, 

log 3572000 =log (3572 x 1000) =log 3572 + log 10»=log 3572 + 3 

« 6 •6529115, &c. &c. 

This is sufficient to show, 1st. That the common log of a number 
always consists of the same decimals, however the figures of that num- 
ber be separated by the decimal point, and however many zeros may 
follow or precede it ; and, 2nd. That the integer preceding the decimals 
in the log always expresses the number of places which the leading sig- 
nificant figure of the number is from the units' place ; thus, in the top 
number above, the leading significant figure 3 is three places from that 
of units ; in the next, it is two places ; m the fourth, it is no distance 
from the units' place ; in the sixth, it is two places distant in the 
opposite direction, so that the integral part of the log is — 2, and so on. 
Tbe integral part of a log is called its characteristic, the decimal part 
its mamtissa; to find the characteristic, we have only to count how 
many places the leading figure of the number is from the units' place ; 
to xnake the characteristic positive when we count to the right, and 
negative when we count to the left. Not only is the mantissa the 
same for all numbers consisting of the same figures — ^regardless of the 
decimal point — but it is the same also for the reciprocals of all numbers 
coDflistiDg of the same figures^ thus, 

^^^8^ 3-5529115; log ^--2 -5529115 

^^35^— ^'^^2^^^^' ^'^dn-" '^^^^^^^ 

log-rg^^ ^T-6529115; ^og^^^ ^2-5529115; &c. &c. 

wher© -1-5529115=1- -5529115, -2*5529115=2- -5529115, &a 

As ihe characteristic, or integ^ part, of the common log of any 
number is always easily determined by inspection, the mantissa, or 
decimal part, is all that it is necessary to insert in the tables. 

The advantages here shown to belong to the logarithms constructed 
to the base 10 are peculiar to that system; in every other system, 
each particular number would require a distinct logarithm ; whereas 
here the logarithms of the whole numbers suffice for every purpose^ and 
the decimal part only of each log is all that need be tabulated. 



64. [Before concluding this section on the theory and computation of 
logarithms, it may be well to give insertion to a formula of some use 
in the more advanced departments of analysis ; we shall have occasion 
for it in the second volume of this Course. 

If in the formula (1) page 96 we put - for n, we shall have 
, n + 1 „/l 1^1 1 ^ . \ 
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But log(n+ 1) ^M f »— ^ + ^ — ^ + &c. j 

Subtracting, log»=if {(»— »-i)— - (»*— «-*) + - (»«— n-^)— &c.} 

We would also strongly recommend to the student who aims at 
something beyond a superficial acquaintance with algebraical soienoe, to 
carefully study the various expedients by which the several results in 
this section have been obtained. He should especially notice how the 
series 

^ = (a-l)-|(a-l)« + l(a-l)»-l(o-l)*+&c (1) 

originated, and by what means we found out that, wheli a~10, its 
value is 2*3025851. To Live discovered this by sfwmming the series 
would have been impossible, for 

9-|(9)'+|(9)'-i(9)*+ 

continued to infinity, has no finite sum, as is obvious. The villus 
il = 2 '3025851 was discovered indirectly, by taking the expression (1) 
above in all its integrity, and not omitting whatever may be concealed 
under the "&c." By taking no account of this supplement to the 
series, and considering only the series itself, for a =10, we should be 
led to the rapidly diverging form just exhibited, in reference to which 
it would be absurd to employ the term turn, for it has no sum. The 
most serious mistakes have been committed by neglecting the supple- 
mental '' &c." in the tre;\tment of diverging series. It would be well 
if the ''&c." were introduced only as an indication of a supplementaiy 
correction of the series, and omitted when the series cbUme, without 
any additive or subtractive appendage, is to be considered ; the end- 
less continuation of the terms being implied in the dots sometimes 
used to replace the " &c.," as in the numerical series above.* 

65. There is another matter, too, to which the attention of the 
advanced student should be directe(( namely, that in all the general 
developments of analysis the influence of unit-factors should be recog- 
nised whenever roots of tharj;:pressions developed are concerned. The 
root of a qtiantity has the p(me number of values as there are units in 
the denominator of the firactional exponent ; and if the roots of 1 be 
neglected, the development may have but one value, while the undeve- 
loped equivalent of it has several, which implies contradiction : thus, 

* Mr. De Morgan proposes to call the sum of a series its wwelopTnerU 
— a very good term — signifying that, the development of which repro- 
duces the series. The exclusively convergent cases of a series have, in 
general, no algebraical invelopment, the sum, in such cases, being 
usually numerical only. The general algebraic invelopment includes, 
ofooune, the **&c," which vanishes in the conveigent oases. 
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1 1 

in the exponeotial theorem, if a;=— , then ce"* has m values, while the 

development appears to have but one. This defect would have been 
remedied, i^ at the outset of the investigation, we had assumed a^ 
^1 + 6), and, therefore, o*=^(l + 6)*, and had then made 2>=1. But 
without encumbering our expressions with an additional symbol, we 
may always introduce into the final result of the investigation such a 
root of 1 as will cause the development to have as many values as the 
undeveloped form. The roots of unity will often be found very useful 

for this purpose ; that 1*» has m values will be shown in the Tbigono- 

METBT.] 

Compound Intebest, ANionnES, Bsversions, ftc. 

66. Interest is the sum paid for the use of money — the principal — for 
any stated period. If the interest be regularly received as it becomes 
due, the money, or principal, is said to be put out at Simple Interest ; 
but i^ instead of being regularly received, it is added to the principal, 
thus increasing the sum for which interest is allowed, then the money 
is said to be put out at Compound Interest. 

Let P=tbe principal put out. 

n— the time, or number of years. 
A =the amount in that time. 
i2=the amount of £1 in 1 year. 
=s 1 + r, r being the interest of £1 for 1 year. 

To find the amotmt (A) of a given sum (P) m any ntmber (n) of years, 

a>t compound interest. 

The amount of £1 in 1 year is i2, therefore the amount of It pounds 
in 1 year must be 21 times as much, that is, i? pounds ; the amount of 
this in 1 year must be i2^ poimds, and so on ; or by proportion, 

I : H :: B : i?»amoTmtin2year8. 

1 : J? :: JP : i2*« „ 8 years. 

i : J2 :: jB»-' : JZ'*^ „ n years. 

and as the amount of P pounds must be P times as much, we have 

A=PS?^ /. logJ[=logP+«logi2. 

From this equation, any one of the four quantities A, P, JH, n, may 
be found, when the other three are given. If it be required to find 
the number of years in which a principal will amount to any number 
of times itself, or to any proposed sum A, then putting JlsmP, ora 
the proposed sum, we have 

log mP — logP __ log m + logP — logP log m log A — logP 

**"" h^ iSiS "iSp' ^^^^ iSgl 

67. In these formulae and throughout the present article, n, though 
supposed here to be years, may represent any other regular periods of 
time, as half-years, quarters, months, &c, \ biw.^ casc^ \ssc^s^\sr^ N^Sii^c^ 
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always to make r the interest of £1 for one of the n periods, and It the 
amoant of £1 in that time. It is scarcely necessary to state that r is 
the rate per cent, divided by 100, that is^ % being the interest of £100 

for one period, r is ^iui^ '^f '^^ therefore, i2»l '0% (*0t being here 

written for % x 'Ol). 

It is also evident that the value of P, dedaoed from the above equa- 
tion, namely, P=s-— , is the present value of a sum A, receivable 
n years to come, interest being at the rate of r for £1. 



1. What will be the amount of £325 in i years, at 5 per cent., com- 
poimd interest ! 

/>=825, n=4, J2=l-05 

By the formula, log Jl = logP + n logi2 

log 325 + 4 log 1*05 

logl'05«» -0211893 



.0847672 
log 325 » 2 -5118834 



log ii = 2.5966406 /. il-S95-0394Z.=S95Z. 0«. 94^. 

2. How much money must be placed out at compound interest to 
amount to £1 000 in 20 years, interest being at 5 per cent. ! 

^«1000, n=.20, JZ«l-05 
logP»logii-nlogi2»log 1000-20 logl *05 
logl-05» -0211893 

20 



•423786 
log 1000= 3 



logP« 2-576214 /. P=376 -892. =3762. 17«.94(i. 

8. In how many years will 2102. 6<. amount to 6902. at 8 per cent. 

compoimd interest payable quarterly ? 

•no 

P=2102. 6«.=210-32., ii=6902., r=-^, /. 12=1-02 

4 

By the formula^ n=. ^^ , ~ ^^ 

log A 

logu4= 2 -8388491 
logP=2 -3228393 

log/2» -00860017 ) *5160098 ( 60 qrs. » 15 years. 

•5160102 
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4. In bow many years will a sum of money V amoant to m times 
itself, at compound interest, if r be tbe interest of £1 for a year ? 

^==«i>«:Pi2» /. j»=i2» .-. logm^nlogi? /. n-^!^, where i?=l+r 

Examples for Exercise. 

(1) How much would £300 amount to in 4 years, at 4 per cent., 
compound interest ? 

(2) At what compound interest must £300 be placed out, so as to 
amount to £350. 19«. 2d. in 4 years ? 

(3) What will £600 amount to in 12 years, at 2^ per cent., compoimd 
interests 

(4) What is the compound interest on £275 for 3 years, at 5 per cent. ? 

(5) What sum will amount to flC690 in 15 years, at 8 per cent., com- 
pound interest) payable quarterly % 

(6) What is the present value of £350, due at the end of 10 years, 
allowing 5 per cent., compound interest % 

(7) In what time will a sum of money double itself, at 5 per cent., 
compound interest ? 

(8) In what time will a sum of money double itself, at 3} per cent., 
compound interest ? 

(9) At what rate of interest must £400 be placed out, so that it may 
amount to £569. 6«. 8<2., in 9 years, at compound interest f 

(10) In what time will a lom of money treble itself) at 5 per cent., 
compound interest % 



To find the amotmt of an armwUy or pension in arrears, 

68. Let U represent the annuity ; if it be left unpaid n years, tbe 
amount of the first yei^s annuity (as one year elapses oefore it becomes 
due) will be UJR^-^, of the next year's annuity UR^~^, and so on, 
whue the last, or 9tth year's annuity, being paid in that year, that iS|, 
when due, is simply U. Hence the whole amoimt of the accumulated 
annuities is 

A = Z7'(22'i-i + i2»-« + Rn-i +....+ 1) 

The expression in the vinculum is a geometrical progression of n terms ; 
therefore, by the formula for the sum of such progression, page 74, we 
have 

r 

(1) What will an annuity of £30. 6<. id. amount to in 12 years, at 
5 per cent., compound interest % 

U^ZOl. 68. 4d.«30-31667i., n«12, r= -05 /. M^l'OS 
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log 1-05 = -0211893 

12 



logl-05»« -2542716 /. 1 -OS"-! -7958563 

1 



-7958563 
30-81667 reversed = 7661303 



23875689 

238757 

The multiplication is here performed 7959 

by the contracted method, which 4775 

should always be used when the factors 477 

consist of several places of decimals. 55 

The amount is thus found to be u4» 

482Z. lU Id. -05 ) 24 -127712 



482-5542 



Examples for Sxercise. 

(1) What will an annuity of £50 amoimt to in 4 years, at 5 per cent 
compound interest ? 

(2) What will an annuity of £75 amount to in 10 years, at 6 pc 
cent., compound interest ? 

(3) What will an annuity of £30 amount to in 16 years, at 4^ pe 
cent., compound interest f 

(4) What will a pension of £40 per annum amount to in 6 years, i 
6 per cent., compound interest ? 



To find the preaerU worth of cm a/nnuity or pension, 

69. The present worth, P, is such a sum that if it were put out f 
the proposed rate of interest for the time during which the annuity : 
forborne, it would amount to the some sum as the annuity woul 
amount to. The amount of P in n years is PR^, 

... ,^.,^ ... p.£(,4) 

If the annuity be a perpetual annuity, or to continue for ever, the 
n being infinite, jR» will be infinite, and therefore -5=»0 ; hence 

P=— is the present value of a perpetuity of V, 

which is, therefore, found by dividing the annuity by the interest of £ 
for a year. If fT* be the rent of a freehold estate, then, as the presei 

worth is - 27) - will express the number of years' purchase it is worth. 
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(1) What is the present value of an annuity of £170, to continue 20 
years, at 5 per cent.) compound interest? 

Z7'=170, «=20, r=-05, .*. 22=^1-05 
log l-05-»«- 20 log 1-05= --423786 /. 1 -OS-^^ -37688948 

/. l-i2-»= -62811052; and ^=i~=3400 

3400 



249244208 
186933156 



2118-575768 /. P«2118Z. 11«. 6<i. 



(2) What is the present value of an estate in perpetuity of £250 per 
annum, allowing interest at 4 per cent. ! 

!:« =1^=6250 /. P=62502.«25 years' purchase. 

And this is the number of years' purchase whatever be the rent ; it 
is the same whether the rent be paid yearly or at any other equal 
periods, provided interest be regarded as payable at the same periods. 

ExampUtfor Exercise. 

(1) What is the present value of an annuity of £1,000, to continue 3 
years, at 4 per cent., compound interest I 

(2) What is the present worth of an annuity of £30, to continue for 
80 years, at 3^ per cent., compound interest ? 

(3) How many years' purchase must be paid for a freehold estate, 
•when the interest of money is 34 per cent. ? 

(4) A house is let for £35 a year ; the tenant wishes to purchase a 
7 years' lease for ready money : how much must he pay, if 6 per cent. 
be agreed upon for the interest of money f 

(5) A person wishes to dispose of his salary of £40 a year for 8 years, 
allowing 5 per cent., compound interest : how much should he receive ? 

(6) What perpetual annuity will £925 purchase, allowing 5 per cent., 
compound interest ? 

(7) If £925 purchase a perpetuity of £46. 5<. per annum, what rate 
of interest is obtained f 



To find the present vjorth of cm cvrmuity in reversion, 

70. An annuity is said to be in reversion when the payment of it 
does not commence till a certain number of years have elapsed. 

If the annuity continue n years, but be deferred d years, then the 
present value will be equal to that of the same annuity in possession 
for n+d years diminished by the present value of it for d years. 



rV H^+V r\ W 
(L LUl ?/l-l\ 



^U(l 1 
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Consequently, the present value of the reversion is found by multi- 
plying the present value of the annuity for n years by the present 
value of £1, receivable at the end of d years. When the reversion is 

in perpetuity, then n is infinite, and ~ vanishes ; the expression for 

the present value is, therefore, in this case, 

rJRfi 
(1) What is the present value of the reversion of £30 per annum for 
8 years, to be entered upon after the expiration of the next 10 years, 
compound interest, at 5 per cent. ? 

jr=30, ««8, ci=10, r«-05 /. 12=1 '05 
Jt-d s=:l-06-io=-613913 
R^-d^l -06-"= '416521 



•198392 
30 



•06)5-96176 



119-035 /. P= 1192. 0«. Sid 



(2) What is the present value of the reversion of a perpetuily of £50 
per annum, after 10 years, at 6 per cent, interest ? 

U^50, d«10, r=i-06 /. J2-1-06 

JZ-***! -05-10- -613918 

60 



*06) 80-69666 



618 -918 .'. P=6132. 18«. t^d. 

Examples for Exercise. 

(1) What Is the present value of the reversion of a lease of £iO per 
annum, to continue for 6 years, but not to commence till after 2 years, 
allowing 6 per cent, interest ? 

(2) What is the present value of a freehold estate, to commence 4 
years hence, allowing interest at 6 per cent. ? 

(3) The reversion of a freehold estate, after 10 years, is sold for 
£618. 18«. %\d. : what annual rent should it produce to allow the 
purchaser 6 per cent, interest for his money ? 

[For additional examples on these subjects, see the last edition 
of Walklngame's Arithmetic (published by Boutledge k Co.), also 
Jones's Annuities, &c. published by direction of the Society for the 
Diffusion of Usefial Knowledge). Some of the examples given above 
have been taken from these works. Jones's volumes contain an ex- 
tensive collection of tables for abridging all calculations concerning 
Interest, Annuitiee, &a] 
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On the imcream m the popmlaiUm of a eomUry. 

71. If the population of a ooantiy at any time be repreaented by P, 
and the increase in one year be equal to a part of the whole represented 
by iP ; then the amount of the population in the beginning of the second 
year, or end of the first, will heP + iP=Pil + i); and, the increase being 
supposed to follow the same uniform law, the amount of population at 
the beginning of the third year, or end of the second, will be 

P(l + t) + iP(l + t)=P(l + l)(l + t)=P(l + t)» 

at the end of the third, P{1 + if + iP(l + i)«=P(l + if 

fourth, Pa + if + %P(L + i)*=P{l + i)^ 



t* *> 



»th, P(l + t)«-i + tP(l + *)*-*=-P(l + »)* 
The state of the population at the beginning of the first year of the 
enumeration being P, it appears, therefore, that its states at the end of 
the years 1, 2, 3, &c., will form the geometrical progression 

P(l + «). -?(! + •)•, -P(l+*7, P(l + »)» 

the common ratio being 1 + i. Galling this common ratio C, and the 
population at the end of the wth year P^ we have 

Pn^P'O :. logP»=logP + nlog(7....(A) 

The constant ratio C is 

1 

C7= ( -^ j*=-^, since n is any integer. 

So that if a census of the population of a coimtxy were taken at the 
beginning and at the end of a year (or any other period), when there 
may be littie or no reason to su4>ect that the law is sensibly disturbed 
by extraneous causes^ such as emigration, war, fiunine, epidenuc 

diseases^ &c., and the resulting value of ^ be taken, it may be oom- 

1 
pared with the value (-^)** furnished by a census taken n yean (or 

periods), from the aforesaid b^^ning ; the difference between the two 
values will indicate the extent to which the natural law has been dis- 
turbed, during the interval, by the operation of extraneous causes. 

IfP««f»P, then(J[) 

logi»+logP«logP+nlog(7 .-. ««^....(B) 

whidi expresses the number of years in which the population will have 
increased to m-fold. 

The number iP is tiie part of the whole population by which it is 
increased in a year, so that lOOi is the increase per cent. ; t is, of 
course, the difference between the firaction expressing the births and 
that expressing the deaths. 
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72. In this kiDgdom a census of the population is taken every 10 
years ; suppose the population P in ten years to have increased p per 
cent., then at the end of the 10 years the amount will be 

^""Too-^^* 

'By (A) Pi,^P^C'^ :. P.C»o==p(l + j|^) 

.-. logC7=^{log(100+i>)-2} 

Substituting this in {B), we have 

_ lo^m __ 10 log m . 

**"'lTr~77I m ~log(100+i>)-2' • • '^^ 
— {log(100+;^)-2} ^^ ^^ 

for the number of years in which the population will be increased to 
m-fold, supposing nothing to disturb the rate of increase observable 
during the preceding 10 years. 

The population of England and Wales in 1851 was 17922768 
„ „ „ 1841 „ 15911725 



Increase in the 10 years .... 2011043 

Tx *!. • * 201104300 „ ^, 

Hence the mcrease per cent was -rr^rrr;,-:;; =12 '64. 

'^ 15911729 

In the formula (C), suppose m=2, then, for the number of years in 
which the population of 1851 will be doubled, we have 

10 log 2 3 -0103 ,„ 

w=; — ,,^ °, — r= — rrT;;=58 years 
log 112 -64— 2 -0517 ^ 

But the census of 1851 was taken 68 days earlier than that of 1841, 
80 that Uf instead of being so many years, is, in fact, only about so 
many *98 years ; and 58 x *98 = 56'84 ; so that, the rate of increase 
remaining the same, the population of 1851 may be expected to double 
itself in about 56 years and f . 

[The preceding investigation is based upon what has been called the 
hypothesis of Euler ; but it can. scarcely be called an arbitrary hypo- 
thesis ; if every individual in a population P, after the lapse of any 
time, count as 1 + the tth part, then it is a truism that — all circum- 
stances remaining the same — every indiiddual in the future population 
Pn would also count as 1 + the tth part, after the lapse of the same 
time. And this is all that is assumed above. Any deviation from 
uniformity should be attri buted to change of circumstances. Occasional 
departures from the natural law — ^more or less wide — must, of course^ 
be expected, from emigration, scarcity of food, &c.] 
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The principle of vndetermmcUe coefficients. 

73. The principle of indeterminate coefficients has already been ap- 
plied in the investigations of the binomial and exponential theorems ; 
its farther application to the determination of the sums of series will 
be sufficiently understood from the following example. 

(1) Required the sum of n terms of the series 

l + 2« + 3» + 4«+ +n« 

The snm will, of course, be some expression involving n ; and if this 
expression be developed and orderly arranged according to the powers 
of w, it would necessarily be of the form A + Bn + Cri? + Dv? + &c. Put, 
therefore, 

then if the unknown or (as they are somewhat improperly called) the 
indeterminate coefficients A, By C7, &c., can be found, the expression 
for the sum will be obtained. If we change n into » + 1, the preceding 
identity will be 

l + 2« + 3» + 4»+....+(»+l)«= 
.4 +5(71 + 1) + C?(» + l)« + i)(» + l)3 + &c. 
80 that subtracting the former identity from this, we shall have 
n«+2»+l=-B+2(7n+a+3i)»* + 3i)» + i) 

the '' &c." being suppressed because, as the two members are identical, 
and that no term containing it? or higher powers enters the first mem- 
ber, so can no term containing these powers enter the second member. 
Hence (47)> equating the coefficients of the like powers of n, we have 

3i>=l /. i>=i 

2C7+3i>=2 a=i 

B+C+ i>=l -B=^ 

To find u4. we have only to refer to the first identity ; if in the first 
member of that we put n— 0, the whole is 0, while the second, on the 
same assumption for n, becomes A, .*. A^O ; consequently, 

^ «o «o • ** **' w'* w+3»' + 2w* 
l + 2«+8«+....+n«--+^+-3 g 

2w^ + n'' + 2n» + ?i w'(2n + 1) + ii(2n + 1) 
"" 6 ■" 6 

»(n + l)(2n + l) 



(A) 



6 

(2) Bequired the sum of n terms of the series 

1 + 8 + 6 + 10 + 15 + 21 + 28+ &c (1) 

where the term in any place is equal to the number of terms in the 
series 1 + 2 + 8 + 4 + 5+ &c. which denotes that place ; thus, the second 
term 8 is the sum of two terms, the third term 6 the sum of three 

terms, and so on, the nth term being — -r — - (page 73). 

The sum of the series (1) may be readily foimd fi:t>m the result in the 
former example ; thus, 
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Ist. Suppose n to be an even number, then taking the terms of ( 
and two, we shall have to sum - terms of the series 4 + 16 + 86 - 

that is, 2 terms of 4(l + 2« + 8»+ &c.) Putting, therefore, ^ fo 
the expression (A), we have for the sum required 

6 6 

2nd. Suppose n to be an odd number, then n— 1 will be an evei 
ber ; and by putting n—1 for n, in the expression for the sum 
even number of terms, we shall have 

(n-l){n){n + l) 

6 

for the sum of all the terms but the last^ or nth, which nth te 

seen above, is — ^-^ — . Consequentlj the sum of n terms is 

(n— l)n(n + l) 8n(n + l) n(n+l)(n— l + 3) _ n(n+l)( n + 2) 

6 "*" 6 "■ 6 "■ 6 •• 

which is the same expression as before. Henoe (B) is the sui 
terms of the series, whether n be even or odd. 

But without making any distinction of cases, the sum S may I 
expeditiously found as follows : — 

S-l + 8+6+10+....+!iM 

S= 1+3+6+ ^{^iz^^^t^ 

A 2S-l+2« + 3»+4»+....+ «• +2<^) 

_ w(n + l)(2n+l) 8n(n + l) n(n + l)(2n + 4) 
6 "^ 6 "" 6 



. ^ n(n + l)(n4.2) 



Exampletfor ExercUe, 

It is required to find the sum of n terms of each of the fol 
series by the method of indeterminate coefficients. 

(1) 1 + 2 + 3 + 4+ +n 

(2) l» + 3« + 5« + +(2»-l)« 

(3) l» + 2» + 3»+ ...+»» 

(4) l«2 + 2»3 + 8»4+ +w(n + l) 

The answer to the first example is •'— — -, and the answer 

id 
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third 18 I -^-T — - I , BO that we have this remarkable property, 

namelj, that 

l» + 2» + 3»+....+n*=(l + 2 + 3+....+«)« 

whatever integer n may be. This curious relationship between the 
sum of the cul^s and the square of the sum of any number of terms of 
the series 1, 2, 3, &c., was first noticed by an old writer (Peletarius), 
and published by him in 1558 (See Powell's History of Natural Philo- 
sophy, p. 123). 



To DXTEBIONE THB NuifBEB 07 ShOT IK A PiLB. 

74. Cannon shot and shells are deposited in arsenals in piles made 
ap of horizontal courses or layers of shot, the base or bottom course 
being either an equilateral triangle, a square, or a rectangle ; so that 
there are three kinds of pile — the triangular pile, the square pile, and 
the rectangular, or oblong pile, the denomination of the pile referring 
to the form of the base. Each side of a pile presents an inclined &ce, 
consisting of rows one above another, each row diminishing by a single 
shot. In the triangular and square piles, there is but one shot at top ; 
in the rectangular pile, there is a single row of shot ; the former two 
piles terminating in one shot, the latter pile in a ridge of shot. 

Triangtdar PUe, 

(1) Let it be required to find how many shot there, are in a triangular 
pile, of which each side of the base contains 12 shot. 

Each course is an equilateral triangle ; the side of the bottom course 
is 12 shot, of the next 11 shot, of the next 10, and so on ; hence, the 
number of shot in the bottom course will be the sum of an arithmetical 
progression, whose first term is 1 and last term 12 ; for the number in 
the next course the last term of the progression will be 11, for the 
number in the next the last term will be 10, and so on ; we shall, 
therefore, find the entire number in the pile by first summing the 

progression 1 + 2 + 3+ +12, subtracting from this sum 12, from 

the remainder 11, from the remainder 10, and so on, till only a single 
shot is left, and then adding the aforesaid sum and these remainders 
together, thus : — 

1 + 2 + 3+.... +12=13 x6— 78 shot in the bottom course, 

/. 78 + 66 + 66 + 46 + 36 + 28 + 21 + 16 + 10 + 6 + 3 + 1 = 364 shot 

in the whole pile. 

But, instead of thus sunmiing up the twelve courses, it is better to 
use the formula at page 112, for the sum of n terms of the triangular 
numbers, as the numbers 1, 3, 6, 10, &c., are called ; thus, in the pre- 
sent case 

6 o 
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Square Pile, 

As the courses here are a series of squares, we have the number of 
shot expressed by the formula (A), page 111, namely, 

_ n(n + l)(2» + l) 
S g 

where n is the number of shot in a side of the base. 

(2) Let it be required to find the number of shot in a square pile, of 
wluch a side of the base contains 12 shot. 

5="Ji±lH?!L±I)=12:^.2.13.25=650 
o o 

80 that the number of shot in the pile is 650. 

It is eacfy to see that the difference between the two piles, having the 

same number n of shot in a side of the base of each, is — ^ ^ ; 

12.18-11 
the difference of the two piles above is thus =2 -13 'lis* 286. 

If only one of the two preceding formulsB be remembered, you may find 
it an aid towards the recovery of the other if you only recollect that 
the last fibctor in one gives that of the other by transposing the coeffi- 
cients in it ; thus. In + 2 suggests in this way 2n + 1 ; as the square 
pile contains the greater number of shot for the same value of n, you 
can never be at a loss as to whether the fiictor 2»+l belongs to the 
one or to the other. 

Itectangular PUe. 

(8) Required the number of shot in a rectangular pile, of which the 
shorter side of the base contains 12 shot, and the longer side 16. 

First imagine a square pile having 12 shot in a side of the base : to 
one of the slanl Betces imagine an equal face of shot to be applied ; you 
will then have a rectangular pile, the sides of the base containing 12 
and 13 shot respectively, and the upper ridge consisting of 2 ^ot. 
Let another &ce be added, and so on, till 16— 12=^4 faces have been 
added, you will then have the proposed rectangular pile, the sides of 
the base containing 12 and 16 diot, respectively, ana the upper ridge 
connisting of one shot more than the number of faces added, tiiat is, of 
5 shot. The mode of proceeding is thus obvious ; we are first to find 
the number of shot in the square pile of base 12', and then to add to 
this sum 4 times one of its &ces, uiat is, 4 times 1 + 2 + 8 +....+ 12, 
or4(13.6)=312, thus: 

12.13«26 

~ = 2 • 18 • 25 » 650, the square pile, 

. 4(1 + 2 + 8 + +12) =312, the added faces, 



the whole number of shot 962 



It is plain from this, that if m be the number of shot in the longer 
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side of the base, and n the number in tbe ehorter side, the general 
formula for the number of shot in the rectangular pile will be 

^_ n(n + l)(2n + l) . ,_ ^, «(w+l) 
S^ . + (m-«)— ^— 

»(n + 1) (2» + 1 + 3m — Sw) 



6 
n(n + l)(3m— » + l) 



6 
Thus, in the case above, where 9?i=16 and n^l2, we have 

^^12^^^2.13.37=962 
o 

This form of the expression for S is the more easy to compute by ; 
but the first form, beiog at once suggested by the nature of the case, is 
the more easily remembered. 

As the number of shot in the top row is always m—n+1, if we call 
the top row t, then 

8m=8< + 8»-3, /. 3m-n + l=8< + 2»-2, 
and the formula for the sum is 

„ w(n+l)(8< + 2n + 2) 
S 

Or if we count the top row, and omit 1 from n, the shorter side of the 
base, and put n' for n—1, the formula will be 

S 

Examplea/or Exercise, 

(1) Required the number of shot in a triangular pile, of which each 
Bide- of the base contains 8 shot. 

(2) Bequired the number of shot in a triangular pile, of which each 
side of the base contains 30 shot. 

(8) Bequired the number of shot in a square pile, of which each side 
of the base contains 7 shot. 

(4) How many shot are there in a square pile, of which each side of 
the base contains 17 shot ? 

(5) How many shot are there in a rectangular pile, of which one side 
of the base contains 7 shot, and the other 16 ? 

(6) How many shot are there in a rectangular pile, of which the 
shorter side of the base contains 80, and the top row 31 shot ? 

(7) Required the number of shot in an oblong pile, of which the 
number of courses is 15, and of which the top row contains 21 shot. 

Note. — In any pile, the number of courses is equal to the number of 
shot in the shorter side, as is obvious. 



On Permutations and Combinations. 

75. Permutations. — ^The diflferent arrangements of which any set of 
things admits, as to the order in which they succeed one %.^Q>\>Vv»t^ "^x^ 

I 2 
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called tlie permutations of those things. Thus, the two letters a, h, 
admit of two such arrangements or permutations, namely, ab and ba ; 
the letters a, b, c, admit of six permutations, namely, abcy <u^, bac, boa, 
caby cba. Thus, the permutations of three things are P(3)»l*2*8. 

If there be four things a, 6, c, d, then the fourth, d, may occupy any 
place among the three a, b, c; it may be 1st, 2nd, 3rd, or 4th, that is, 
may take either of four positions ; and as a, 6, c admit of 6 permuta- 
tions, a, b, c, d must admit of 6 x 4 permutations ; that is, 

P(4)=l'2.8-4. 

Similarly, if there be five things, a, b, e, d, e; then as e may take 
either of Jive positions among each of the permutations of a, 6, c, d, it 
follows that P(6)= 1 • 2 • 8 • 4 • 5. And generally if there be n things, 

P(„)«1.2.3.4.6 n 

But it is frequently required to find the permutations that a specified 
number out of a larger number of things admits of; as two things out 
of three, three out of seven, and so on ; that is, to solve the following 
problem. 

Problem 1. To find the number of permutations that can be formed 
with m things out of n. 
Let a, 5, c, d, &c. represent n things. And 

1. Let ms=2, so that the n things are taken in pairs ; the number of 
these pairs in which a may stand first, will obviounly hen—1; because 
each of the remaining n—1 things may be put after a. In like manner, 
the number of pairs in which b may stand first is also n—1 ; and the 
same as respects c, d, &c. ; and as there are n things altogether, the 
whole number of permutations, when they are taken two and two, 
must be n{n—l), 

2. Let 9?i»3 ; and suppose one of the n things, as a, to be taken 
away ; then, if the remaining n—1 things be taken two and two, th^ 
will fiimish (n— l)(n— 2) permutations, as just shown; and if the a 
taken away be now restored, and prefixed to each of these pairs in 
succession, we shall, of course, have (n— 1) (n— 2) permutations of threes. 
Similarly, by suppressing 6, c, dy &o. in succession, and proceeding in 
the same way, we shall have as many times (n—1) (n— 2) permutations 
of threeSf as there are letters a, 6, c, &;c., that is, n times those permu- 
tations ; hence the whole number of permutations that can be formed 
with three things out of n is 7i(n— 1) (n— 2). 

3. Let m=4 ; then removing one of the n things a, the permuta- 
tions, three and three, of the remaining n—1 things, are (n—1) (n— 2) 
(n— 3) ; and as any one of the n things may be thus removed, and th«ii 
restored and prefixed to each permutation of threes in succession, it 
follows that the permutations of the n things, taken four at a time, 
will be n(n— 1) (n— 2) (n— 3). And generally, that the number of per- 
mutations of n things, taken m at a time, is 

*Pm=»(»-l) («-2) (»-3) (w-m-h 1) 

If m»9i, then writing the factors in reverse order, the number is 

1«2*3*4 n, as deduced before. But if m=n—ly we get the same 

product ; fbr still writing the factors in reverse order, we have 2* 8*4 
.n. We conclude, therefore, that the number of permutatioiu 



• * t 
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formed ont of n quantities, by taking n— 1 of them at a time, is the 
same as the number of permutations formed by taking them altogether. 
When the n things are taken altogether, and it happens that, instead 
of being all different things, certain of them are repeated, then, of 
oourse, certain of the permutations must be repeated; to select those 
vhich are really different is the ol:ject of the next problem. 

Problem 2. To find the number of different permutations of n things, 
taken altogether, when certain of them are repeated. 

1. Suppose two only of the n things are alike : then as this pair 
enters every permutation, it enters 1*2*3 n times ; and as eveiy per- 
mutation is accompanied by another in which the like things are simply 
interchanged, there can be only half of the entire number of permuta- 
tions that are really different ; to find these, therefore, we must divide 
the entire number by 2. 

2. Suppose three of the n things are alike ; then as many permuta- 
tions as three things admit of, so many recurring sets of distinct per- 
mutations will the entire series of permutations consist of; and as we 
require to know the number in one distinct set only, it is plain that we 
must divide the entire number of pei*mutations by 1 •2*3, the number of 
sets, which is the number of permutations due to the three like things. 
And, generally, if jp of the n things are alike, there must be as many 
sets of the same permutations as there are permutations of these p 
things ; hence the number of different permutations of n things, taken 
altogether, when p of them are alike, is 

1.2*8*4. ....... .n P(n) . -V / «v 

8. Suppose now that, besides the p like things, q others are alike ; 
then the permutations just determined divide themselves into as many 
recurring sets as there are permutations of these q like things ; so that, 
to get one of these sets, we must divide the foregoing expression by 
1*2*3. .. .g ; hence the number of different permutations of n things 
taken idtogether, of which p are alike, and also q others alike, is 

1*2*3*4 w Pjj,) 

(1. 2*3....!)) (1*2*3 ...5)~P(p)xP(,) 
and this reasoning may be extended to any number of sets of like 
things. 

If we write the factors in the numerator in reverse order, after 
suppressmg the p fsustors common to numerator and denominator, we 
bave 

P/n) _ w(n-.l)(>t~2)....(y + l) 

'P(p)^te) 1-2*3 q 

Ifjp + 5— w .*. !>=«— 2 

. P(n) _ w (w~ 1) (w- 2) (n- y + 1) 

'•P(,)P(n-fl) 1*2*3 q 

the number of permutations of n things of which q are alike, and also 
the remaining n— $ alike. 

NoTB. The notation P^fC^ is used to imply that the n thlw^ ^x<^ \AisAxsL 
altogether, while *P«, indicates that t\i©y at© ta^isAn ov^^ •««. ^\. ■».'«ssife» 
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(1) How many changes can be rung with 8 bells ? 

Pe8)=l-2.3-4.6.6.7-8«40320 

(2) How many changes can be rung with 5 bells out of 8 ? 

»P5=8.7-6.6.4«6720 

(3) How many different permutations may be made of the letters in 
the word SaZamxmca, taking them altogether ? 

The number of letters here is 9, of which four are a's and the others 
all different. 

/. :5a=,5.6.7.8.9«16120 

P(4) 

(4) How many different permutations can be formed of the letters in 
the word Mimss-ippi, taken altogether ? 

In these 11 letters 4 are t's, 4 are «'s, and 2 are j^'s. 



Poi) 6-6.7-8.9-10.il 



5. 7.2.9.5. 11»34650 



•• P(4)P(4)P(i») (1-2.3-4) (1.2) 

Examples for Exercise, 

(1) In how many different ways may 12 persons seat themselves at 
table! 

(2) How many changes may be rung with 5 bells out of 6, and how 
many with the whole peal ? 

(3) How many different numbers may be formed with the figures in 
the number 211321313, taking them altogether! 

(4) How many different nimibers may be expressed by means of the 
figures 1, % 3y 4, taking tHem one at a time, two at a time, three at a 
time, and iJtogether, repetitions of the same figure being excluded ! 



76. Comhinodums, Combinations are the different sets or parcels that 
can be formed out of a given number of things, under the restriction 
that in no two sets shall the things be all the same. Difference of ar- 
rangement merely, which is everything in permutation, is of no account 
in combinations ; each combination must differ from every other by 
having in it at least one of the things which that other has not ; thus, 
the combinations of a, 5, c, d, taken three together, are abc, abd, acd, 
hcdf and no others ; vou see that, whichever of these four combinations 
you take, there is always at least one letter in it not to be found in 
either of the other three. . 

Problem 1. To find the number of combinations that can be formed 
out of n different things, when m of them are taken together. 

1. Let the n things be taken two at a time ; the number of permw 

tations will be 7i(n->l) as shown above. Each of these permutations, 

as abf is accompanied by another, ba, so that where there are two 

permutations there is but one combination; hence, the number of 

n(n — ]) 
combinations is -^-5 — ' 

2. Let the n things be taken three at a time ; the number of per- 
mutationa mH be 9t(n— 1) (»->2); but eveiy simple combination, as 
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abc, famishes 1*2 '8 of these permntations, as shown above; henoe, 

the nmnber of oombinatioDa is -^ — T~o"q • And, generallj, when 

the n things are taken m at a time, the number of combinations is 

^^^ 1.2.3.. ..m • -(^^ 

This expression, as shown at page 117, is also that for the different 
penmUations that can be formed out of n things taken altogether, when 
a set of them, m, are all alike, and the remaining set, n^m, are all 
alike ; that is^ 

If in (A) we pnt m»l, 2, 3, &c., successively, we have 
nC^n »(7»^i!Lli> >p_ n(»-l)(n->2) 

which are the several coefficients in the development of (1 + x)^ ; hence 
(page 89), 

so that the sum of the combinations that can be formed out of n things, 
by taking them first singly, then two at a time, then three, and so on, 
iB2*-l. 

In (B) pnt n^m for m, then we have 

which is the same as the expression (£) ; consequently, the number of 
combinations of n things, taken n— m together, is the same as the 
number of combinations of the same things taken m together, that 

Hence, whether ^Cm or *Cn^m be computed by (A), the result is the 
same. The numerator and denominator of the expression for ^Cm will 
each have m factors, the numerator and denominator for ^Cn^m will 
each have n—m factors ; therefore, when ^Om is to be computed, it is 
better to change it for '*Cn~«i» whenever n—m is less than m, or when- 
ever m exceeds 4 n, 

(1) How many combinations may be formed of 9 things out of 12 ? 

If we compute for ^Cg, there will be nine factors in each of the terms 
of the fraction (A) ; but if we compute for i^Cj, there will be only 
three : thus^ 

(2) How many combinations may be formed of 5 things out of 12 f 
and this result would have been the same iox '^Ci. 
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(3) How many combinations may be formed of 96 things out of 100 ? 

,*«^ .„«^ 100'99«98'97 
looq^^ioD^^^ ^^ ^^ ^° ^3921225 

(4) Fifteen young ladies at a school walk out three a-breast for seven 
days in succession : it is required to arrange them daily so that no two 
shall walk a-breast twice. 

The nimiber of combinations that can be formed with 2 out of 15, is 

Consequently, from the 15 young ladies, there may be formed 105 dif- 
ferent couples. But from each three who walk side by side, 3 couples 
may be formed, and the restriction is that only one of these 3 couples 
is to be admitted in each rank ; hence, only ^ of the entire number of 

105 
couples is admissible, .*, — — s35, the allowable number of sets of 

three, and as 5 such sets make up the whole school, they may take 

^=7 walks ;• and may be arranged thus :- 

7th day. 

Examples for Exercise, 

(1) How many combinations may be formed of 6 things out of 10 ? 

(2) A person engages to entertain 15 friends as many evenings as 
they can come, 12 at a time, provided the same 12 do not come twice : 
how many evening parties must he receive ? 

(3) How many combinations may be formed out of i things, taken 1, 
2, 3, and 4 at a time ? • 

(4) How many combinations may be formed of 5 out of the 26 letters 
of the alphabet I 

(5) How often may a different guard of 6 men be selected out of 60, 
under the restriction that no two are to mount guard together oftener 
than once ! 

77. It is sometimes required to find how often a single individual of 
of the n things can appear among the set of combioations ; as, for 
instance, in Ex. 2, above, how often can any specified person appear at 



1st day. 


2ndday. 


3rd day. 


4th day. 


5th day. 


6th day. 


Oia,as 


aj6,Ci 


ajd^i e, 


0|6j,dfj 


«i<^a«a 


0,6jC3 


ft, 6a ^3 


a^b^c^ 


a^dji^i 


ihb^d^ 


a^c^e^ 


«2*l«l 


C| Cj Cj 


a^d^e^ 


0363^3 


OjCjej 


«»Mi 


o,Cj,d, 


d^d^d^ 


6j d, Cj 


^36, c. 


^c,«a 


Cj 6jc£j 


b^c^d^ 


*l ^2 *» 


Cj d^ei 


e^b^Ci 


d,c,«3 


«iMs 


«,c,d3 



* The above question was proposed in the Lady*s and Gentleman's 
Diary for 1850, by the Rev. T. P. Kirkman, rector of Croft, near Wnr- 
rington, who exhibited the arrangement^ as here given, in the Diary 
for 18^1. 
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the parties ? As there are 12 appearances each time, the total number 
of appearances is 455 x 12, and as each individual is -^ of the whole/ 
each must appear-^ of 455 x 12 times, and similarly in other cases ; so 
that, if n be the number of individuals, and m the number of selections 

from iiti&n, then ^Cm ^ — will be the number of times each will appear 

among the ^Cm combinations. Or the matter may be considered other- 
wise, thus : suppose, instead of actual visits, in the above question, that 
. the ccwds of the persons are left ; then, at the end, the totifil number of 
cards will be 455 x 12, and as each of the 15 persons leaves the same 
number, each will have left -^ of 455 x 12, that is 364. 

[But to view the subject more generally ; let it be required to find 
bow often p of the n persons, visiting m at a time, will meet together. 
These p persons will evidently be combined with all the combinations 
of the remaining n—p persons, out of the n persons, taken m—p at a 
time. Now the number of combinations of n—p, taken m—p at a time, 
jfl the sune as the number of combinations taken {n—p)— (m—p) at a 
time, by the principle at page 119, that is, taken n— m at a time ; so 
that we have either 

(n—p)(n—p—'[) to TO— j) factors 

"*"*"" 1«2»3 ..torn— jpfoctora 

-_-.^ (n— «)(w—t)—l). .. .to »—m factors 

or **'^f/« in=- — ^-^-^ — — 

1«2*8 ton— m factors 

Each of these expresses how often the same p persons will be found 
together among the m persons selected out of the n persons. If m—p 
be less than n-m, then, of course, it will be better to urc the first of 
these formuUe, and, in the contrary case, to use the second. Let us 
take the case above, where n^l5f and m—12, .*, n—m—Z. 

14-13'12 
Ifjp- 1; then»^(7,=ii-~^-364 

13.12-11 

In this way may the desired result be found for any value of p, inde- 
pendently of any previously computed results. But if *^0m has to be 
determined, as in examples (3) and (5), we may avail ourselves of this 
value to shorten the subsequent work. For it is easy to see, fi'um 
comparing the above geneiid expressions with the expression (A) for 
»C;n» that 

*"PCm-p ) m(m—l){m—2) top factors ^ _ 

or*-PC„_mi '*»(»-l)(»-2)....to|)factor8 "* 

a form which may very easily be remembered, ii^^g^ia^ Si ^-"^O^-^^ss^ 
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^~^Cn^m ^e calculated for any value of p, then the foFm for the next 
value, i> + 1, will be 

(6) How often may a different guard of 6 men be taken out of 60 : 
how often would the same man be among the 6 : and how often would 
two comrades be found together ? 

By subtracting the last result from the first, in the answer to this 
question, we shidl discover the number of times the guard may be se- 
lected, so that a particular couple of men may never be together. 

(7) How often may the 15 young ladies in Ex. (4), page 120, walk 
out, under the restrictioo that a certain specified couple may never 
appear a-breast ? 

To Extract thb Squabb Boot of a Poltnomial. 

78. The process for extracting the square root of a polynomial, that 
is, of an algebraical expression consisting of any number of terms, is 
suggested from an examination of the way in which the square of a 
polynomial is constructed, with a view to the discovery of the law of its 
terms. 

If we first take a binomial a + h, then a trinomial a + b + c, theu a 
quadrinomial a + & + c+ c^, and so on, to any polynomial a + 5 + c + (2+ 
.^ ,.,l, we shall find the squares composed as follows : — 

(o+d)«=a*+{2a + 6}6 

{o+6 + c)»«o«+ {2a + b}b+ {2(o + 6) + c}c 

{a+b + c+df:^€^+{2a+b}b+{2{a + b) + c}e+{2{a+b+c) + d}d 

(a+6+c+d+«)'=o»+ {2a+b}b+ {2(o+6) + c}c+ {2(o+6+c)+d}(i 

+ {2{a+b + c+d) + e}e 
&c. &c. 

In these developments, the expressions 2a, 2(a + (), 2(a + ft + c), &c., 
are what, in the following rule, are called the trial divisors, and the 
complete expressions within the braces { j- are the corresponding com- 
plete divisors. 

BuLE 1. Having arranged the terms of the polynomial, as if for 
division, mark off to the right a place for the root. 

2. In the place marked ofi^ put the square root of the leading term 
of the polynomial, and the square of it under that term ; draw a line, 
and bring down under it the next two terms of the polynomial ; these 
are now to be regarded as a dividend, and a place is to be marked off 
to the left for a divisor. 

3. Put twice the root-term just found in the divisor's place ; you 
will thus have the first incomplete or trial divisor. Find how often it 
is contained in the leading term of the dividend, put the quotient with 
its proper sign in the root's place, and also connect it with the trial 
divisor ; you will thus have the complete divisor, 

4k, Multiply the complete divisor by the last found root-terra, sub- 
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tract the product from the dividend, and to the remainder annex the 
two next terms of the polynomial ; you will thus have a second divi- 
dend. 

5. Proceed now exactly as before ; taking twice whatever is already 
in the root's place for a trial divisor, and from the leading term of this 
finding the next root-term, which, annexed to the trial divisor, renders 
it complete. And continue these steps till all the root-terms are 
obtained. 

NoTB. If the polynomial be not a complete square, the process may 
be carried on to any extent. 

That the above precepts are in accordance with what is shown above 
to be the composition of a square, is sufficiently seen from the opera- 
tion below. 

(1) o«-h{2a+6}6[o+6 
o« 

'2a-h5] {2a+h}b 
{2a+b}b 

(2) o*-H{2a+6}6+{2(a+5) + c}c[a+6+c 

2a+6] {2a+6}6 
{2a + h}b 

2(a+h) + c] {2(a+6) + c}c 

{2(a+b) + e}e 

(3) a^+{2a + b}b+{2{a+b) + c}c+{2{a+b+c) + d]d[a+b + c-rd 
a? 

2a + b] {2a+b}b 
{2a + b}b 



2ia + b) + c] {2{a+b) + c]e 

{2(a + b) + c}c 

2{a + b + c) + d\ {2{a+b + c) + d}d 

{2{a + b + c) + d}d 

The braces are preserved here for greater distinctness in showing the 
dependence of the several s^ps of the operation ; if they be removed, 
each dividend will appear as two terms brought down from the poly- 
nomial, agreeably to the directions in the rule. 
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(4) Extract the square root of 4a;*— 12a:»y + 26a:V— 24a?^ + 16/ 
4ar*-12a:>y + 26ar»3^-24a:y» + 16y*[2aj«-&ry + 4/ 

— 
4a!»- Say] — 12a?y + 25a^ 

4a!»- 6xy + 4^^] 16ar»y*- 24a:y» + 16y* 

16ary-24a^ + 16y* 

The proposed polynomial is formed from the terms of the root like (2) 
above ; that is, it is 

and the expressions within the braces are the two complete divisors. 
Extract the square root of 1 + a;. 

aj 3/ ilr 



2+1] « 



2+aj 



x-\ — 
4 



8j""4 



2+aj 



a? 


a? 


«• 




4" 


"8^ 


64 






a:» 


a^ 






8" 


64 






ko. 


&c. 




V M 


X 


a:» 


a;* 



&c. &c. 

o^ 0^^ ^f^ S^^ 

^/a + «)=l + 2- 8*16-82^*"' 
the same development as furnished by the binomial theorom. 

ExampUafor Easerciae. 
Extract the square root of 

(1) 4a?«-24aa:»+0a«ar' + 108a'a:+81o*. 

(2) a<ar»-12aV + 28oV + 48aa:* + 16a:«. 

(3) a;*-4ar» + 10a:* + 0ar + 9. 

(4) 9a:«-12a:» + 10a?«-28a:» + 17a:*-8a: + 16. 

The above operation for the square root sufficiently explains the 
arithmetical process for the square root of a number ; the pointing^ or 
placing a dot over every alternate figure — commencing at the units' 
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£gure — serves to show how many figures the root is to consut of; the 
bringing down a period at every step is analogous to the bringing down 
of two terms in ^e algebraic process. 



To Extract thb Cube Root of a Polynomial. 
79. The construction of a cube is as follows : — 

(a + 6 + c)«=a»+{8a» + 8a6 + 6'}6+{8(o+6)« + 3(o + 6)c+c»}<j 

&C. &c. 

And this construction suggests the following rule for evolving the 
root from the cube; the expressions 3o', 3(a + 5)', 3(a + 6 + c)*, &c., 
being the several trial divisors, and the complete expression within the 
braces the corresponding true or complete divisors. 

KxTLS 1. Arrange the terms of the polynomial as in the square root, 
and put the cube root of the leading term in the root's plaos, and the 
cube of it under the leading term ; draw a line underneath, and bring 
down three terms for a dividend. Three times the square of the roo^ 
term will be its trial divisor. 

2. With the trial divisor and first term of the dividend find the 
second term of the root ; annex to the trial divisor three times the 
product of the last tound term and the preceding, as also the square of 
this last found term ; the divisor will then be completed. 

3. Multiply the complete divisor by the last found term, subtract the 
product from the dividend, and bring down three new terms. 

4. Proceed now exactly as before, taking three times the square of 
all that is in the root's place for a txial divisor, and find the next term 
of the root ; annex to the trial divisor three times the product of the 
last found term, and all that precedes it, and also the square of this 
last found term ; the second divisor will thus be completed ; and in this 
uniform way is the work to be carried on till the terms of the root are 
all obtained. If the polynomial have no cube root, the operation may, 
of course, be carried on indefinitely. 

(1) €fi+ {Z€^ + Zab + l^}b+ {S(a + hf+Z{a+b)c+<^]c[a+h+e 

a? 

3o« + 3a6 + 6'] {Sc^ + Zah+l^}b 
{8a« + 3a6 + 6«}6 

3(a + 6)« + 3(o+6)c + (f] {3(a + 6)« + 3(a+6)c+c»}<j 



If the braces be removed, three terms will have been brought down 
at each step, agreeably to the rule. 
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(2) Extraottheouberoot ofa:« + 6a:»— 40aj*+96a?— 64. 

«• + 6a:* + Oar*— ^Ob* + Oa* + 96a?— 64 [«* + 2*- 

8«* + 6a:'+4a?] M^ Oa^—iOa? 

6a* + 12a;*+ 8a^ 



8(ai« + 2ic)*-12(ai« + 2a:) + 16-|-12ar*-48a:» + 0a» + 96a?-64 
or8a;*+ 12a:«+ Oaj»- 24a?+16j-12a;*-48a:» + 0a?+96a;-64 



Excmpla for Exerdae, 

Extract the oabe root of 

(1) 8«» + 12aa? + 6a«a?+a». 

(2) a«-6a:» + 16a;*-20a;»+15ai»-6a?+l. 

(3) 64a;^-288«» + 1080a;»- 1468a;- 729. 

From the foregoing operation, it is eacfy to see the foundation of 
rule for the cube root of a number, given in most books on aritbm< 



MlSCELLANSOnS PaBTIOULABS AXD iKYESnaATIONS. 

80. Before concluding this compendium of algebm, it may be we] 
direct your attention to a few points of practical importance in refen 
to the forms in which the rmilta of certain algebraical investigat 
should be given. 

1. Kadical signs should never be left in the denominators of fracti< 
results, whenever there are means of removing them, especially v; 
such rcMSults are to be actually computed in numbers ; thus, such a re 

as «=— 7= should be changed into a: = -^, by multiplying numer. 
V 7 7 

and denominator of the former by \/7, for this reason : the comp 

1 
tion of — p= requires, after >/7 is found, a long division operati 
v7 

a/7 
whereas -^ requires only the simple division of \/7 by 7 ; and 1 

time and trouble are saved to the computer. It is plain that — 

V 

always reducible to the usually more convenient form of , , by i 

tiplying both terms of the former fraction by the ii'rational den( 
nator ; this change has already been recommended at page 38. 

2. If the denominator consist of a jpatr of quadratic radicals, 

tn 
instance, as in the result — ; ;?, the denominator may be rat 

^ v^a±-v/6* , ^ 

alized by multiplying the terms of the fraction by 'v/aT y/h ; since 
sum multiplied by the difference gives the differences of the squares 
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that --J!!L_»TOii^5±^«J?L(^aT>/&); which last form is 

nsually more easy of computation when the letters are replaced by 
numbers. 

8. If the denominator consist of a pair of cubic radical^ it may still 
be rationalized ; thus. 

We shall give an example of each of the last two cases. 
2+^/3 (2 + v/8)(5~v/3) 104•8^/8-8 7 + 8v/8 
^^fi + V's'" 25-8 "* 22 "22 

4. "When the form \/(o±->/5) occurs, the operation indicated by the 
outer radical may often be performed, or rather, the above complex 
surd may often be reduced to the sum or diflPerenoe of two simple 
surds, that is^ to the form ^pdiVq, as follows : — 

81. To extract the square root of a binomial, one of whote tenm i$ 
rationaUf and the other a quadratic tiwrd. 

Put a + -v/J=» (x + y)* and a— -v/6 « (a;— y)' 

Addmg, 2a'r,2a^ + 2f /. o-a!»+y* .(1) 

Also(o+^/6)(o-^/6)«(a:»-y*)^ that is, V(o«-6)-a:»-y« (2) 

From (1) and (2), by adding and subtracting, 

a^— 2 * ^^ 2 

.-. ,.y-^(aW*)-^ii^^+ V'2ZV±!Z« (8) 

Ck)nsequently, if the numbers a, &, be such as to make a^—h, a square, 
BC*, we shall have 

In this case, therefore, the complex surd y/{a±:^) can be reduced 
to the simpler form \/i)±V^9, but not under other circumstances. 

(1) Beduce ^/(16— v^87) to a simpler form. 

Herel6«-87=169 = 13«, therefore 
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(2) v^(5+ ^9)- /^^-Y-* ^^-1(8^2+ ^2) =2^2 

as we otherwise know, since \/(6 + v^9) « \/(6 + 8) =» v^8 = 2 -v/2. 

These two examples have been worked by a reference to the formnh 
(8), (4), but as these are less easily recollected than the process whic 
leads to them, it will be better to go through that pi'ocess in eac 
particular case, so that the work of Ex. 1 would stand thus : 

Put 16-v^87-(a?-y)»....(l) 

and 16+>/87«(a? + y)« (2) 

/. multiplying, 256-87=(«»-y«)» /. 18=a:»-y*. . . .(8) 
Adding (1) and (2), 16=«» + y* 

.*. by adding and subtracting, 29»2a^, and 8=2^ 

.-. v'(16-V«7)=a!-y-i(v/68-v'6) 

We should have stopped the operaticm at the step (8), if the number o 
the left-hand side of the equation had not been a squai'e ; because ^ 
should then have known that the square root of 16— v^87 could not l 
converted into a form less complex than the form v^(16— v^87).* Thi 
the form i(v/58— v^6) is less complex, you will at once perceive upo 
roughly estimating the amount of numerical work implied in each form 
to compute the square root from the original form, you would have fin 
to take the square root of 87 ; this, of course, you might get out < 
taJblea of square roots, to six or seven places of decimals ; but when th 
root is subtracted from the 16, you would then have, secondly, to e3 
tract the square root of the remainder — a number consisting of tc 
many figures to be found within the limits of the table ; here, thei 
would be actual numerical work. But to compute the form i(\/58- 
\/6), we should merely have to take -v/58 and -v/6 out of thp table 
and to divide their difference by 2. The most useful tables, of tl 
kind here adverted to, are those of Mr. Barlow, reprinted by directio 
of the Society for the Diffusion of Useful Elnowledge, as revised ac 
corrected by Professor Be Morgan. 

82. The following properties of quadratic surds are both interestii 
and usefuL 

1. The square root of a quantity cannot be equal to a ration 
quantity plus or minus a qusidratic surd, that is, va and ^/c, beir 
surds, we can never have the equality '^a=h-±,s/c\ for, if we coul 
then, by squaring, we should have 0=6^^:26^/6 + 0, and, consequentl; 



* In 4 + \/18, where a'— 6=— 2, if we multiply by -v/2, we chan( 

the expression into jr — , the square root of which is (2+ -v/2) + v' 

» v^8 + v^2, a binomial surd, though not of the form v^jp + y^j. 
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v^c=± — j^T — , that is, -x/csa a rational quantity, which contradicts 
26 

the hypothesis. 

2. In every equation of the form a+ y/b—x+ v/y, if \/6 and -s/y be 
surds, then must a=af, and /, h=y ; for, ^b — {x^a)+ ^y, ,\ by Ust 
principle x—a—0, otherwise ^/b would be » a rational quantity and a 
surd. 

8. If \/(o+ v^)=af + y, where x and y are one or both quadratic 
surds, then must \/{a^ -v/ft)=:3?— y, if \/b be a surd ; for since a+ *yb= 
a? + ixy + y^, a^ + y^ must be a rational quantity, and 2xy irrational, other- 
wise, upon transposing a, we should have v^6»a rational quantity, 

/. <2), o«: ar* + y* and s/b=2xy 
:. o--v/6««* + 3r»-2a:y=(a:-y)» /. v^(o--v/6)«a;-y 

[It thus appears that if ^(a + y/b) is really convertible into the form 
v4> + v^?* then, of necessity, \/{a— y/b)= ^/p— ^/q, when \/b is a surd, 
and one, at least, of the two a/p, ^/q^ a surd. There was, therefore, 
strict propriety, after having put v'(a+ -v/6)=af + y inarticle (81), in 
then putting \/(a— ^b)^x^y ; but if we had made the assumptions for 
tAit reason, as is usually done in the books, we should have restricted the 
results (3), (4) to the cases in which ^/6 is a surd ; whereas, it is plain 
that the equations (3), (4) are identities, free from every restriction 
whatever ; we have only to square each side to assure ourselves of this. 
The solution to Ex. 2 could not have been trusted witholit verification, 
if the investi;;ation of the formules (3) and (4) had been founded on the 
present theorem, since \/9 is not a surd. Having made the assumption 
a+ \/b={x + yy, in Art. (81), it was, of course, allowable tq make 
o— v^6=(j;— y)^ or = any other expression involving only the unknowns 
X and y, provided the equations, thus assumed, were found to admit 
of solution by rules previously established ; but the form a~ v^&ss 
(x^yY was chosen rather than any other, with a prospective view to 
the desired form for the result. 

It is true that the identities (3) and (4) are required, for arithmetical 
purposes, only for the cases in which *yb is a surd, but it is wrong to 
abridge the two members of each indent! ty of their complete algebraical 
equivalence under all circumstances, and, contequenily, of their complete 
arithmetical equivalence when any numbers are put for the symbols, 
though, in common with other writers, the author has himself else- 
where committed the oversight.] 



Tbfind the greatest common m^cuwe of two qtLontities, 

83. Let Ay, By be two quantities, having the factor y common to 
both, but no additional factor, so that A and £ have no common mea- 
sure ; then A y being supposed to be the greater of the two quantities, 
let the successive divisions be carried on as below, till the operation 
terminates for want of a new remainder. Let d be the last of the 
quotients ; then, since quotient multiplied by divisor, plus remainder, 
SB dividend, we have the following series of equalities^ on the right of 
the operation. 

K 
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By)Ay(a 
aBy 

Oy)By{b .-. dE^D 

^ cD + JS^O 

Dy)Cy(c 10 + J)^B 

cDy aB + C^A 

Ey)Dy (d 

From'the equations on the right, it is plain that E is necessarily a 
factor of A and B ; but A and B, by hypothesis, have no common 
measure, therefore, E^\. It follows, therefore, that the final divisor 
Ey is simply y, the greatest common measure of the two proposed 
quantities. If the final divisor should be y^l, we should then con- 
clude that the quantities have no common measure. 

A fibctor found to enter any divisor may be expunged, provided it 
do not also enter the dividend ; or a fEictor may be expunged from a 
dividend, provided it do not enter the divisor ; and, in like manner, 
into either a factor may at any time be introduced ; for by these modi- 
fications no com/mon meeuiMre is either suppressed or introduced; a 
glance at the general type of the operation is Hufficient to show that 
the G. 0. M. o£Ay, By is also the G. 0. M. of By, Cy, of (7y, J)y, Ac. 

(1) Find the G. 0. M. oix*~4a^ + 6a^^4x + l anda;*-2a:» + l 
a?*-2ar»+ 1 ) ic*-4ar» + 6a:«-4a: + 1 ( 1 



— 4a;* + 8a:*— 4a? 

Expunging the factor —4a:, a:*— 2a?+l)a^— 2a:»-l-l (a:» + 2a:-l-l 

a:*-2ar» + a:* 



2aJ»-8ar»-fl 
2ar»— 4a:»-l-2a? 
a:»-2a;-i-l=G. CM. 



a^—2x-¥ 1 
a?-2a?4l 
(2) Find the G. C. M. of 12a:* + 4a:»-8a?-»-l and 8ar»-4a:*-2a:-i-l 
Multiply the first expression by 2 to preclude a fraction in the quotient 
8a;*-4a:*-2a;-l-l)24ar»+ 8a:*-6a;-2(3 

24ar»-12a:*-6a;+3 



20a:*- 5 
or, 4ar»-l)8ar»-4a:*-2a: + l(2a?-l 
8ar'-2a: 



/. 4a:*-l«G.C.M. -4a;*-i-l 

-4ar»-i-l 
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ExampUt for Exercise, 

(1) Find the G. C. M. of a*-x* and o' + a^x—aa^-a^. 

(2) 9x^ + 63a:*- 9a;- 18 and a::* + llx + 30. 

(3) 4a:3_25a:« + 20ar + 25andar»-7a?+10. 

(4) 2a;*-8a:* + 12a:'— 8a:» + 2a:and3a:'— 6ar»+3a:. 

Note. If we divide the product of two quantities by their G. C. M., 
we shall have the least common multiple of the two quantities ; thus, 

^ -=AByt the least quantity which is divisible by both Ay and 

J9y, as is obvious, since A and B having no &ctor in common, their 
proiduct must be the least quantity containing both. 

The foregoing method of investigating the theory of the G. G. M. is 
more short and simple than that given in the books. It is useful in 
reducing fractions to their lowest terms ; but, on account of the fre- 
quent length of the operation, it is resorted to only in cases of necessity, 
where it is desirable to simplify the fraction to the utmost, and where 
the composition of numerator and denominator is not discoverable by 
inspection. The process, however, is worth attention for other pur- 
poses ; it is closely connected with important inquiries respecting the 
solution of the higher equations. (See the author's Analysis and Solu- 
tion of Gubic and Biquadratic Equations.) 

Before closing the present subject, it may be well to direct the atten- 
tion of the student to a peculiarity respecting eqqations involving 
irrational terms, which is well deserving of notice, but which is likely 
to escape observation unless specially pointed out. 

At page 58, the equation 2a;— 3'\/a;>B9, involving the irrational term 
Z^s/Xf is proposed for solution, and it is remarked that instead of 
removing the irrational term in the usual way, ** it is better to put y 
for -v/o;, and thus to change the equation into 2y*— 8y=9." 

In order to show why this is better, let us clear the radical in the 
. ordinary manner. The solution of the equation will then stand thus : — 

3v/a;=2a;-9 /. 9a;s-4a:»-36a; + 81 

/. 4a:«-45a;=-81 

/. (Rulell.) 8a;-45 = v'729=±27 

46 ±27 o 9 
..x=— g-=9orj 

These values of x are, of course, the same as those obtained at 
page 58 ; but the advantage of the former solution is this : we learn 
from it not only what each value of x is, but, moreover, what each 
value of '^x is,— an important peculiari^, since, for the verification 
of the proposed equation, the value of ^x as well as of a; must be 
explicitly stated. In the solution just given we cannot tell whetiier, 

9 3 8 

for a?=s9, y/x is 3, or — 3 ; nor, for a!=7, whether ^^x is ^ or — -. 

But the solution at page 58 expressly declares that y, or y^o;, must be 

k2 
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Q 

in the one case 3 ^xcludvely, and in the other case — - cxclus 

9 8 

If -J were put for x and - for ^x, in the proposed equation, the in 

condition would be contradicted, for instead of 9, the first mc 
would give 9 ? _ a 

2 " 2 "■ "• 
The most explicit form, therefore, of writing the values of :>; i 

— -) ; and it appears from the present illusti 

that whenever the unknown quantity occurs imder a radical, i 
equation proposed for solution, caution must be exercised in veri 
the numerical result of that solution, as to which of the ambi| 
signs ± belongs exclusively to the rwt of that result. 

It will be observed that at page 58 the radical ^x is virtually 
served throughout the entire process ; — ^it is merely replaced by an 
symbol, y ; but in the operation above, it has been removed at th( 
step, and thus its peculiarity as to sign is no longer impressed upo 
work ; so that at the close, we are unable to say, without actual 
whether the proposed condition requires that x be generated fron 
one of its two roots or fi'om the other. Whenever radicals are ii 
way removed from an equation, it is only by actual substitution o 
results in the original equation that the proper sign, which the n 
rical root in each case should take, can be discovered. But for a 
ample examination of matters of this kind, the student is referred t 
Algebra and Key, by the author of this Compendium, publish< 
Mozley and Co., Paternoster Bow. 



We here terminate the Elementary Algebra of the present Coi 
The student will bear in mind that we call it only a Compendium, 
its fullest extent the subject has a very comprehensive range ; and 
is here given should be regarded only as a sufficient preparation fo 
study of algebraical writings of wider scope, and of higher preteni 
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II.-PLANE TRIGONOMETRY. 



PART L 







84. Trigonometbt strictly means the measurement of triangles, or 
three-angled figures ; but in its modem acceptation the term includes 
more than this, and is applied to the science which investigates the 
general theory of angular magnitude, taking in the angles of a triangle 
obIj as a pMticular branch of the subject. It is divided into two parts, 
p]ane and spherical, according as we consider the angles to be formed 
upon a plane, or upon a spherical surfetoe ; our business at present is 
wiUi plane trigonometry only. 

On the meagwremenl of AnguLar Magnilude. 

Let BA C be an angle ; and with centre A and 
any radius ABj let a circle be described, then by 
Euclid, Prop. 33, Book vi., the arc varies as the 
angle which it subtends ; that is, the arc BO is 
the same piurt of the entire circumference, that 
the angle il is of four right ai^^es, or of the sum 
of all the angles that can be placed, side by side, 
about the centre A, 

The drcumference of the cirde is conceived to be divided into 360 
equal parts, called degrees; the degree into 60 equal parts, called 
mMMitet/ and the minute into 60 equal parts, called eeeonds; the still 
smaller parts are r epre s en ted as fractions or decimals of the second. 

Degrees, minutes, and seconds are represented by a particular nota- 
tion ; thus, 37** 14' 23* denotes 37 degrees, 14 minutes, and 23 seconds ; 
and if this be the number of degrees, &c., in the arc BC, it is said to 
be also the number of degrees, Ac., in the angle A, which it subtends. 
The angle is thus said to measure so many d^rees, minutes, &c., with 
the understanding that 4 right angles measure 360** ; and there is just 
the same propriety in this, as in saying tiiat a certain length measures 
34 inches, wHh the understanding tiiat a foot measures 12 inches. 

The thing called a degree, remember, is the 360th part of a wkoU, 
either of the whole circumference, or of the whole of the angular mag- 
nitude about a point — 4 right angles ; so that the expressions " arc of 
15** ** and "angle of 15" " are equally intelligible ; the one means the 
24th part of a ctrcomferenoe, the other the 24th part of 4 right angles. 
As an angle is thus expressed by the same number of degrees and parts 
of a degree as the arc which subtends it, it is usual to say that the ara 
meatuns the angle ; measure is not to be nndetntood. V<ex« m^dey^ 
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of siibmultiple ; it merely implies that the one varies as the other, aod 
that both are expressed by the same Dumber of degrees. 

From what has now been said, it is plain that from having the 
number of degi'ees given, we could not actually construct the arCj 
because a degree of a circle is merely the 360th part of the circumfe* 
rence, without any limitation as to the length of that circumference, 
or as to whether the radius of the circle is an inch or a mile ; but from 
having the number of degrees given, we could construct the angUt 
because an angle of one degree is the 360th part of a fixed and invari' 
able magnitude, namely, four right angles. As it is desirable, in trigo- 
nometry, that the circular degree should be equally invariable with the 
angular degree, it is customary to assiune a fixed length for the tr^ih 
nometriccd radius, and to represent it numerically by 1. 




* On the Trigonometrical Lines. 

85. Angles themselves do not directly enter into trigoncmetrioJ 
computations, but certain straight lines connected with the angles, utd 
with the arcs which subtend or measure 
them. These lines we shall now define. 

Sine. — ^The sine of an arc, or of the angle 
which it subtends at the centre, is a line 
drawn from one extremity of the arc at 
right angles to the diameter from the 
o&er extremity. Thus Om is the sine of 
the arc BC, or of the'an^le BAG. In 
like manner Cm' is the sine of the arc 
BC, or of the angle BAC, which the 
arc measures. 

If the angle be a right angle, as the 
angle BAD, the subtending arc BD is 90** : — it is called a qvtadrmU; 
the sine of 90°, expressed in short thus, 8in90% is equal to the radius; 
and as radius is always regarded as numerically represented by Quit, 
sin 90^=1. For any other arc or angle, the sine being leas than 
radius, is numerically expressed by a proper fr-action or decimal. 

CrOBiNE. — ^The cosine of an arc, or of the angle which it subtends, is 
the portion of a diameter intercepted between the centre and foot oi 
the sine. Thus, Amis the cosine of the arc BC, or of the angle BAG. 
In like manner. Am' is the cosine of the arc BDC, or of the angle 
BAC, 

If the angle be a right angle, its cosine is ; for Am becomes leas and 
less, as G approaches Z>, and vanishes when G reaches J) ; that ia, 
cos 90* =0. 

On the other hand, Am increases as G approaches B, and becomes 
equal to radius when G reaches B, or when the arc BG beoomes 0; 
hence cos 0** « 1, but sin 0" « 0. 

Again, as C, the extremity of the arc BC, approaches B*, the 
cosine Am' increases, and the sine. Cm', diminishes ; and when C 
coincides with B', the arc becoming a semicircle, or 180**, the cosine 
heoGmea equal to nuiius, and the sine to 0; therefore sinlSC^^O^ 
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coslSO^ss — 1. We put a mrnut sign before this 1 as a mark of direc- 
tion; as AB=1, or +1, the notation ^^==—1, implies that AB, 
AB are equal in length, but opposite in direction. 

This is a very important appropriation of the opposite signs + and 
— to denote opposite directions. Jf Am were equal in length to Am', 
and we were to put p for the numerical expression for this length, we 
should say that Am=Pf and that Am's=^Pf or that cosBAC=p, and 
qobBAC^^P; and, without referring to a figure, we should thus 
sufficiently indicate that the latter cosine is measured from ^ in a direc- 
tion opposite to that of the former. 

Tanoknt, Secant. — ^The tangent of an arc, or of the angle it 
subtends, is the straight line drawn from the beginning of the arc, B, 
and terminating in the prolongation of the radius or diameter, through 
the end of the arc. Thus, BT is the tangent of the arc BC, or of we 
angle BAC. In Geometry, tangent means simply a line that touches, 
without any reference to its length ; but in Trigonometry, only so much 
of the touching line as is comprised between the beginning of the arc and 
the prolonged diameter through the end of it, is the tangent. And the 
fine from the centre, thus limiting the tangent, is called the secant of 
the arc or angle. Thus, ^^ is the secant of the arc BC, or of the 
angle BA C. From these definitions, it is plain that of the arc BC, 
BT* ia the tangent, and AT' the secant. 

If BT, BT', be of the same length, and the numerical expression for 
that length be q, then iKn BC='q, and tajiBC'= — ^ ; the opposite signs 
implying opposition of direction. 

It is obvious that the smaller the arc, within the limits of 0° and 90% 
the smaller will be the tangent and secant : as C approaches B, UmBO 
diminishes, and becomes when BC becomes ; but the secant, 
diminishing with the tangent, becomes AB or radius, when BC 
becomes 0. 

On the other hand, when BC, by increasing, becomes equal to BD, 
or 90°, the tangent and secant both become infinite ; we have there- 
fore tanO°=0, tan90°==oo; secO°«l, 8ec90°«= oo 
the mark oo being the sign for ir^finite. 

As to the gign of the secant, you will observe that from the ever- 
varying direction which that line, radiating from the centre, takes, we 
cannot apply to it the distinctive signs + and — , hitherto employed to 
distinguish one direction from a direction opposite to it ; secants never 
have directly opposite positions, with the single exception of the se- 
cants through ^ and jy ; the former being +, and the latter — , agree- 
ably to what has already been laid down as to the office of these 
directive signs. We shall say more about these signs and about their 
application to the secant hereafter. 

Cotangent, Cosecant. — A tangent drawn from i), the termination 
of the quadrant BD, and limited by the secant AT of the arc BC 
(or by its prolongation), is called the cotangent of the arc BC, or of 
the angle subtended by BC; thus, Dt is the cotangent of BC, or of the 
angle BAC, that is, I)t=cota.nBAC. In like manner, Btf is the co- 
tangent of the arc BC, or of the angle BAC. And the part of the 
secant, or of its prolongation, intercepted between the centre and the 
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cotangent is the cosecant ; thus At = coseo B A Ct and Atf^eoaeoBAC, 
A T l^ing the secant of BA C, agreeably to the definition. 

The six lines now defined, in connection with an arc or angle, deserve 
careful consideration, as it is with them, or rather with the numerical 
representatives of them, that all the computations respecting angles are 
perfoi*med. Before proceeding further, you should describe a circle, 
and having taken for C any point in the semicircumference BDBf yon 
should draw, for the arc BC (and therefore for the angle BA C7), all the 
six trigonometrical lines, whether C7 be to the right or to the left of D, 
taking care that each line conforms to the definition of it given aboYe. 

86. The cosine, cotangent, cosecant of an arc or angle, is so called, 
because, whatever is applied, either additively or subtractiyely, to an 
arc or angle, to reduce it to 90**, is regarded as the contfiUmmt of that 
arc or angle ; thus, to make up 90°, the arc CD most be applied ad- 
ditively to BC'j CD is, therefore, the complement of BC\ and the sine 
Cn of this complement — equal to imA — is the complemental sine, or, in 
short, the coiVM, of BC. Again, to reduce the arc BC to 90*, DC 
nmst be applied subtractively ; i>(7, therefore, thus taken negatiYely, 
is the complement of BC \ Cn—m'A, the sine of that complement, is 
the coiine of BC. And generally, any co-line of an arc or angle is the 
line itself of the complement of that arc or angle. 

As the term complement is applied to the difference between any 
arc or angle and 90°, so the term tuppUmerU is applied to the difference 
between the arc or angle and 180** ; thus CBf is the supplement of BC, 
and CB the supplement of BC A glance at the figure suffices to 
show that the sine of an arc is equal to the sine of its supplement ; 
thus, if BC^BC, then ^C+ J5(7'«180°, and, therefore, BC is the 
supplement of BC\ and Cm=Cm'. The cosine of an arc is also equal 
to tnat of its supplement, in length, but is opposite to it in gign ; thus. 
Am, Am' are equal, but lie in opposite directions. In examining into 
the peculiarities of the trigonometrical lines connected with supple- 
mental arcs, it is necessary to take the same point B for the origin or 
commencement of both the arc and its supplement, that is, to take BC 
for the supplement of BC, and not CB.; the tangents of all the ares 
are considered to originate at B, which implies that the arcs themselves 
are to originate there ; by thus having one common extremity ^ for all 
the arcs, and one common extremity D for all the complements, all 
confusion and perplexity is avoided, and the signs of direction of the 
different trigonometrical lines become referable to a fixed and uniform 
system. 

[It is, indeed, chiefly with a view to the establishment of such a uni- 
form system of directive signs, that the arcs of a circle, in connection 
with the angles which they measure, have been introduced at all ; 
although a reference to these measuring arcs would have been proper 
to justify and give significance to the terms tangent and secant. In 
several works on trigonometry, ancles are considered independently of 
their measuring arcs, and sine and cosine, with their proper directive 
marks, being deduced by peculiar definition, the other trigonometrical 
lines are derived from Oiem ; but this mode of proceeding appears to 
be too abstract for a beginner. A diagram, addressed to the eye, seems 
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to us to be an aid too valuable to be dispensed with ; and, moreover, 
the propriety of the names ^yen to the trigonometrical lines cannot 
be seen without reference to the circle, in which, in fact, they all had 
their origin ; and besides all this, the terms sine, tangent, &c., as trigo- 
ncHnetry, thus considered, defines them, — ^without, however, restricting 
the radius to the particular numerical value r=l — are terms too much 
needed in geometrical inquiries to be dispensed with.] 

87. Beferring again to the diagram at page 134, and merely keeping 
in remembrance the 47th proposition of Euclid's first book, and that 
the trigonometrical radius is numerically expressed by 1, we have, for 
any arc or angle A, the following properties : — 

8in«^+ 008^^1 = 1 /. amA = ^/{l-cos*A), cos^ = v'(l- sinful) 

1 + tan»^ = see* A ,'. sec ^ = V'(l + tan*i4), tan^ = ->/(secM - 1) 

1 + cot*-4 = cosec^il /, cosec A = y/{l + cot'i4), cot ^ =s -v/(cosec*— 1) 

And if, in addition to the above geometrical principle, we avail our- 
selves of the property that the sides about the equal angles of equi- 
angular triangles are proportional (Euc. Prop. 4, B. vi.), we shall have, 
from comparing together the equiangular right-angled triangles CAm, 
TAB ; C'Amf, tAD, the following equations, namely, 

sinA i»TiA . . siuii^ 

COSii I . 1 

. > :. coiA^-—. 

^ . cosil \ taai 

C0t^-=-: — J J 

sinA = 7, cosecil =-: — j 

cosec il sm^ 

— ^ .. co8^= T, 8eCi4= 2 

secii secil cosil 

It thus appears that the following quantities are the reciprocals of one 
another, namely, 

tan^, oot^ ; sin A, cosec^ ; cos^, secii. 

And, moreover, that sin^, cosii being known, all the other trigono- 
metrical lines may be derived from them. From this circumstance, we 
may always arrive at the proper sign as well as at the proper numerical 
value of a secant and cosecant, from attending to the cosine and sine ; 
the tign of the secant is always the same as that of the cosine ; and the 
sign of the cosecant the same as that of the sine. The sine of an angle, 
whether acute or obtuse, is -I- ; but the cosine of an acute angle is -(- , 
and the cosine of an obtuse angle — . 

88. The numerical values of the trig^ometrical lines, for all values 
of the angle A, from ^1^0" up to Js=90°, are computed to several 
places of decimals, and arranged in tables. To compute for angles 
above 90° would be superfluous ; for the sine, tangent, &c., of an angle 
above 90°, is the same as the sine, tangent, &c., of an angle as much 
below 90°; and the cosine, cotangent, &c., of an angle above 90°, is 
.- — 

* It will, of course, not be overlooked that C'm'==Onh 



cos^ 


1 


COS -4* 


coiA 


8mA~ 


1 


sin^ 


1 


1 


cosecii 


COS id 


1 
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the same as the cosine, cotangent, &c., of an angle as much below 90^ 
as a mere inspection of the diagram is sofBcient to show. 

Observe that the values thus inserted in the tables are nttmerical 
values — strictly abstract members; they are not the lines themselves^ 
but their numerical representatives, 1 being the numerical expression 
for the radius. On this account, what are called here the trigonome- 
trical lines, are by some writers called merely ratios ;* because, what- 
ever length, r, be taken for the radius of the 
circle, in connection with which the lines are 

._ sin-i cosii tan^l 

drawn, the ratios , , , &c. 

r r r 

would remain the same ; for 

Cm Cm, Am Am, BT B.T. . 

AC AC,' AC AC,' AB AB,' '^' 

so that if r be taken equal to the concrete 
unit of measure, the above ratios become 
the absti*act numbers inserted in the tables 
under the heads of sin, cos, tan, &c. I^ 
therefore, we ever wish to generalize any 
formula in which these quantities enter — 
that is, if we wish to remove the trigono- 
metrical restriction, as to the particular value of the radius — ^we may 
always replace the abstract numbers sin^l, coSii, &c., by the equal 

Bin A cos A 
abstract numbers , , &c, r being any lineal value whatever. 




Tables : Eight- Angled Triangles. 

89. We shall here suppose that you have a book of TrigonometnGal 
Tables before you ; these usually consist o^ 1st. A table of logarithms 
of numbers ; 2nd. Of a table of the numerical values of the sines, 
cosines, &c., from 0° up to 90* ; and 3rd. Of the logarithms of these 
numbers : tiie former is called a table of the natural sines, cosines, &c ; 
the latter a table of logarithmic sines, cosines, &c.t 



* How with any propriety they can be called ** ratios of angles," as 
some call them, the author is at a loss to conceive ; thev are evidently 
ratios of lines, not of angles. 

f There are several collections of Trigonometrical Tables suitable for 
use in connection with this work ; among the cheapest and most com- 
pact of these, are the Tables published by the Society for the Diffusion 
of Useful Knowledge, revised by Professor De Morgan ; the Tables in 
Chambers's Educational Course, and the volume of Tables by the 
author of this Treatise. In the latter two works, the decimals are 
carried to seven places, an extent sufficient for even the most delicate 
operations of trigonometry, and greater than necessary for ordinary 
purposes ; in some of the calculations to be hereafter given, only five 
or six places of decimals will be employed, a larger number being 
superfluous. 
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But lis the natural sines and cosines all range between and 1, 
every sine and cosine between these extreme limits must be less than 
unity ; and as the logarithms of numbers less than 1 are all negative 
(Algebra, p. 100), it is found convenient, for the purpose of avoiding 
negative logarithms, to increase the logarithm o^^ every sine, cosine, &c.y 
by 10. This amounts, in fact, only to a change in the nimierical value 
of the trigonometrical radius, making it lO'*' instead of 1 ; so that, 
while the natural sines, cosines, &c., are computed to r=l, the loga- 
rithmic sines, cosines, &c., are computed to r=10'®; the ratio of ^e 

lines, , , remaining, however, the same for either value, 

f T 

as shown in the preceding page. 

The tables to which we here refer clearly funiish the following 
valuable particulars : — 

The table of naiwal tines, Ac, supplies, 1st. The numerical values 
of the perpendicular Cm and base Am oi every possible right-angled 
triangle ACm, of which the hypotenuse AC i^l; these are entered in 
the table under the heads of sine and cosine. 

It supplies, 2nd. The perpendicular BT and hypotenuse AT o{ every 
right-angled triangle ATB, of which the base Ji^ is 1. 

It is impossible, therefore, that any right-angled triangle can be met 
with in practice the exact likeness of which is not to be found, in 
numerical terms, in the table ; of every such triangle, there are, as we 
have just observed, two exactly similar to it, and of each of which all 
the sides are ready computed. 

The table of logarithmic sines, tkc, furnishes the logarithms of the 
numerical values of the sides of each of the two triangles just mentioned, 
when those sides are taken 10'® times as great : in the former table, we 
have the sides of each of two triangles, similar to any proposed triangle 
computed to the scale ^^ or AC—1 ; in the latter table, we have the 
logarithms of those sides computed to the scale AB ot AC=^\^^^4 

90. In order to convey a notion of the practical 
use of these tables, we shall take an example. 

1. A distance PQ of 200 feet is measured in a 
direct line from the bottom of a steeple, the angle 
of elevation P, of the top R, is 47° 30' ; it is re- 
quired to find the height QJR of the steeple. 

By the diagram at page 134, we know that in the 
tables there are two triangles AmC, ABT, similar 
to the triangle PQR already computed for us ; from 
the first of these we have, ^ 

Am:mC::PQ:Qfi^PQ^i that is, q;r^pq^^!^ 

Am cosjt 

=PQtanP, so that Qi2== 200 tan 47° 30', 

All the tables referred to are accompanied by introductory ezpla^ 
nations of the mode of using them, so that any instructions respecung 
the use of the tables would be unnecessary in the present work« 
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or comparing our triangle PQR with the second of the tabular triangles 
A£T, we have, at once, since 

PQ=200 times AB, QJ2=200 J5r=200 tan47° SC. 

Either of these operations being performed, we have then only to 
look for tan 47° 8(y in ^he table of natural tangents, and to multiply 
the number there supplied by 200 ; we thus get QR^200x '10913a 
218 -26 feet. 

It is plain that the second of the two tabular triangle« oflbred to our 
choice is the preferable, and in all ecueSf it is better to take that one of 
the two triangles in which the unit-line or radiw corresponds to the 
given line in the triangle proposed ; for representing this given line by 
a it is a times the unit-line, and, therefore, either of the other aides of 
the proposed triangle is a times the corresponding 
tabular side. 

2. Suppose, instead of the height QR being required, 
the length PR of a rope from ^ to P be wanted. 

Taking the tabular triangle in which the unit- 
side, or radius, corresponds to the given side PQ, 
we see that it is the triangle ABT\ and that since 
PQ=200 times AB, therefore Pi2=»200 AT, that is, 

Pi2=200sec47' 80'«200x 1-4802=296 ft. "P 
Without referring every time to the diagram at page 134, it is better 
to take the given side as a radius, and the vertex of the given angle as 
a centre, and to desciibe an arc, as in the above figure, or rather to 
imagine such arc described, because we shall then see at once whether 
the line in the table, corresponding to that we want, takes the name 
of tangent, or secant, or sine, &c. For example 

3. Suppose the hypotenuse AC\b 288, the 
angle A 50" 54', and that it is required to 
find both -5(7 and il P. 

Aa AC \s the given side, we imagine the 
arc CD described from centre Ay with radius 
A C ; and we then at once see that CB cor- 
responds to sme, and ^P to cosine^ of the 
angle A ; hence, 

BC=ACfanA, AB=>ACoobA 
that is, PC=288 sin 50* 64'=»288 x '776046=228 '6 

^P=288cos50° 64'=288x •630676 = 181 '68 

91. The tables referred to in these solutions are the tables of 7uUw<d 
sines, cosines, &c., and for the solution of right-angled triangles it will, 
in general, be found that by the use of these tables the work is short- 
ened ; you have seen from the foregoing examples that in each case om 
reference to the tables was sufficient, whereas, if the logarithmic tables 
had been employed, three references would have been necessary. 

You must never forget that in using the log^irithmic tables of sines, 
cosines, &c., each tabular logarithm is increased by 10. If the number 
of these tabular logarithms to be added be the same as the number to 
be mibiracted, the superabundant 10*s, of course, destroy one another, 
and no correction is necessary ; but, in the contrary case, as many 10** 
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miiBt be subtracted from, or added to, the result, as tbe additive or 
subtractive sets exceed, one set the other, in number. Let us return 
to the first of the preceding examples ; the logarithmic operation is as 
follows : — 

The formula of solution is QR^200 tan 47** SO^; so that, in loga- 
rithms, we have \osQR=\og200 + logiajii7° 30'; and as there is here 
one trigonometrical quantity to be added, and none to be subtracted, 
the correction 10 must bo applied, subtractively, to the result. It is 
usual to arrange the work thus : 

Logarithms. 
-10 
200.... 2 -301 080 
tan 47*30' 10*037948 



^=218-26.... 2-338978 



Again, take Ex. 8 above ; that is, the expressions 

£C=2SS sin 50** 54', and AB=2SS oos 50** 54' 

Logarithms. Logarithms. 

-10 -10 

288.... 2 •469393 288.... 2-459393 

sin60*'54'.... 9-889888 cos50*' 54'. . . . 9*799806 



^(7=223-5.... 2-349281 ^45=181 -63. .. . 2-259199 



Hitherto an angle and a side have been given to find a side ; suppose 

now that two sides are given to find an angle; for example, in the 

triangle PQR, page 140, let PQ, PR be given to find the angle P, 

With the vertex of this angle as centre, and with a radius equal to 

either of the given sides, as PQ for instance, imagine an arc to be 

described, and notice what trigonometrical name the other given side 

takes, in reference to this radius ; you see that it is teccmt. You know 

PH 
therefore that PR^PQ secP; and, consequently, that secP=-^. 

■* *» 

Or if, instead of the given base, you take the given hypotenuse for 

radius — as AC, in the triangle ABC^ page 140, — then, in reference to 

this radius, the base AB wUl evidently be cosine; therefore AB^AC 

AB 
coaA ; .*. cosj4=:-jy^ Li the first way of proceeding, we found that 

the secant of the angle at the base was hypotenuse divided by base ; in 
the second way, that the cosine of the angle at the base was base 
divided by hypotenuse ; the one result being the reciprocal of the other, 

a/i it ought to be, since, as shown at page 137^ goaA — r* 

sec^ 

And generally, when two sides are given to find an angle, take the 
vertex c^ that angle as centre, make one of the given lines,- terminating 
in that vertex, radius, and imagine an arc described. Observe what 
trigonometrical name the other given side takes, ih4U will be the tri- 
gonometrical name under which &e sought angle is tA V^j^i^craaoLV^a^^dBfi^ 
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tables ; the tabular number being (dways equal to that given ride, not 
taken for radiua, divided by that which is taken for radius. This is a 
general rule, the truth of which you may fairly be expected to see for 
yourself from the explanations already given. But it may be well to 
give to the rules of operation a more formal enunciation. 

Rvles for ike Solution of Right-angltd TriangUa, 

92. When one of the acute angles of a right-angled triangle is given, 
the other is also given ; and when one is determined, the other is also 
determined, for the two angles are the complements of one another ; if 
one be A, the other is QO^—ii. This must be borne in mind in reading 
the following rales. 

1. When an angle and a aide are given. 

Rule 1. With the vertex of the given angle as centre, and the given 
side terminating in that vertex, as radius, imagine an arc described, 
and observe the trigonometrical name that the sought side takes. 

2. Enter the tables with the given angle, and take out the tabular 
number under this name ; multiply that number by the length of the 
given side, and the product will be the length of the sought side. 

2. When ttoo sides are given to find an angle, 

BuLE 1. With the vertex of the sought angle as centre, and a given 
ride terminating in that vertex, as radius, imagine an arc described, 
and observe what trigonometrical nam>e the other given side takes. 

2. Divide the latter side by the former ; the quotient will be the 
tabular number of the same name, under which the value of the sought 
angle will be found. 

Note 1. If two sides of a right-angled triangle are given to find the 
^ird side, then, without first finding the acute angles, we may at once 
apply Prop. 47 of Euclid, B. i. ; thus, if a, (, be the perpendicular and 
base, and c the hypotenuse, then 

c=->/(a« + 60, a«v/(c»-6»)«v/{(c-l-6)(c-6)} 

6=y/(c3_a2) = -v/{(c+o)(c-a)} 

2. When logarithmic sines, cosines, &c., are employed in the appli- 
cation of the preceding rules, it must always be recollected tiiat eveiy 
tabular number is increased by 10 (see p. 139), so that 10 must be 
subtracted for every such tabular number added and added for every 
one subtracted. But, in working by the above rules, a logarithmic 
sine, cosine, &c., will never have to be stibtr€u;Ud; unless, in the case 

in which a secant entera, you may choose to replace sec -4 by -, 

cos^ 

which is sometimes done ; that is, to substitute for log sec A its equi- 
valent — logcosil; by which an additive quantity is replaced by a 
subtractive one; the former, corrected, is log sec il — 10, the latter, 
— logcos^ + 10 ; the two results being the same. On account of this 
Teady way of converting the secants into cosines, in the more portable 
ll^^lu of tables, the colunm of secants is omitted. 
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98. We shall now give an example or two of the 
application of the preceding rules. 

(1) In the right-angled triangle ABO are given 
the angle A at the baae and the perpendicular BO 
to find the base AB\ namely, ^ = 64* ZQf, BO^ 
120 feet. 

As A is given, the vertical angle O is given, 
namely, C=90*'-64"' 30'= 25° 30'; therefore, taking 
as centre and CB as radius, we see that AB 
becomes tcmgent. 

/. AB^BCi&uO^UO tan26° 30'=120 cot64° 30' 

Without logarithms. By hgarifhrm. 

tan 25° 30'= '47698 -10 

120 120.... 2-07918 

tan 26° 30.... 9-67850 




^S»=67-2376 feet. 



.45=67-238.... 1-75768 



It is plain that it was unnecessary to take the complement of A ; for 
the tangent of C being the cotangent of A, the form to compute from 
may be written at once AB=:BC cot A ; and similarly in other cases. 

(2) The distance between two 
objects at A^ A\ from the nature of 
the intervening ground, cannot be 
measured ; but A^ A' are in the 
same straight line with B, the hot* 
torn of a tower 120 feet high, and 
the angles of elevation of the top C, 
as taken at A and A', are found to 
be 33° and 64'' 30'; required the 
distance A A'. 

1. It the triangle il-BC are- given 5(7=120, ^=83^ 

/. AB^BCQOiA^12^ cot 33°. 

2. In the triangle ^'JBCare given 5(7=120, i'-64° 30'. 

/. ^'5=5(7 cot^'=1^0 cot 64° 30' 

/. J^'=^5-^'5=120(cot33°-cot64° 3O0. 

Without logcariihma, 
cot 83°= 1-63987 
cot64° 30'= -47698 




1 -06289 
120 



il^'= 127 -6468 feet. 
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By logarithfM, 
-10 -10 

120.... 2-07918 120.... 2*07918 

cot33°. . . .10 -18748 cot64° 30'. . . . 9 -67850 



^2^=184 -79.... 2-26666 il'^=67-24. . .. 1-75768 



/. il^'=184 -79-67 -24=127 -56 

Hence the required distance is 127-55 feet. 

(3) From the top of a mountain three miles high, the angle of 
depression EA C of the remotest visible point of the surface of the sea 
was taken, and found to be 2° 18' 27" ; it is required from this to dete^ 
mine the diameter of the earth. 

Let be the centre of the earth, AB the 
mountain, AC the line drawn from A to touch 
the surlibce of the earth in C, and consequently 1^ 

the angle EAC, the angle of depression, below jr 
the horizontal line AE. / 

Then EAC'ia the complement of OAC; but / 
the angle is also the complement of OA C, I 
since (7 is a right angle (Euc. Prop. 18, \ "' / 

B. iii.), therefore, 0^EAC=2'* 13' 27". \ / 

BA is the difference between the secant of >^^ ^ _> ^ 
the angle and the radius OB; the differ- 
ence between the trigonometrical secant of the angle 0, and the 
radius 1, is given by the table of Yiatural secants, and this tabultf 
difference, multiplied by the radius OB, must be equal to the dilBBr* 
ence AB ; since a line, computed to any radius, is equal to the oor 
responding trigonometrical line multiplied by that radius. 

/. ^^=(secO-l)0^ /. OB^ ^^ 

sec — 1 

hence we have only to divide three miles by the natural secant of 
2'' 13' 27" diminished by 1 ; the quotient will be found to be 8979 
miles. 

We may dispense with a table of secants by substitutinir -^ fat 

° cost/ 

secO : we shall thus have 0B^~ ^ 

1— cost) 

Neither of these expressions for OB is fit for logarithmic compute* 
tion ; for, by logaHthina^ the simplest operations that can be performed 
are multiplication and division. It will, however, be shown hereafter 

1 
that 1— cosO=2 sin^-0, so that the last expression may be put under 

the form = — , which, as it involves no addition or subtiaotioii 

2sin«io 
2b 
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operatioDy maj be workied by logaritbim : the logariUimic farm for 203 
wiUbe 

log20B^logAB^logoiMO'-2logmnh)-i-10 

the 10 being introdnoed, am an ad^fitive oorrectioB, bcciiMe there is onlj 
one auiditiYe ooeine^ but two nbtzactiTe ainei^ nunelj, 

Bn-0+an>0 



(1) In a rigbfrangled triangle are gtren the base, 288 fbet^ and the 
angle at the base SSf* 8'; required the peipendicnlar and the hypo- 
tenuse. 

(2) From the edge of a ditdi, summn ding the walk of a fort^ the 
angle of eloTation St the top of the waO was taken, and found to be 
6? 4(K ; required the length of a scaling-ladder to readi from the edige 
of the ditdk— which is S« feet wide— to the top of the waO . 

(3) A person on one wide of a rirer takes the angle of delation of an 
obelisk standing on the other nde, and finds it to be 55^ 54' ; then gmng 
back 100 feet, in the same straight line with the foot of the obelifik, he 
finds the angle of elevataan there to be 33** 20^ ; what was the height of 
the obelisk! 

(4) The mountain called the Peak of Teneriffi» is nearly 2} miles 
high ; the an^e fonned at the top between a plomb-line, wbidi is of 
coarse Tertics^ and the line conceived to touch the earth in the remotest 
yisible point is 87** 58' ; snppoee the height of the peak to be exactly 
Similes, what will be the diameter of the earth f 

(5) If the top of a monntain 6,600 feet high can jnst be seen at sea 
100 miles o£^ what most be the diameter of the earth f 

(6) The angles of elevation of a balloon were taken at the same time 
by two obeerYors, both on the same side of it and in the same vertical 
plane as the balloon ; the angles were foond to be 35** and 64**, and the 
observers were 880 yards apart ; required the height of the balloon. 

(7) A ladder 40 feet long csn be so placed that it shall reach a 
"mnaow 33 feet from the gronnd, on one side of the street ; and npon 
being turned over, the foot of it remaining in the same place, it will 
reach a window on the opposite side 21 feet from the ground ; required 
the breadth of the street. 

(8) The base of a right-angled triangle is 162 feet» and the angle at 
the base 53** 7' 48* ; required the perpendicular and hypotenuse. 

(9) The perpendicular and hypotmuse of a right-angled triangle are 
respectively 216 and 270 feet ; required the angle at the base. 

(10) At the top of a casUe standing on a hill by the sea-shore, the 
angle of depression of a ship at anchor was observed to be 4** 52" ; at 
the bottom of the castle, the angle of depression was 4** 2f ; required the 
horizontal distance of the ship, as also the height of the hill on which 
the castle stands, the height of the castle itself Mmig 60 feeC 

L 
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OUique-omgled Triamglet. 

94. Every triangle is said to have six parts: — the three sides and 
the three angles. If any three of these be given, prowded they be not 
the three angles, the remaining three may be determined by calculation, 
as we are now to show. 

Let ABC be any tri- 
angle ; let the angles 
be represented by the 
capital letters A, B, C, 
and tlie sides opposite 
to these by the corre- 

spending small letters -^ am — — -r 

a, bf c. 

From either vertex, as O, let a perpendicular CD be drawn to the 
opposite side c ; this perpendicular wiU &I1 yrithln the triangle^ if the 
angle B be acute, and without it, if this angle be obtuse ; in either 
case ADC, BDC will be right-angled triangles ; from each of these 
right-angled triangles we may deduce an expression for the common 
perpendicular CD, in terms of the hypotenuse and angle at the base, 
by the preceding rule ; thus, 

From triangle ilD(7, CD^hsinA 

„ „ BDC, CD^asmB 

for the sine of an angle is the same as the sine of its supplement ; 

,. asm2^— osmil ., t— -i — « 

BinB 

Converting this equation into a proportion (Algebra^ p. 68)^ we have 

alb:: smA : sin^ 

which furnishes an easy rule for the solution of what is called the first 
case of oblique-angled triangles. 



95. Case 1. — When of the three given parts two are opposite to each 

other, namely an angle and a side, 

BuLE. As one side of a triangle is to another, so is the sine of the 
angle opposite to the former, to the sine of the angle opposite to the 
latter. 

KoTB. — ^This rule is of course as applicable to right as to oblique- 
angled triangles. In the preceding articles the tables of natural Bines, 
cosines, &c. were employed, as weU as the logarithmic ; and the work 
by the former tables was,. in general, found to be the shorter. But in 
working a case of oblique-angled triangles, the logarithmic tables will 
be almost exclusively used, as the operation, in reference to such 
triangles, is usually more easy when wholly conducted by logarithm& 
Under particular circumstances, however, the third case of oblique- 
angled triangles may be conveniently solved without logarithms^ as will 
be hereafter shown. 

This first case of oblique-angled triangles is what is called the 
amhifftums case, when the given parts are two sides and an angle 
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opposite to one of them. For the angle opposite to the other, heing 
indicated in the rule by its «in€, we may be at a loss to know whether 
the angle itself is acute or obtuse ; for the same sine equally belongs to 
an angle and its supplement. Other particulars concerning the triangle 
in hand are sufficient to overrule our choice, and if these are fumiuhed, 
the ambiguity is removed ; but, in the absence of all information as to 
the shape of the triangle under examination, we have nothing to guide 
us in the selection, beyond the two geometrical truths that tvH> angles 
of a triangle cannot be obtuse, and that the greater side must have the 
greater angle opposite to it: but Ex. 2, following, will sufficiently 
illustrate the ambiguity here adverted to. You wUl remember that 
Euclid says nothing about two triangles being 
equal, when the three things, the same in both, ^ 

are two sides and an opposite angle ; and his 
omission arose from the geometrical ambiguity 
corresponding to that implied in trigonometry. \ 
The annexed diagram shows that the two ^ 
wnequal triangles, ABC, ABG have two sides, j^ 

AGy BC and the angle Aj in one, the same B "'- ^''R 

as the two sides AUt BC and the angle A 
in the other, provided BC^BfC. 

(1) In the triangle ABO are given 

A =23° 45', (7=ir 16', and c=60 feet, to find a. 

Here two angles, and a side opposite to one, are given to find the 
side opposite te the other ; hence by the rule. 

As sin (7, 17° 16' 9 -472086 to he subtracted. 

: BiuA, 23° 45' 9 -605032 

:: c «60 1-778151 




/m m 



o«81-488 1-911097 



96. There is evidently an inconvenience in thus having to add 
together two logarithms, and to subtract a third. There is an in- 
genious way of avoiding this inconvenience, and of rendering the 
logarithms all additive ; we shall explain it here and urge it upon your 
attention. 

Suppose we had omitted the subtractive logarithm altogether ; we 
should then have committed an error of excess in the final result, to the 
amount of 9 -472086. This number is short of 10 by -527914, so that 
if we not only cause the result to err in excess by 9-472086, but 
further increase the error by addmg '527914 to the other two logarithms, 
the error in the result will then be exactly 10 ; an error which is very 
easily allowed for, and precluded from appearing by actually suppressing 
10 in the total amount. It is this that is sJways done in practice ; 
instead of' writing down a subtractive logarithm in the same column 
with additive logarithms, we write down what the subtractive log 
wants of 10. This is called the arithmeHcdl complement of the log ; 
and by taking this arithmetical complement addiiive^ the wicol q»1 ^«)Ak 

L 2 
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whole colamn becomes too great by 10, which 10 is therefore suppreesed 
in the result. 

The arithmetical complement may be written down, when the number 
18 before us, nearly as rapidly as the number itself. The best way is to 
commence with the first figure on the hft, to subtract it, and eyeiy 
following figure from 9, till we come to the last significant figure, which 
we must subtract from 10. This is evidently the same, as to result, as 
commencing the subtraction in the usual way, that is, at the last figure, 
and proceeding, firom right to left, to the first figure : the canying 1 
every time, and the uniform subtraction fi*om 10, is the same as to omit 
the carryings, and subtract aU, after the last figure, from 9. 

When, therefore, having turned to the tables, we find log sin IT* 15' 
s= 9 '472086, we point to the 9, and write ; to the 4, and write 5 ; 
to the 7, and write 2 ; to the 2, and write 7 ; to the 0, and write 9 ; to 
the 8, and write 1 ; and finally to the 6, and write 4. Instead of the 
above, therefore, the operation would be this, 

As sinC, 17° W -527914 {ArUh. Ctrnp,) 

: sin^ 23° 46' 9*605032 

c, 60 1-778161 






: a»81*488 1 -911097 (10 nijjpreMecQ. 

And this should be the mode of proceeding in all cases in which a 
subtract! ve logarithm is to be combined with others that are additive. 

(2) In the triangle ABO a,re given, 

a:=345, &»232, ^^37° 20' to find all the other parts. 

1. To find A. 

As h, 232 7*eZi512(ArUh,Oomp.) 

: a, 345 2-537819 

:: BinB, 3r20' 9-782798 

: BmA, 64° 24^^ 9 -955127 {Su^ppresa 10). 

As the sine of an angle is the same as the sine of its supplement^ we 
have no more right to pronounce the angle ui to be 64 24', than to 
affirm it to be 180°-64* 24'=115° 36'. The case, therefore, is oniftfr- 
fftbom. There are two triangles to which the given conditions apply: 
in one the angle A is 64° 24', and in the other it is 115° 36'. In aotoal 
practice a glance at the shape of the triangle will in general be sufficient 
to indicate whether the sought angle is acute or obtuse, and thus to 
remove the ambiguity ; but i^ as aSove, the mere measurements alone 
are given, and no information afforded as to whether the triangle if 
acute-anffled or obtuse-angled, we have no groimds for preferring one 
to the othelr, and must therefore, compute for both. If the given angle 
B had itself been obtuse, or if the side opposite to the given acute an^ 
B had been greater than that opposite to A, then, of course, there 
could have been no hesitation about the character of the other angles : 
—each of them must have been acute. As two angles A, B, (^ iiMi 
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piropoied triangle, or rather, of the pair of triangles are now known, we 
can get the third angle, 0> by subtracting the sum of those two from 
180** ; thus :— 

2. To find a A^ W" 24' or US** Z^f 

JB« sr 20' sr 20' 



-4 +P=10r 44' or 152** 56' 
-4+-B+(7-=180*» 180° 



(7= 78° 16' or 2r 4' 



a. To find e. 

As sinii . . .. -044873 -044873 {ArWi, Ckmp,) 

: sinC... 9-990829 or 9*658037 

o.... 2-587819 2-587819 






c... 2-573521 or 2-240729 



/. c«374-56, or 174 -07 
consequently, the six parts of the triangle are either 

o«846, 6«232, c«374-56; A^ 64° 24', B^sr 20', (7=78° 16' 
or o=.846, 6-282, c=174 07 ; il=116° 86', JB^Sr 20', e=2r 4'. 

NOTB. — ^When an angle is to be found, it will always be unambiguous 
when either of the other angles is obtuse, as also when the side opposite 
an acute angle is greater than the side opposite the angle to be found ; 
the sought angle will tiien always be acute (Eudid, Prop. 18, B. i.). 
When neither of these conditions are stated, the sought angle may 
have either of two values, the one being the supplement of the other. 

(1) Given A =74° 14', 5=49° 23', and c=408, to find a and 6. 

(2) Given 6=153, c=187, and jB=78° 13', to find the remaining 
parts A, Of a. 

(8) A person on one dde of a river, wishing to know the distance of 
an object on the other side, measured a straight line of 200 yards by the 
river side, and having fixed up a staff at each end, measured with a 
theodolite the horizontal angles at each end of the line, between the 
other end and the object. These angles were 68° 2f, and 73° 15'; 
required the distances of the object firom each end of the line. 

(4) Two observers, 1,000 yards apart, take at the same time the 
angles of elevation of a balloon, somewhere between them in the same 
vertical plane. The angles were 36° and 54^ ; required tiie height of 
the balloon. 

(5) Two ships of war intending to cannonade a fort, are kept so far 
from it by the shallowness of the water that they suspect the guns cannot 
reach it. In order, therefore, to discover its distance, the ships sepa- 
rate from each other a quarter of a mile, or 440 yards ; fco\&. ^sbiskv. ^&ci;^ 
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is then measured the angle which a line joining the other ship with the 
fort subtends. These angles are 88° l5' and 85° 15'; required the 
distance between each ship and the fort. 

(6) Given two sides of a triangle equal to 216 and 117 respectively, 
and the angle opposite to the latter, 22 37' ; required the angle opposite 
to the former to the nearest second. 



97. Case 2. — When the three given parts are two sides and the 

iaicluded aaigle. 

Let ABC be any plane triangle ; the sides AC, BC, and the included 
angle C, are supposed to be given to find the angles A and B, 

From the longer of the two given sides, CA, cut off a part CD equal 
to the shorter CB ; draw BD, and perpendicular to it draw C£ which 
produce to F^ and draw EO parallel to AB, 

Then because the right-angled triangles CEB, CED have the angles 
at B and D equal (Euclid, 5 of i.), and the side CE common, CE 
bisects the angle at G, and also the line BD. And because DE^EB, 
,\DG= GA (Euclid, 2 of vi.) ; therefore, smoe CD is the half of -B(7+ CD, 
and DO the half of DA, /. CO=i {BC+ CA) ; that is, 

C76^=half of the sum of the given sides ; 

and since AD is the difference of those sides, therefore, 

il^sshalf the difference of the given sides. 

Again, since the three angles of every triangle make two right 
angles, the sum of the angles CDB, CBD must be equal to the sum 
of the angles A, B of the proposed triangle, so that CBD is half that 
sum ; therefore, 

C7J9i)ss half the sum of the unknown angles ; 

also il^i>=half their difference ; 

because the half sum added to the half difference must make up the 
greater of the two (Algebra, p. 12). 

These preliminaries being settled, we have, by right-angled triangles, 

CE=BEt&nCBD, C 

EF^BEiKnABD 

:. CE : EF: : t&nCBD : taxiABD 

But(Euo. 2ofvi.) 

CEiEF:: CO: OA 
:, 2C0: 20A :: UaiCBD: 

tAuABD F 

and this proportion expressed in words is the following rule. 

BuLE. As the simi of the two given sides is to their difference, so is 
the tangent of half the sum of Qie opposite angles to the tan<yent of 
half their difference. 

that is. a+h^Ujii(A + B) cotjC 

^ o^6 tSLni^Ar^B) ta,ni'(A'^B) 
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(1) Two sides of a triangle are 845 and 174*07; and the ang]e 
between them 37^ 20' ; required the other parts. 

o=345 i4 + -8+C-180° 

6=174 -07 G^ %r 20^ 



fl + 6=519 -07 i4 + jB=-142** 40^ 
o-6=]70-98 



It remains therefore now to find A—B, by the above rule. 

As + 6, 619-07 7*284774 (^i-i^. C7omp.) 

0-6, 170-93.-... 2-232818 
:: tan4(il+^, 71° 20'.... 10 -471298 



tan4(il-^, 44° 16'.... 9-988890 



Adding, A ^ 115° 36', the greater angle. 

Subtracting, £= 27° 4', the less angle. 

The angles opposite to the two given sides being now found, we may 
find the third side by the former rule ; thus, taking instead of the angle 
A. its supplement 64° 24', as the sines are the same : — we prefer to take 
this rather than the angle B, because the log 345 is more readily got 
than log 174 -07 — we have 

As siuil, 64° 24' '044874 (Arith, Comp,) 

: sinC, 37° 20' 9-782796 

:: a, 345 2-537819 



€, 232 2-365489 



Bxamples for Exercise. 

(1) Given two sides of a triangle, 23 -859 and 29 *271j and the angle 
between them, 40° 56', to find the third side. 

(2) Given two sides of a triangle, 120 yards and 112 yards, and the 
included angle 57° 57' ; required the other parts. 

(3) In a triangle ABC are given. 

AB=:di6, -4(7-232, A^2r 4'; 
required the angles B and C. 

(4) An obelisk stands on the top of a smooth declivity : if a distance 
of 40 feet be measured down this declivity from the bottom of the 
obelisk, the angle of elevation of the top will be 41° ; but if the mea- 
suring be continued 60 feet further, the angle of elevation will be only 
23° 45' ; required the height of the obelisk. 

(5) Given a-16 -9584, 6=11-9613, and C= 60° 43' 36", to find the 
side c. 



98. Case III. When the given parts are the three sides, 

Beferring to the two triangles at page 146, we have, by Euclid Pro- 
positions 12 and 13 of Book li.. 
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"WheiijB IB acute, A(P^BC^ + £A*-^2BA'BD 

When -B is obtuse, AC*=BC* + BA* + 2BA'£D 

But BD—BC cobCBD ; therefore by substitution, putting a, h, e, 
for the three sides of the triangle, we have 

When jB is acute, l^^a* + f?—2aecoBB 

"When B is obtuse, 6*=a* + c* + 2ac cos CBD 

But CBD being the supplement of B, in the latter case, its cosine is 
— cos^ ; hence, whatever be the character of the angle B, 

J?a.a? + c»-2accosjB 

Here one side of a triangle is expressed in terms of the other two 
and the included angle, and when the two sides are small numbers this 
formula may be conveniently used instead of the rule in next page, the 
natural cosine of the induded angle being employed. As 6 is any side 
of the triangle, we of course have similar expressions for a* and l^. 
Hence, for the cosines of the three angles in terms of the sides, we 
have 

cobA^' 



cobB* 
cobC- 



26c 
'+c»-6» 



2ac 



2a6 

These formulsd are easily remembered, and they serve very well 
for the purpose when the sides are expressed by small numbers, but 
they are not adapted to logarithmic computation, on account of the 
admtion and subtraction operations which they involve. A formula 
fitted for the application of logarithms must be free from additions and 
subtractions ; the denominator of each expression is in a suitable form : — 
Let us try to convert the numerator into /actors. 

Subtracting each member of the first equation from 1, we have 

a«-(6^-26c + c*) a«-(6-c)« 

i_cos^ ^ —^sr- 

As the numerator is now the difference of two squares, we can 
convert it into fiu^tors (Algebra, p. 27), so that 

i-cos.i=<2=±t#i±:£> (1) 

The expression l^oosiL, that is, the difference between radius and 
the cosine of an angle, is called the verud-WM of that angle ; thus, 
mB is the versed-sine of the angle CAB^ 
to the radius AB, regarded here as wMJt, 
But versed-sines are not computed in the 
ordinary tables ; we must try therefore to 
change 1— cosui into some equivalent tri- 
gonometrical value to be found in the 
tables. 
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Now tbe angle DCB, being in a Bemicircle, is a right-angle ; and 
therefore (Euclid, Prop. 8, Book vi.) BD- Bm^B(P; but BC, the 
chord oi the arc BO, is evidently twice the sine of half that arc, or 
twice tiie mne of half the angle A, which it measures^ and BJ), being 
twice the trigonometrical radius, is 2 ; 

/. 2(l-coBil)«(2sm4ul)« 
... (1), rinH^, i(a-6^o)^i(a^6^o) ^^^ 

For brevity, put «» 4 (a + 5 + c), haJif the sum of the sides 

9^c^i(a + h—c) 
...(2), anlA.^tlMz^ (8) 

a formula ^ell adapted to logarithmic computation. 

By means of this formula — and the two similar ones for sin^jS, 
dni (7, which may be written down from a mere inspection of that for 
sin^il, since the small letters always refer to the including sides — ^we 
may readily find the sines of the half anfi;les from having the sides of 
the triangle given ; it is useful to have uso formulss fbr the cosines of 
the half angles. Now since 

i(l~oos^)«sinH^ 
1 » 1 



By subtraction, i (1 + 008il)8l— sin'iil»co8*4i[ 

Hence, instead of subtracting each member of the equation above 
fix>m 1, if we add 1 to each, we shall have 

•••-i^-V^^ w 

And dividing (3) by (4), 

Either of the formulse (3), (4), (5), will enable us to find the half 
angles when the sides are given ; and a formula for the whole angles 
may be easily obtained thus : 

since 1— cosils2sin^ii[ 

and 1 + cos iLss 2008*4^1 

by multiplying, sin'il » 4 sin' J A cos' J A 

,'. sinulaB2 8iniil cos^iL 

.'. (3) and (4), sin^«-~-v/{«(»-a)(»-6)(»-o)} . . . .(6) 

But, for the object proposed, the formuls (3\ (4), as they involve the 
least amount of calculation, are to be preferred ; moreover, as half an 
angle of a triangle is always acute, the formul» (3), (4), (5) are never 
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ambigaons except under peculiar ciroumstances. And here it 
well to apprise yon that trigonometrical formulse, although all 
correct, are not aU equally suited to give correct numerical 
This arises from the unavoidable slight imperfections of trigonoi 
tables. These are, of course, computed only to a finite nui 
decimal places — seldom more than seven places ; hence, if two 
angles should differ so little from each other that their sines or 
agree to this extent of decimals, the tables would not enable us 
ting^ish that difference. Now for arcs veiy little below and vei 
above 90% it is plain, tr&dx Ihs oonformation of the circle, that tl 
as well as the sines of aU arcs intermediate to them, differ ve: 
from one another ; so that, if any one of them is to be inferred j 
sine, as given in the tables, it might happen from the coincideno 
leading decimaLs, that several arcs might presenb equal claim 
regarded as the arc. It is always safer, therefore, when an an^ 
near 90° is to be determined, to avoid taking the sine as a guid< 
angle ; a cosine is much better* On the contrary, when the angle 
small, the sine or tangent will be a better guide to it than l£e 
lb thus appears that formula (8) will be unsuitable when the 
angle is foreseen to be very nearly 180°, and formula (4) will be uni 
when the angle* is very small. Formula (6) is open to the sam 
tion as (3) in the extreme case supposed, but in a less degree. 

Although tangents of arcs or angles near 90° differ very rapii 
as the differences by which they increase are very unequal, an 
proportioning for seconds, we proceed on the assumption tl 
tangent increases uniformly through 60", formula (5) is not so i 
as (4) for angles near 90°. 

99. Instead of a rule in words, it will be better to work by 
other of the formulae (3), (4) ; a model of the arrangement 
logarithmic operation by each of which is here given : — 



be 
Form of operation. 

Logs 
a 

h arith. comp. 
c arith. comp. 



2 ) sum 



8 



2 ) sum of logs 



Bin4^ 



cos^^ 



^ /8{8—a) 



Form of openxUon, 



a 



h arith. comp. 
c arith. comp. 



2 ) sum 



8 

8— a 



2 ) sum 



cos|ul 
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• 
No correction is to be made in the som of the logaritibms on aoconnt 
of the arithmetical complements, because the sin^^ and cos^ul, as 
determined by the formidfe, are to be increased by 10 to adapt lliem to 
the logarithmic values ; and although two lO's are introduced by taking 
the complements as above, yet, as after the division of the sum of the 
logs by 2, only one superfluous 10 can enter, it is the 10 actually 
wanted to adapt the corresponding sine or cosine to the tables. 

NOTB. — ^If the sides are small numbers, that is to say, not consisting 
of more than three figures each, then either of the formulas 

l^ + i^-a^ 6» + (c + a)(c-a) 



coaA^ 



2bc 2bc 



. , {a—b + c)(a + b—c) {a + b + c){b + c—a) , 
or, cosil-1 — ^ 1 

may be conveniently used, the reference being, of course, to the natural 
cosines. 

In working a particular example, you should always commence by 
writing down from memory the general form you intend to employ, so 
as to be independent of aid from the book. 



(1) In a triangle ABO a,re given the sides^ namely, 

o=l-372, 6=6, c=5-528 
to find the angle A, 

r{8-b)(a-c) 



Sm^ilat 


V be 


o=l-372 


• 


6=«6 arith. 


comp. 9*221849 


c»5'523arith. 


comp. 9-257826 


2 ) 12 -895 




««6-4475 




«-6= •4475 


1-657793 


«-c=» -9245 


1.965907 




2 ) 18 -096374 


an 4^1, 6** 24' 65" 

2 


9-048187 






.', ul = 12° 49' 60" 
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Let ns now work the example by the second of the formulaB in the 
note, namely, 

a« 1-872 
&» 6 
c» 5-528 



o+6+c= 12 -895 
J + c-o-10-151 



12895 
64475 
5 '523 12895 
6x2» 12 12895 



66 -276 ) 180 -897145 ( 1 -975003 ; -975003 -cos 12'' 49' 50" 
66276 



646211 
596484 

497274 
468932 



88342 
83188 



204 
199 

5 

100. When all three of the angles are to be determined, the formula 
(5) will, in general, be found the most convenient; for the three 
expressions 

all involve the same &ctor8, namely «, (a— a), (s—h), {t—c) ; acircnm- 
stance of which we may take advantage; for having found tanjii, 
we have 

tani5«^taniii, taniC7=-^taniil 
Btanjil-i , Bitaniul-4 
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,', logtani^slogtaniil— log((— &)— colog*(«— a) + 10 

log tani(7»log tan^ul —log (#— c)— colog («— o) + 10 

The following example shows how these are brought into use in the 
way of condensing the work. 

(2) Given the sides a» 95*12, 5=^162*84, c:^98, to find all the 
angles A^ B, C, 



a» 95*12 
6=- 162*84 
e« 98 



•"M-v^^^^ 



2 ) 855 *46 



#= 177 * 78 arith. comp. 7 * 750239 

«-.a= 82*61 arith. comp. 8*082967 [p] 

«-6= 15*39 l*187239[d 

,-c= 79*73 l*901622[r] 



2)18*922067 



tani^ 16** 7' 27" . . .. 9 -461083 from this take [p] 

1 *878066 from this take [^ [r] 

tanii?, Br 12f V 10 *190827 ) , , 

tan 4 (7, 16° 40' 29" . . .. 9*476444 J 



Vei-ification 90** O' 0" 



We might have determined iO thus, 90°— i 1—1 J?; but it ia 
always better to find aU the half angles, as above ; inasmuch as we 
can then verify the correctness of the operations as here shown. It 
will, however, usually happen that, in summing up the half angles thus 
computed, there will be a slight departure from 90°, on account of 
unavoidable small errors of observation in measuring the sides, and 
because, moreover, of the limited extent of the decimals in the tables. 
The usual way of applying the correction in such a case, is to divide 
the difference from 90° equally among the computed angles. The 
foregoing example is taken, with slight modification, from Young's 
" Treatise on Plane and Spherical Trigonometry," to which reference 
may be made for several useful applications of the theory, which want 
of space precludes our entering upon in the present Compendium. 

* An arithmetical complement is sometimes for brevity called a cohg. 
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Examplea for ExercUe, 

(1) Given the three sides as follows, to find the angle A, 

o»3387-97, 6*2065, c=1687 

(2) Given a=174 -07, 6=232, c=345, to find A, B, O. 

(3) Given the sides of a triangle 4, 5, and 6 respectively ; required 
the angles. 

(4) Given a=15-236, 6=12*414, c=9-018, to find ^. 

(5) Three distant objects A, B, C, are at the vertices of a triangle, of 
which the sides are known, namely 

BC^297 feet, iiC7=328 feet, il^-462 feet ; 
a person in CA prolonged finds the angle subtended by AB, at the spot 
where he stands, to be 34° 16' 21"; required his distance firom each of 
the three objects A, B, C, 



On the AbEAS of PaBALLELOGBAU S, TBIANaLES, AND 

Rbgulab Polygons. 
Parallelogram and Tricmgle. 

101. As every parallelogram is equal in surEEice or area to a rectangle 
having the same oase and the same altitude, the numerical expression 
for the area of a parallelogram is found by multiplying the number of 
units of measure (whether inches, or feet, or yards, &c.) in the base, by 
the number of units of measure in the perpendicular or altitude. This 
rule is suggested by geometry (Euc, Prop. 35, Book i.) ; but sometimes it 
is more convenient, especially in surveying, to measure the two sides of 
the parallelogram, and the angle between them, rather than one side 
and the perpendicular upon it from the other side. In this case, the 
means of computing the area must be suggested by Tiigonometry, 

Let ^i> be a parallelogram, and CE 
its altitude ; then, in the right-angled 
triangle AEC, we shall have 
CE^ACeinA ; 

/. ATea,^AB'CE^AB'ACBmA.,{l) 

so that the area of a parallelogram is 

equal to the product of any two adjacent sides multiplied by the dne of 

the angle between them. 

The trouble of finding the perpendicular CE may thus be avoided, 
whenever it is mora convenient, in practice, to measure the angle A. 
But the measurement of A even may be dispensed with by availing 
ouraelves of the formula (6) at page 153, provided, in addition to ACt 
ABf we also measure the distance of C and B ; for calling the sides 
including the angle A, 6, and c, and the distance CB, a^ tlu^t formula 
gives us 

2 , . 

Binil == j^\/{« («-o) («-6) («-c)} 

and multiplying this by 6c, the product of the sides, agreeably to (1) 
above, we have 

Area«2-v/{«(»-a) («-6)(«-c)} (2). 
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And since every triangle is equal in area to half a parallelogram of the 
same base and altitude (Euc, Prop. 41, i.), the area of a triangle, 
whose sides are ct, 5, c, will be found by taking half of either of the 
expressions (1), (2) above, thus ' 

A^^bcsmA = -v/{«(«— a) («— 6) («— c)} . . . .(8) , 

We may hence compute the area of any plane C 

quadrilateral, however irregular, by simply 
measuring the two diagonals of it, and one of. 
the angles between them. 

Thus, let the annexed figure be any plane 
quadrilateral, the diagonals ^^, CD, of which 
are measured, as also one of the angles at E, it 
matters not which, because the sine of an angle 
is the same as the sine of its supplement. The 
figure is divided, by the diagonals, into four 
triangles, the areas of which, by (1) above, are 

iAS'ECeanE, iEB-ECsinE, iAE-DEsmB, 
^EB-DEBinE 

hence the sum of all four, that is, the area of the quadrilateral, is 

i{AE+EB)ECBinEl .uE^EBMDE^ECS^mE 
+ i(AE+EB)I)EBmE\ -i(4^+^^)(^-^+^C)sm^ 

that is, Area=i^5.i>(7sin^ (4) 

so that, in surveying an irregular four-sided field, if rods be s^t up at 
the four cornel's, and then an intermediate rod E, be so adjusted that 
E and are seen in the same 'straight line from J), and E and B in the 
same straight line from A, then the angle at E, subtended by any two 
of the comer-rods being taken, and AB, CD measured, the area of the 
field may be easily computed by the formula (4) ; that is, by multi- 
plying half the product of the measured diagonals by the sine of the 
angle between them. 

It is, of course, to be understood, all along, that when we speak of 
multiplying lineSy we merely mean the multiplication of the ahstrcict 
wmniers which express how many feet, yards, &c., those lines contain ; 
the product being the nttmber of square feet, yards, &c. 




Circumscribed and Inscnbed Circles. 

102. Let ABC be any triangle ; if any 
two of its sides be bisected by perpendicu- 
lars, these perpendiculars will meet in the 
centre of the circumscribed circle (Euc, 
Prop. 6, Book iv.) OA will therefore be the 
radius of that circle ; call it i2 ; we shall 
then have AD^RsixiAOD; but AOD, 
half the angle A OB at the centre, is equal 
to the angle C of the triangle (Euc. Prop. 
20, Book iii.) ; 

/. ic^RBiTiC, Similarly \b^R^By and \a^RB\nA ; 
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and from either of these expressions we get for M, by the fonnula (6), 
at page 158, 

ff^ i^ m 

^{8(,-a){s^h)(8-c)} ^' 

But, Equation (3), page 159, the denominator of this expresaon is the 
area of the A, 



dbe 






. abe 



Let now o be the centre of the »n- 
tcribed circle; then o is the intersectipn 
of the lines Ao, Bo, bisecting any two 
of the angles (Euc, Prop. 4, Book iv.), 
and the perpendicular oa is the radius : 
call it r ; we shall then have 

i cr B triangle oA B, Similarly 

J6r=tri.o(74, \ar^tn,oCB. 

And since the sum of these triangles 
is the whole triangle ABC'^ibcBiuA, j^ 
we have. 




he 



(2) 



A»i5esiniiB)(a + &+c)rs«r .% r— -^-sinil 
.-, (Equ. 8, p. 169) r-| = ^ {-a){.-h){>-c) 
Consequently, dividing (1) by (2), 

r (»— o) («— 6) (»— tf) 

If the triangle be equilateral, any side being a, then, p being the 
perpendicular upon it, 

that is, the perpendicular is equal to the square of a side divided by 
the diameter of the circumscribed circle, or to three times the radius 
of the inscribed circle. Also from (1), (2) 

so that R^2r, or the radius of the circumscribed circle is double that 
of the inscribed circle. And from either of the foregoing expressions 
for the equilateral A, we have A«^a'v^3. 



Jtegidar Polygon, 

108. Let a side ^^ of a regular polygon of n sides be represented hf 
a, and let be the common centre of the circumscribed and inscribed 
circles ; the radii of these OA, OD being R, r. 

The sum of all the angles at 0, subtended by the n sides, is ^60% or 
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2v ; it being customary to denote 180" by tt, 
so that any one of these angles wiU be ex- 
pressed by — ; 

/. J2=-aco8ec-, r=-a cot- .(1) 

since the angle is bisected by r. Also the « 
area of the triangle OAB being ^ar, if She 
put for the areas of all the n triangles, that is, 
for the Bur&ce of the whole polygon, we shall have 

S—Tfia^coi- 
4 n 

Also for a side a of the polygon, we have by (1), remembering that 

coseo^-T-, and cot=ST — , 
sin tan 

o=2^sin-=2rtan- 
n n 

Putting these values successively for a, in the expression for S, re- 
memberings that cot»-:— , we have 
® sm' 

S—nH^mn-- co8-ssnf*tan- 

But, page 158, being any angle of a triangle, 

111 
sin- cos- 0— -sin i 

u Am 

27r 
therefore, when 0« — , 

» 

. ff TT 1 . 27r 
sin-cos-=s-8m — 
n n 2 n 

Hence the two expressions for the area of the polygon are 

2 f» n 

104. In the foregoing investigation, the w has been employed to 
represent 180°, that is, two right angles without any reference to the 
arc which measures these degrees ; but, at the commencement of the 
present treatise, it was seen that the numerical values of all trigono- 
metrical quantities are estimated according to the scale of radius » 1. 
Every trigonometrical arc, therefore, has 1 for its radius; and it is 
plain that whether any such arc be expressed in angular or in linear 
measure, none of the deductions of trigonometry can be disturbed. It 
is sometimes convenient to take w — when referring to the trigono- 
metrical semicircle — in linear measure ; that is, to regard it as the 
length of a semicircle to radius 1. With this interpretetion of ir, we 
may, with propriety, speak of its ratio to a line, which we could not do 
if rr stood exclusively for two right angles. Now, regarding v tcL^Jbssk 

1£ 



162 PLAKB TBI(K)KOMETBT. 

light, we have the ratio tan - : -- continually approaching nearer and 

nearer to a ratio of equality, that is, to 1, as n increases ; that is, as the 
length of the arc diminishes, the ratio actually reaching 1 when n 
reaches infinity. If, therefore, for the preceding expression for S, we 
write its equivalent 

tan— 
5^^ — ?, 

n 

and then suppose 9»=oo , in which case the polygon must be confounded 
with the circle, and be equal in sui-face to it, we shall have 

Area of Circle, of i-adrjsawT*. 

Hence, the area of a circle is found by multiplying the semicircum- 
ference of a circle whose radius is 1, by the square of the radius of the 
proposed circle. How the circumference to radius 1 is found, will be 
shown in next page. 



It is of importance that you should keep in mind the double sense in 
which the symbol ir is used in analysis. In all purely trigonometrical 
formulae, rr may be regarded indifferently, either as 180°, that is, two 
right angles, or as the number 3*1416, which will presently be shown 
to be the numerical expression for the length of a semicircumference to 
radius 1* ; and more generally, any angle may, in all such formulss, he 
replaced by the linear measure of its subtending trigonometrical arc ; 
but, when the radius is other than unity, 9r always means 180°, or two 
right angles ; the linear measure oi A^, on the trigonometricsil circle, 
if multiplied by R, is the linear measure oi A° on the circle of radins 
i2 ; as is obvious. The linear measure of ^° on this circle is therefore, 
length of 

.o ^ ,« 3 -1416 . -, -6236 . ., 
i4°, to radi2,=-Yg^ A x R^-^A x R 

1. Suppose, for instance,, it were required to find the length of 45° 
of a circle whose radius is 10 feet. 

Length of 45°, to radlO, =-^ x 46 x 10« -5236 x 16«7 '854 

/. 46°«7-854 

2. How many degrees are there in an arcf whose length is that of 
the radius to which it belongs ? 



* See the note in next page. 

f Professor De Morgan proposes to call the degrees in an arc its 
gradual (pronounced gra-duat) measure ; and the Imgth of it its areuai 
measare, terms sufficiently brief and significant for general uae. 



I 



PLAKB TBIGONOMSTBT. 



168 



Length of ^°, toradi2,=J2= 

80 



■5236 



30 



Ay^R 



A^' 



=57 '295. . .., the number of degrees 



•5236 

/. ^*»=5r-295 

In like manner, if the length of A^, to radius B, be a, then 



o= 



•5236 



Ay,R 



^'l 



30 



^o-^x5r-295.... 



30 R -5236 

so that if the Ufngth of an arc be divided by its radius, and 57^ '295 

be multiplied by the l|uotient, the result will be the degrea in that arc. 

The fraction -= is the trigonometrical circular measure of the angle A^\ 

for the length a, of A° in a circle of i-adius R, is to the length of, of A° 

in a circle whose radius la Rf, aa Rio Rf, .*. when R!=lf -^^of, the 

trigonometrical circular measure of the angle subtended by a ; this is 
often called simply the circular measure of the angle : — it is the length 
of the arc, subtending the angle, divided by the radius of that arc. 
And the constant 67° '295 (or more correctly 57° '2957795) — ^the degrees 
in a length of arc equal to R — ^is called the tmit of circtUar meatvrey or 
the unit of angular measure. 

All the quantities concerned in trigonometry are thus referred to one 
common standard of measure, namely, the rcuiitu; if p be the trigono- 
metrical sine, or cosine, or tangent, &c. of an arc, radius xp is the 
linear measure of it ; in like manner, radius x 3 '14159. .. is the linear 
measure of the semicircumference ; and as an arc, equal to radius in 
length, is 57° '2957795 . . . , the circular measure of the semicircum- 
ference is 57°'2957795. .. x 3'14159. . . . :=180° 



Note. On the area of a circle, and the length qfits circumference, 

105. Let ai> be the side of an inscribed polygon of n sides ; and let 
the surface of it be represented by 
Pn't thet&TigeTiUaA,bAf will each 
be half a side of a similar circum- 
scribed polygon : call the surface 
of this polygon P^. Let M be the 
middle of the arc aMb ; then will 
the chords aM, hM^ be sides of an 
inscribed polygon of 2n sides, the 
representation of its surface being 
P^i while the tangent, BMO will 
be the side of a similar circum- 
scribed polygon, the surface of 
which is represented by P.^^, All 
this is proved in Euclid's fourth 
book, and the following are ob- 
vious truths :— 

h2 
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OaD is the same part of jpn that OaA is of P^ 
„ J, „ that Oailf is of j9an 

>, yj ,, that OaBM is of Pan 

for each of these spaces must be repeated exactly the same number of 
times to complete the polygon of which it is a part ; and since magni- 
tudes are to one another as their like multiples or submultipies, what- 
ever proportion exists among these parts must also exist among the 
wholes, 

1. By similar right-angled triangles ODa, OaA 

OD : Oa :: Oa : OA 
that is, OD : OM :: OM : OA (i) 

and since the altitude aD is the same (gr the three triangles ODa, 
OMa, OAa ; and that triangles of the same altitude are to one another 
as their bases, it follows from the above proportion (1), that 

ODa : OMa :: OMa : OAa 

Consequently, the numerical measure of the surface of the triangle OMa 
is a mean proportional between the numerical measures of ODa, OAa ; 
and therefore, the surface of psn is a mean proportional between the sur- 
faces of pn and Pq, tiiat is, pm^ 's/PnPn- • • . (A). 

2. By similar right-angled triangles ODa, BMA (the angle BAM^ 
OaJD, because OaA is a right angle) we have 

OD : Oa :: BM : BA 
that is, OD : OM :: aB : BA....(2) 

and since the altitude aD is the same for the two triangles ODa, OMa ; 
and the altitude Oa the same for the two triangles OaB, OBA, and 
that triangles of the same altitude are to one another as their bases, it 
follows from the above proportion (2), that 

ODa : OMa :: OaB : OBA 

therefore (Euclid, 13 and 6 of v.) 

ODa+ OMa : 20Da :: OaB+ OBA : 20aB 

.*. i>n+i>a» • 2pi» :: P» : Pa» 

.-. P^=^^ (B) 

Let the radius of the circle be numerically represented by 1 ; and 
first let the inscribed and circumscribed polygons be squares ; that is, 
let 71=4 ; the surface of the inscribed square will be 2, that of the 
circumscribed square 4, that is, 1>4=2 ; P^=4 ; consequently, by (A) 
and (B) above, 

O y fi 1A 

i>i6== \/(3 -3137086 -v/8) = 8 -0614674, 
_ 2x3-3137085v/8 « ,««,«^^ 

^'«-78TF06iW=^-^«2^^^^ 

And by continuing this operation, we may get, in succession, p^^ 
Pggi 1*04* ^64 f ^'^^ B^ ^^ ^ ^^1 extent> as in the following table. 
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Surf cues of inscribed and circumacrihed Polygons, ra(2»l. 



No, of sides. 


Surf, of ins. Pol. 


Sur£ of circ. Pol, 


4 


2 -0000000 


4-0000000 


8 


2 -8284271 


3-3137085 


16 


3 -0614674 


3-1825979 


82 


3 -1214461 


3-1517249 


64 


3-1365485 


3-1441184 


128 


3-1403311 


3-1422236 


256 


3-1412772 


3-1417504 


512 


3-1415138 


3-1416321 


1024 


3 -1415729 


3*1416025 


2048 


3 -1415877 


3-1415951 


4096 


3-1415914 


3-1415933 


8192 


3-1415923 


3 -1415928 


16384 


3-1415925 


3-1415927 


32768 


3 -1415926 


8-1415926 



106. We thus see that the numerical expressions for the sur&ces of 
the inscrihed and circumscribed polygons of 32768 sides, agree as far as 
seven places of decimals ; and, consequently, as the surface of the 
circle itself is always intermediate in value between the surfaces of the 
corresponding pair of polygons, the numerical expression for the area 
of a circle, of radius 1, as far as seven places of decimals, must be 
3 -1415926. Now it was shown at page 162, that 

Area of Circle, of rad f , «= wr* 
in which v is the numerical expression for the semicircumference of a 
circle to radius 1, therefore, 

Area of Circle, of rad 1, =«• 
that is, the numerical value of ir, is the same as the numerical value 
of the area ; the only difference being that the former expresses linear 
m^wure, and the latter square measure, 

/. 7r= 3 -1415926* 
which, to four places of decimals, an extent sufficient for common pur- 
poses, is 3*1416, the semicircumference of a circle whose radius is 1 ; 
or the whole circumference of a circle whose diameter is 1, because 
circumferences of circles are to one another as their radii. 



PART IL 



The Tbioonometbical Analtsis. 

107. The foregoing part of the present treatise has been devoted to 
Trigonometry proper ; the angles concerned being all comprised within 
the limits of 0° and 180°, agreeably to the Euclidean definition of an 

* That this number is an interminable decimal, will be proved, in a 
way which the author conceives to be original, at the end of the present 
volume 
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angle. There is no necessity to go beyond these limitations in order to 
establish all the relations which exist between the sides and angles of a 
triangle, and for this single purpose the foregoing investigations are 
amply sufficient, and may be regarded as complete in themselves. But 
for more advanced applications, a more extended theory of angular 
magnitude must be provided ; and to give a compendious view of this 
more general theory is the object of this Second Part. 

The trigonometrical analysis, as the name indicates, establishes the 
general properties of angular magnitude by means of algebraic symbols. 
Geometrical diagrams are employed only at the outset, and that merely 
for the pui'pose of explaining terms, and of settling certain fundamental 
principles and conventions; the subject is then turned over to the 
generalizations of algebra, and all its oonclusions exhibited in analytical 
formulae. 

Previously, however, to- entering upon the main business of the 
present section, it may be well, by way of introduction, to show you 
the comprehensive character of algebraical processes, by applying them 
to develope the trigonometrical theory of the plane triangle, so fully 
discussed, by a union of algebra and geometry, in the preceding section. 



Analyais of the Triangle, 

108. Beferring to the diagrams at page 146, we have c»aooB^+ 
hcosA ; and, similarly, for the sides a and ( ; that is, 

a»& COB C + c cosjB 

h^ccoaA +aowB 

c^acoaB + bcoBA 

Here are three equations, from which, if any three of the six quan- 
tities entering them be given — except the three angles — ^the remaining 
three may be determined, from the algebra of simultaneous simple 
equations. If the sides a, &, c, were taken m times as great, that is, 
if we were to multiply each equation by m, then, instead of a, h, e, we 
should merely have to write ma, m6, mc ; and, removing the factor m 
by division, we should return to the equations above ; so that the 
values^ of cos^, cos^, cos C, would be the same for the triangle whose 
sides are ma, m6, mc, as for that whose sides are a, b, c; this shows 
that the sides are not determinable from the angles. It teaches us, 
moreover, that the algebraical expressions for the cosines, deduced from 
the above equations, have all the terms, in both numerators and deno- 
minators, of the same dimennona ; inasmuch as the expressions would 
remain unaltered in value though ma, mb, mc, were to be written in 
them for a, &, c. 

The three equations above, as they involve all the six parts of a 
triangle, and are solvable whichever three of those parts (except the 
sides) are unknown, evidently involve the whole theory of plane trigo- 
nometry as far as the triangle is concerned ; nevertheless, as uie 
formulee of solution, derived from these equations, would not present 
themselves in a form fitted for the immediate application of logarithms^ 
certain transformations of them would be necessary to give to them the 
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desired practical value. The invention of logarithms, therefore, how- 
ever much it may facilitate calculation, and ease the labour of the 
computer, has certainly complicated the task of the theorist. 

In order to obtain expressions for the cosines from the preceding 
equations, multiply them successively by a, 6, c ; we thus have 

a' = a6 cos (7 + ac cos jB 

^= &c cos J. + a6 cos (7 

c^ = <ic COB B + be coa A 
and subtracting each of these from the sum of the other two, there 
results 

h^ + c^~.a^==2bccoBA ,'. coaA^- 



a^ + f^^i^^2accoBB /. co8-B= 



26c 



o2 + J«-c«=:2aJcosC /. cosC7= 



2ac 



2ab 

as otherwise determined at page 152 ; and we see that all the terms , 
concerned are of the same (fimensions, namely, two dimensions ; the 
right-hand member of each equation being an abstract number, as 
of course it ought to be, since the cosines themselves are abstract 
numbers. If a= 6— c, then cos^ sscos 60°= j^. 

We shall now proceed to the more special object of the present 
section. 

On Angular Magnitude in generalf and the geometrical lines or ratios 

connected vnth it. 

109. Angular magnitude may ^ considered as generated by the 
revolution of a straight line ^C7 starting from a fixed position AB, 

There is no necessary limit to the extent of this magnitude ; upon 
completing one revolution the angular magnitude generated will 
amount to 360**, and by still continuing the rotation, the angular mag- 
nitude may reach any number of times 360°. In this way we may, 
with propriety, speak of arcs or angles (angular magnitude) of 200% 
380**, 740°, &;c., such angular magnitudes being, each, nothing but the 
twm of a certain number of the angles defined by Euclid. And when- 
ever we speak of an angle greater than 180% we are to be understood 
in this sense : — we speak of the »um of a set of Euclid's angles, as an 
»ngle. In fact, even Euclid himself, in one part of his performance, 
gives countenance to this extension of the meaning of the term am^U : 
in the demonstration of Prop. 33 of Book vi., he regards any " multiple 
of the angle BOC" as on angle. 

110. We have now, therefore, to consider the trigonometrical lines 
or ratios, already defined, in connection with angles, and their measur- 
ing arcs, when these exceed 180°. And first we have to remark, that 
in the application of algebra to any geometrical inquiry in which the 
positiony as well as the lengths of the lines concerned, is to be attended 
to, an algebraic sign of direction, as well as an algebraic symbol of 
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Imgtht is always introduced. If algebra 
did not supply the means for distin- 
guishing directions as well as lengths, it 
could not fully perform the office of dia- 
grams addressed to the eye, and could 
therefore but imperfectly replace geome- 
trical constructions. 

As already noticed, the directive signs 
supplied by algebra are + and —, the 
marks employed at the beginning of 
algebra to indicate the opposites, addi- 
tion and subtraction. But a student has 
to go but a very little way in that 
science before he perceives that these 

signs — of their own accord — ^if we may so express it, emancipate them- 
selves from this restriction, and offer themselves to indicate opposUea of 
any kind. You have seen many instances in which, upon your marking 
gain as + , algebra has marked loss as — , without your having formally 
(igreed to do so. In like manner, if aJLtitude were marked + , you could 
not avoid d'Cpresnon being marked — ; and you were thus brought to 
see that the signs + and — , emploved by you at the outset for a 
special individual purpose, were, in met, the general algebraic indica- 
tions of opposites or contraries. It is, of course, matter of choice which 
of two opposites shall be marked + , but that the other shall be marked 
— , is matter, not of choice, but of necessity. 

In the present subject, the line AB, from which the revolving radius 
starts, is always marked +, the opposite lino AB" ia therefore — . 
Again, AD is marked +, and therefore AJy, — ; and all parallels to 
these lines, as they have the same directions, are marked in the same 
way. Thus, in the foregoing diagram, every parallel to ^^, drawn 
from any point in JDJy, and to the right of DJy, is + ; and every 
parallel drawn to the left is — . In like manner, every parallel to ^/>, 
drawn from any point in BB', ahove BB, is + , and helim BBf, — . 

The same directive marks are attached to the arcs, which are all 
considered to originate at B, and to be + when generated in the 
direction BCD, &c. ; they are therefore — , when generated in the 
contrary direction BC^Dj &c. ; and what applies to the arcs, applies, 
of course, to the angles they subtend or measure. 

These principles being admitted, the sine of the arc BDO^, or of the 

angle subtended, is, by definition, (7|}n| ; the numerical value of the radius 

AB being 1, if the numerical value of CiWj be p, then BinBDCi = —p ; 

also if the numerical value of the cosine JLt^j be q, then coa BDUi = —q, 

In like manner am BDCyC^^— pi, and cos fii)C|Cj= 4 5', org', the 

plus sign being always suppressed though understood. You see that 

the positive arc (or angle) BDCi has the same sign and cosine as the 

negative arc (or angle) BjyCi ; and the positive arc (or angle) BDC^C^ 

the same sine and cosine as the negative arc (or angle) BC2' And a 

glance at the diagram is sufficient to show that the same remark applies 

sm 
to the tangent, which it is easy to see is always — — . Indeed, from 
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sine and cosine, all the other trigonometrical lines are derivable, both 
as to numerical value and sign, as in the more limited consideration of 
these lines at page 135. This you can easily prove for yourself, without 
there being any occasion here to complicate the diagram by exhibiting 
all these lines in different positions. But it is necessary to make a 
special remark or two in reference to the secant. 

111. The secant is a line of a peculiar character ; there is only one 
pair of positions of the secant, which are the opposites of one another, 

as already noticed at page 135 ; and although secant isa — , yet it is 

cos 

proper that you should distinctly see that this algebraical equivalence 
is in perfect accordance with the geometrical conditions, and with the 
general principle of the directive signs already laid down, but laid 
down, be it remembered, only in reference to lines parallel to either 
Diy or BBf. There seems to be nothing in this principle to justify our 
attributing any sign to a line oblique to either of these, and radiating 
from their intersection A, 

To settle the point, your attention must be directed to a general ma- 
thematical truth, which cannot but be regarded as an axiom : it is this — 

Any quantity which continuously diminishes in magnitude must reach 
the value before it can change its sign. 

We cannot conceive of a positive quantity passing from + to —, by 
continuous diminution of value, without passing through zero ; such is 
evidently the case with the sine, cosine, tangent, &c. Let us watch 
the varying progress of the secant. At the commencement of its 
existence, the secant coincides with AB, it is then the secant of 0^ ; 
and conformably to the directive principle, as applied to ^^, it is + . 
In revolving towards AD, the secant extends itself up to the tangent, 
continuously increasing in length, till, arriving at the position AI), it 
becomes infinite, and finishes its course; throughout the range, in 
virtue of the above axiom, it is positive : — it cannot have changed the 
sign with which it started. 

AJDf thus extended to infinity, does not continue to revolve to com- 
plete the cycle of secants ; it is the opposite line Aiy, extended to 
infinity, that supplies the completion of this cycle, as is obvious ; this 
opposite line is — ; and, throughout its entire progress towards AB, »b 
it does not pass through zero, it must continue — , and be — even 
when it arrives at coincidence with AB; that is, secl80*'s; — 1 ; and 

this quite agrees with the algebraical condition secs= — . It is thus 

strictly in accordance with the above axiomatic principle, and at the 
same time with the sign-convention, as to direction, that the radiating 
line called secant — which is ever varying in position — should start from 
AB with a positive sign, and return to it with a negative sien ; the 
explanation of the apparent anomaly being that the radiating Tine has 
been changed on the joui-ney ; the line that arrives is not the line that 
started. Attention to the axiomatic principle above, and to the fact 
that the secant changes sign, by becoming a different line, when it 
arrives at J), is sufficient to enable us to fix upon the pro^t %\^ ^'I^O&a 
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secant for any proposed arc or angle, and to show the nniversaliiy of 

the relation sec= — . 

cos 

112. As all the other trigonometrical lines are thus deducible, as well 
in sign as in numerical value, from the sine and cosine, it will be suffi- 
cient to attend to the changes which these latter undergo ; they are as 
follows : — 

Sine. — Of any arc terminating in the 1st, 3rd, 5th, &c. aemieirdUf 
the sign is + ; for other terminations it is — . 

Cosine. — Of any arc terminating in the Ist, 4th ; 5th, 8th ; Mi, 
11th ; &c. quadramtSf the sign is + ; and of any arc terminating in tiw 
intermediate quadrants, that is, in the 2nd, 8rd ; 6th, 7th; 10th, 11th; 
&c. the sign is — . And the numerical value of either of these sines or 
cosines is always equal to the numerical value of the sine or cosine of 
that arc which must be added to or subtracted from the given one, to 
make up a complete set of semicircles. 

For example : 572° terminates in the 4th semicircle and 7th quadrant, 
because 180** x 8=540°; its sine is therefore — , and its cosine also — ; 
to get three complete semicircles, 82** must be subtracted ; hence 

sin 572'' «- sin 32°, cos572''=-oos82' 

Again, take 283°; this terminates in the second semicircle, and 4th 
quadrant ; also 77° must be added to make two complete semicircles ; 
hence the sine is — , and the cosine + 

/. 8in283''=-sin77% cos283°«cos7r' 

These principles, expressed analytically, are embodied in the follow- 
ing genend formulae, namely : — 

sin (2»Mr± J.) «sin [(2« + 1) 7rT-4]» ±sia4 

co8(2wfl-±ii)= — co8[(2» + l)ir^-4]*scoa4 

where n is any whole number, and 9r»180°. 

But, by mentally tracing the arc, and discovering its termination, 
you will always be able to determine its sine and cosine without any 
reference to these rules. And, in thus tracing the arc to its termina* 
tion, you may, of course, take account only of that portion of it whidi 
exceeds 360°, or a multiple of 360° ; any such multiple may also be 
added on at pleasure ; for in either case the termvnoition is undistorbed. 



Ftmdam&ital Equations of Analytical Trigonometry : — sine a/nd eowie rf 

the sum cmd difference of two angles, 

113. It has been seen that wherever an arc, originating at A, ts^ 
minates, the tangent and secant of that arc always form, with tiie 
radius, a right-angled triangle situated to the right of the centre 0', 
and moreover, that, as far as their numerical values are concerned, the : 
sine, cosine, &.c. of the Euclidean angle 0, are the same as the sine^ 
cosine, &c. of the arc ; and the proper directive signs are determinable^ 
as shown above, from the known termination of the arc. As &r, there- 
fore, as the numerical values of the trigonometrical lines are concerned, ' 
the arc AB may be substituted for the arc, whatever be its extenl^ d •■• 
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D 





which the tangent is AB, and the secant OD, Now let A, B, repre- 
sent two arcs of any mag- ti 
nitade, the tangents of 
wHid^i are equal to the 
ludes AD,AEy and there- 
fore their secants to OD, 
OE, As far as the nu- 
iBerical values of the tri- 
gonometrical lines are 
ooDoemed, tbesearcsmaj 
be replaced by AB^ AC; 
and tiieir sum or differ- 
ence by BO. 

Now, page 152, and Euclid, Props. 4 and 7> Book ii., we have 

BE^:= OBf^ + OE^- 20E-0B coaBOE 

BE^=AB^ + AE^±2AB . AE 

Hence, taking radius »!, and subtracting the second equation from 
the firsts 

ObI + l^f 2tan^ tan^— 2sec^ 8ec^co8(^i:^ 

_ l^tan^taujB 

•• -o'(^±^- Zee A sees « 

scos^ COS ^7 sin ^ sin^ 
Agwn : OB • Oi?sini>0^= twice ABOE^ OA - BE, where OA^l 
. . /. . « tanJ.±tan5 ._. 



And dividmg (2) by (1), 



sssin^ cos^i:COSii sin^ 



tan(il±^« 



tan^dbtanJ5 



l:f tan^ tan^ 

We have thus got expressions for the sine and cosine of the sum, and 
for the sine and cosine of the difference of any two arcs or angles A, B; 
and moreover, we have deduced, incidentally, expressions likewise for 
the tangent of the sum and difference. 

The preceding equations, remember, are perfect ideTttUies; they 
imply no condition as to the arcs or angles A and B, which may be any 
whatever ; and therefore nothing is assumed as to the algebraic prefix 
of the sines and cosines of these angles. Every numerical value, sub- 
ject to variation, takes a change of sign only upon its passage through 
aero or infinity ; nor even then, unless the Hnear representative of the 
numerical quantity changes its direction. The above expressions, there- 
fore, are open to any interpretation, as to the values of the symbols, 
consistently with this universal algebraic principle. In all general 
investigations respecting varying quantities, subject to change of sign, 
we invariably avoid all assumption as to sign ; and regard the symbol 
of quantity to comprehend numerical value, sign and all ; and when an 
identity is arrived at, the signs, adapted to special cases, may be safely 
introduced ; the binomial and logarithmic series furnish abundan.^ 



....(I) 



(II) 
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instances of this ; an algebraic identity being obtained, we modify the 
signs of our varying quantities at pleasure. 

In the first of the preceding diagrams AC ia united to ^^^ so as to 
present a continuous arc for the sum of the two ; and moreover that, in 
all cases, the angle BOC^ in one diagram or the other, may be really 
that due to the sum or difference of the proposed arcs, as respects the 
numerical values of the trigonometrical lines. 

114. The expressions just deduced form the bases of all the investi- 
gations of the trigonometrical analysis ; we shall repeat them in detail 
here, for the purpose of reference. 

sin(ii + ^)=sin^cos^ + cos^8in^ ^ 

sin {A — B)=BmA cosB—cobA sin B 

cos (^ + j^ «= cos^ cos jB— sin A sin B 

cos(-4— jB) = cos4co8jB+ 8inJ.sin^ 

And, in addition to these, we have also found that 

_ tan^+tan^ 

,, _ tanil—tan^ 

If the first only of the formulae (I) had been determined in all its 
generality, the other three might have been derived from it, aJgebni- 
cally, thus : — Put —B for B, then we have 

sin(-4— jB)=sin-4 cos(— ^ + C08^sin{— ^ 
but cos(— ^s=scos-B, and sin(— 5)=— sin-B, 

.*. sin (^ — ^ = sin -4 cos-B— cos-i sin B 
Also sin[90°— (i(+^]=cos(il + ^; and 90''-(^ + ^ is the same 
as {90°— A)— B; therefore substituting the difference 90°— (il + ^ for 
the difference A—B, in the first member of the formulae just deduced, 
and the equivalent (90''—^)—^ in the second member, we have 
cos(^ + 5)=sin(90'-^) cos5-cos(90''-i4) sin J5 
s=cos^ cos^— sin^ sinJ? 
and putting — ^ for ^ 

cos(J. — ^=cosii cos(— -B)— sin-4 8in(— jB) 
sscos^ cos^ + sin J sin^ 
It is satisiactory to see that we may thus change the sign of any 
angle entering these formulae ; for, as all others may be derived from 
them, you can feel no hesitation in introducing a like change in any 
result hereafter established ; such supplementary evidence of the perfe^ 
identity of the above forms was not; however, needed to establish the 
fftct. If we take the reciprocal of each member of (II), we have corre* 
spending expressions for the cotangents of the sum and difference of the 
two angles, namely, 

. . 1— tan^ tanjB_cot^cot-B— 1 ^ 

^ ' tan^+tan^ cot^ + cot-4 ^ /TTn 

l-ftauiitan^cotiicpt^ + l I "**^ ' 
CO {A-B)- ^j^^_^g^£ - cot-B-cot-4 
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the last forms being got by dividing numerator and denominator of the 
preceding by tan^i tan^. 

115. We stop here to notice an interesting property of the three 
angles of a triangle. Let A, B, (7 be the three angles, then since C is 
the supplement ofA + B, tan (A +B)= —tan C, hence (II) 

_, tauii+tan^ 

— tanC7=r — 7 v> 

1— tanil tan^ 

/. tan ^ tan 5 tan (7= tan ^+ tan -B + tan (7 

that is, the product of the tangents of the angles is equal to the 8iMn, If 
the three angles, instead of making 180", make 90", then, since C is the 
complement of A+B, tan {A+B)= cot C ; hence, taking the reciprocals 
of the first and third members of (III), we have 

,^ cot5 + cot<4 
cotC?= 

cot^ cotiB— 1 

/. cot^ cot-B cot C^cotA + cotB + cot O 

The former of these curious properties holds whenever the three angles 
amount to an even multiple of 90% and the latter when they amount to 
an odd multiple of 90**. 

It must be all along remembered that it is the numerical values of 

the trigonometrical lines, to rad = 1, with which we are dealing ; our 

formuUe may always be generalized so as to hold, geometrically, for any 

sin cos 
length R of the radius, by writing -=-, -^, &c. for sin, cos, &c. ; thus, 

the first of the above properties is 

tan^ tan^ tanC tan^ ianB tanC,« ,«.. 

-^ . ^- . -^ = -^+-^ +-^ (See page 138.) 

116. Eetuming now to the formulse (I), we have, by addition luid 
subtraction, 

sin(^+jB) + sln(i-5)« 2eijiAcoBB^ 

Bm{A+B)—sm{A-'B)'=' 2cos^sin^ 

cos(i4+-B) + cos(-4 — -B)= 2cos^co8-B [ ....(IV) 

cos(il + -B)— cos(4 — jB)=a — 2 sin ^ sin B 

or cob{A'-B)'^cob{A + B)^ 2 sin ^ sin ^ 

Ji A^60**f then oos^»^(p. 167), and therefore 2oosuial; there- 
fore, from the second of these equations, we learn that 

sin (60° + 5) = sin (60° - 5) + sin B 

a formula which may evidently be turned to account in the construc- 
tion of tables, or in verifying those already constructed, thus, 

sin 60° 1'= sin 69° 69' + sin 1' 

Bin60° 2'=sin69° 68' + Bin2' 

sin 60° 3' = sin 69° 67' + sin 3' 

&c. &c. 

therefore if the sines are computed up to 60% the remainder of the 
table may be supplied by the simple addition of sines previously found. 



174 PLAinB TBIGOKOHBTBT. 

117. Going back to the fundamental formulsB (I), we have, by multi- 
plication, 

axi{A+B)sm{A-B)^mn^A co&^B-co^A ein^B 

cos (A+B)qob{A^B)^ co^A co8«J? - Bin'ui sin'jB 

But sin*^ + cos?^ =1, sin'-B + co8»jB==1, 

/. 8in(4 +i5;8in(^-i5)s=8in«^-8in«jB=co8«B-co8*ui 

cos {A + B) cob{A-' B)^ co^A — ein'jB = oos*^ — sin'^ 

By putting A for B in the first of (TV), and in the expression just 
obtained, we have 

sin 2^ = 2 sin il cos A , cos 2 A » cos*^ — sin'^i 

or, since cobMs=:1— sinM, and 8in'^=l— cos'ii, the last expression 
may be written 

cos2^«l-28in«-4 = ^co8»ui-l 

And in like manner, putting A for B in (II), 

^ _ . 2tan^ __ 

*»"^=Ti:tS^ ^ 

These expressions for the sine, cosine, and tangent of a double arc, 
may of course be readily changed into those for a single arc, by putting 
\A for A ; we thus have 

sin^ = 2sin4^cos4^, J ^^^ 

cos4=co8«iii-sin«4il = l-28inH^=2cos«|i4-l \ ^ "^^ 

. 2tanA^ rrrTTX 

tan^ = ^ ^ ;,. ... ... . .(VII) 

1— tan^^il ^ 

118. If the first of (VI) be added to, and substracted from l^sin^ii 
+ co^lAf the second member of the result will be a complete square; 
and we shall have 



1 + sin^ « (sin ^A+ cos^-i)' 
1 — sin ^ — (sin i^ — cos 4 ^)' 



I .....(VIII) 



And we further see, from the second of (VI), that 

1— cos4=2sin'i4, and l + cos^==2co8'^^ 

two properties which, if applied to the cosines at p. 167> will convert 
the expressions on the right into forms fit for logarithms, as at p. 153. 

Combining these with (VI), by division, we have 

1— cos4 ^ , . sin^ /l— cosil 



sin^ 1 + cos^ V 1 + cos^ 

2n 



If instead of putting ^A for A, we had put —A, we should have got 



sin --4 = 2 sin ^:-A cos :r-i4 



n 2» 2»" I 

cosi^=l-2sin«i^ = 2co8«~ui-l 
n 2n 2n 



....(IX) 



119. If in the first and third of (IV) we put (n-l)A for A, and 
A for B, there results 
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sin fi^ + sin (n— 2) il » 2 sin (n—l)A coaA .... (1) 

C08n.il + cos(n— 2) ilB2cos(n—l)^co8il (2) 

which general formulae will fiimiah expressions !br the sines and cosines 
of multiple arcs ; thus, from (1), 
putting 91=2, .*. sin2ii»28in^oo8^ 

ma=8, .*. sin8^<B28in2ilcos^ — sinil 
8s 4 sin^ cos'^ — sin^ 
«B 4 sin^ (I — sin'^) — sin^ 
»3sin^~48inM 
&c. &c. 

In like manner from (2) 
putting »=2, /, cos2il«=2cos'-4 — 1 

nai3, ,*. cos 3^ ==2 cos 2^ cos ^— cos ^ 
ss 4 cos'^ — 3 cos ^ 
&c. &c. 

120. In the same formula (TV) put ^{A+£) for A, and iiA—B) 
fbr ^« then the sum of the two angles will be A, and their difference 
B ; and (TV) will become 

sin ^ + sin ^» 2 sin ^ (^ + ^ C08i(il — ^ 

8in^~sin^»2cosi(^+i3)8ini(ii~^ 

cos ^ + cos -B = 2 cos^ (^ + -B) cos |(^ — ^ 

cos^— cos^ = 2 sill ^ (^ + ^ sin i (^ — ^ 

and fit>m these we get, by division, 

Bin^-f8in^ _ x(A+B)\ 

oobA-tCObB^ ^^ ) , an^+sin3 _ tan|(i i-f^ 

gin^~8inJ g_ i/i_n\) " sin^ — sin5"~tani(il— 5) 

cosZ+cos-B"" 
It may be interesting to notice here that this last expression fur- 
nishes the rule, given in the former part, for solving the second case of 
oblique triangles ; thus, 

a sinui . ... ic\*+& sin^+sin5 
ainoe i=»-: — 5 .. (Aig. p. 45) 7 = -: — : — - 

• <*+ft _ tani(^+.g) 
•• a-6""tani(^-jB) 
which is the rule alluded to. (See page 150.) 



121. It is easy to see, from what has now been done, that the deduc- 
tion of formulie, from the fertile source marked (I), may be continued 
to any extent. Having, by aid of a few geometrical considerations, 
established the general principles embodied in the equations (I), the 
investigation of the various theorems, which lie concealed under those 
equations, becomes the business of pure algebra. As soon as the tri- 
gonometrical lines are translated into algebraic symbols, and thnl^j^s^ 
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directions of these lines are found to be as distinctly indicated by alge- 
braic signs as by a geometrical diagram, algebra is at once recognized 
as competent to supply the place of geometry ; and we thenceforward 
trust ourselves implicitly to its guidance. There is, however, a gene- 
rality about algebraic results — ^to whatever inquiry the symboU may 
relate — that sometimes extends beyond the range of that inquiry ; and^ 
in order to limit them to the case in hand, they must be pruned of their 
exuberance, and restricted to their proper bounds, by the overruling 
conditions of the particular problem to which the general symbols are 
applied. For instance : a problem may be such as to be of impossible 
solution except for positive values of the quantity sought ; yet, when 
submitted to the general operations of algebra, negative values may be 
among the results ; the character of the problem must then be referred to, 
in order to point out to us the rejective values. Again, the problem may 
be such that, for certain cases really comprehended in it, the admissible 
results must, from the nature of its overruling conditions, be exclusively 
positive, while for other of its cases, the results must be exclusively nega- 
tive; this special distinction of cases cannot, in general, be worked into the 
algebra, and thus be made to exercise a control over its determinations: 
it will furnish neither the one description of results nor the other, 
exdusivdy, but both; and it is then a matter of after consideration, 
which agrees with one set of conditions, and which with the other. 
Instances of this are continually presenting themselv^, even from a 
very early stage of common algebra. If a radical sign enter into a 
result, we are offered a choice of interpretations of it ; it may happen 
that either interpretation may be in harmony with the prescribed con- 
ditions, or (me interpretation only may be admissible : algebra will 
never give us too little, though it will often supply too much. 

122. The formula (VIII), page 174, give 

cos 4 + sin ^ = ± -v^Cl + sin 2 -4) 
cos ^ — sin -4 =s ± v'(l — 8"i 24) 
and /. cosui = ±i{v'(l + 8in24)±V'(l-Bin2ii)} 

sin4 = ±i{v'(l + 8in2i4):FV'(l-sin24)} 

The right-hand side of each of these equations is either + or — , 
indifferently; but the left-hand side, for a given value oi A, is exclu- 
'sively one or the other : and which of the two is to be retained is only 
determinable by inquiring into the magnitude of A ; should there be 
any difficulty in settling the matter at once, as respects the first two 
equations, by simple inspection, the difficulty will be removed by 
writing sin (90°— 4) for cos 4, and observing the terminations of the 
arcs (90"—^) and A, It is useful, too, to remember that, when A is 
less than 45% cos 4— sin 4 must be + ; and that when A is greater 
than 45** and less than 90°, it is — ; and the same is of course true 
whatever be the length of arc, provided it terminates as here sup- 
posed ; and by observing on which side the point of bisection of each 
quadrant the arc terminates, the sign in each case may be easily 
settled. 

123. We shall now exhibit a few practical applications of the fore- 
^ing formulss, and shall then terminate the present portion of the 
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subject with some further deductions from them in the shape of Exer- 
cises in Analytical Trigonometry. 



1. To find sin 30° and cos 30^ 

If a perpendicular be drawn from the vertex (7 of an equilateral 
triangle^ it will bisect both the angle C and the base c ; and as each 
angle of an equilateral triangle is 60 , we shall have hcoBA = 4c ; that is, 

6cos60°«46 /. cos60**=8in30*'=i 
also 8in60*'=cos30°^-v/(l-i)«4-v/3 

2. T6 find sin 45'' and cos 45°. 

As sin 45° := cos 45° ; and that sin'^ + cos'^ » 1 
/. 2sin«45°= 2008^45°= 1 
/. sin45°=4-v/2, co845°=4v'2 

3. To find sin 16° and cos 15°. 

By (IV) cos(30° + 15°) + cos(30''-15'')=2cos3a°coel5° 
.*. oos45°=(2cos30''-l)cosl5° 
or 4>/2 = (^/3-l)co8l5' 

••• ~="°=2(;^ 

Again (YI) since sinil cos^ =4 sin 2^ 

/. sinl6''co8l6*'=4sin30°=J 

,, sml5 =-; 7— as \^ ■ 

4co8l5° 2-v/2 

4. To find sin 18° and cos 18°. 

By (VI) sin36°=28inl8»cosl8''=cos54° 

But 54°= 3 X 18% and the cosine of this multiple of 18^ by p. 175 is 
cos54% that is, 2sinl8°co8l8°=4cosn8''-3cosl8' 

/. 2sinl8°=4cosn8'-3=l-4sinn8° 
/. 4sinn8° + 2sinl8°=l 
and solving this quadratic equation, we have 

4 
Again, as just shown, 

28inl8°«4cos«18''-3 /. •=i^-^ + 8=4oofln8° 

Hence sin 36°, sin 14°, sin 12°, and many others become known ; thus 

8in36«=28inl8»cosl8«=jA/(10-2-v/5) 
ginl4»=8in(36*>-18'>) 
8inl2o»sin(30''-18<») (See fbnnulffi I.) 
sin 90= sin (450- 36") 
8in6o«=sin(36«»— 30*>) 
&c. ftc 
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5. Given bqoA '^imnA, to find A. 

Since seoil as ,*, 48iniloo8il~l 

cos^ 

but 2 sin ui cos^ » sin 2A .*. 2 sin 2A^1 

:. 8in2ii-4 /. (ex. 1) 2ii«80» /. A^U* 

6. Given ooseo^ ^sin^ + tanj^ to find sin^. 

1 ^ . . sinjil 
sin^ cosi^ 

1 . . sinji 

28in4'i oos^il cos4'<l 

Multiplying the terms of the last fraction by 28ini^, and trans- 

I»8^& l-28in«4il 



sin^ 



28in4^cos4^ 

that is (VI) SSl^^sinA 

^ ' sin^ 

.*. COSilsaSin'il—1 — C08*il 

/. C08*4 + COSui = 1 /. cosui « 2 

/. 8inil = -v/co8il«i>/(-2±2-v/5) 

Examples for ExercUc 

1. Find sin9<* and cosQ^. 

2. Find sin27<' and co827^ 

8. Given sin 2a; SB sin' So; to find a;. 

4. Prove that tan(45*» + ii)-tan(45»--4)=2tan2ui. 

5. Prove that 

X /ir« -IV l + 8in2^ . ,.g^ .. 1— 8in2il 
^<^^^^) = -^^^2l-' **^(*^"-^>"-^S;2j- 

6. Kui +5+ (7=1800, prove that 

cos'-i + cos'J? + coB^C+ 2 cosii cos^ cos C7= 1 

7. Find tan67» 80', and sin22«> 80^. 

8. Prove that 

sin(ui + jB+ (7)=:sin^ (cos j8 cos C— sinjBsinO) 
+ coR^ (sin B qobC+cobB ain C) 

9. Prove that 2co8(45° + iui)(cos45o-i^>=cosii. 

10. Prove that tan (45« + M) + tan(45o-i^)»2sec^. 

11. Prove that tan 4^ + ootids 2cosec^. 

12. Prove that cos^^ — sinM "= sin 2A, 

18. Given 25sin^(8in^— co8il)=B4, to find sin ^. 
14. Let the notation tan~^f, stand for "the arc whose tangent is /;^ 
prove that tan-i j + tan-i i -« 46® (See note at the end.) 

[The notation used in this problem was first proposed by Sir John 
Herschel, and is now pretty generally adopted ; thus sin'^p meaos " the 
arc whose sine is p" cos'^j? means ''the arc whose cosine iBp ;" and so 
on: if sinjjssp, then sin^^jps-jB, and if cos^i^a^, then cos^*"^ &o.] 
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'^' PART III. 



On oebtain oenebal Theorems and Developments in Analyttcal 

Tbigonometst. 

124. We have divided the present compendious treatise into Three 
Fabts, because the subject itself embraces three divisions marked by 
distinct features, directed to distinct objects, and calling into operation 
distinct departments of algebraical investigation. The purport of the 
first part was to establish practical rules for the solution of triangles ; 
that of the second part, to extend trigonometry to the theory of ansrles, 
unrestricted by a connection with a triangle ; and the aim of this uiird 
part is to furnish a few theorems and developments of practical use 
only in a higher class of analytical inquiries, but possessing an amount 
of abstract interest and symbolical elegance sufficient to engage the at- 
tention and gratify the taste and curiosity of the mere theorist. 



Devdopmenis of smB, cos in aeries, 

125. In this and subsequent investigations, the symbol 9 will be 
employed to denote an angle, whether measured by degrees, or by the 
length of the trigonometrical arc that subtends it ; that is, whether the 
measure be gradwjl or arcual, (See page 162.) You will at once per- 
ceive^ in any particular case, which of these two kinds of measure is 
to be understood, or whether either, indifferently, may be taken ; for 
as the two members of an equation must always be consistent with one 
another, if one side necessarily implies linear measure, so, of oours^ 
must the other side. 

The object of the present article is to develope sind and cosd in a 
series, proceeding according to the powers of the arc or angle 9 itself; 
so that in each development, the numerical value of d, in linear mea- 
sure, must be taken, because the measure of sind and cosO is so taken. 

1. The series for %m9 can involve only odd powers of 0. For since 
sin — 0==— sin 0, when —0 is put for 0, in the series, all the signs of* 
the terms must be changed. Hence the series for sind is of the form 

which becomes for 0»O, as it ought to do. 

And since when 0» 0, we have 1 — ^ j 

.*. sin0=0 + ^303 + ^4e*+....(l) 

■in A 

The condition ——=1, has been virtually assumed before (p. 162) ; 

if there be any doubt as to its truth, it may be removed by a reference 
to what is done at page 165, where it is shown that the smaller the 
arc, the more nearly does it approach to equality with its chord, the dif- 
ference between the two continually approaching towards evaneac«Q5»^ 

ir2 
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as the arc diminishes, and the ratio — - — becoming unity Aen both 

actually vanish ; so that, halving both arc and chord, we have —1^ 

2. Since cos~d=cos0, the substitution of — d for 0, can make no dif- 
ference in the developed value of cos d, which, moreover, must become 
1, for d 1^0 ; hence the series for cob9 must be of the form 

CO80-l + ^20» + ui^0* + ^,0«+ . . . .(2) 

These preliminaries settled, put now 0=:x + y 

.*, sin SB sin a; cosy + cosa: sin y 1 . 

coeO»cosa;cosy— sino^siny ) "" ' 
But (1), (2), 

cos0= 1 +A^{x + yy + A^{x + y)*+ (5) 

Also, substituting (1), (2) in (3), 

Bm9='(x + AyX^ + Aiia:r^+ ){l+A^i^ + A^y*+ ,^ , .) \ 

+ {y+A,f + A,f+ ) {1 + A^ + A,a^+ ) ( ^^' 

oos0=(l ^A^ + A^a^+ ) {l+A^f + Ay+ .-..)) /h-x 

-{x+A^ + A^+ . . . .) (y + ^y»+^y»+ . . . .) I * * ' '^ ^ 

Now by the binomial theorem, the coefficient of y in (4) is 

l + 3A^ + 5A^3i^ + 7A^+ 

and the coefficient of y in (6) is 

1 + A^+A^ + A^afi+ 

and y being any value whatever, these series are therefore equal, what- 
ever be the value of x (page 81). 

In like manner, from (5) and (7), we have the equal series 

2A^ + iA^a^ + 6A^ + 

s* •""•C'"" A^pCt"^ JSigpCr^^ ,., ,^ 

Hence, equating the coefficients of the like powers of ^, we have the 
following conditions, namely, 

2-4,= — 1 .*, ^j=— ^ 

1 



2*3 

iA^^-A^ :. ^4=*2T37i 
5A^^ A^ /. A^ 



and so on. Consequently 



« 2-3*4*5 



C0S9 = 1— rr + 



2-3 -2.3.4.6 •••■ 

AS Q* 1* * * ** ' 



2 2*3*4.5 
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We sLall add here anotoer series for sinO, which is not without 
interest. 

8in0»28m-co8~ 

ji 2 

-2«8in-^cos-cos-^ 

9 
«2'sin-5jC08-cos-5jCos^, and so on. 

9 

:. 8in0-2»8in~cos-cos23CO8-^....cos— 

Now, when n^co, 

.9 ,9 

sin—- sm — 

2»» . 2* 9 

2*» 2* 

Hence the series for sin is 

8in0a:0oos— cos-^cos-^ .1 

For an important application of this result, see page 189. 



The Theorem of£tder. 
126. By the Exponential Theorem, 



2 2*8 2*8-4 
_ - ar aj* a?* 



2 2.3 2.3.4 

By addition and subtraction, dividing the result of each operation 
by % we haye 

-IT— ^+¥ + 27874^ <^> 

«*—«-« a:* a:* ,^. 

^ — *+2:3*2:8:?:6* <2) 

As these are all identical equations, we may put for the arbitrary 
symbol x anything we please; put 0v^— 1 for x\ then we have, ob- 
serving that \/— 1 must enter every term of the series (2), 

«1 — —■¥ 



2 2 2.3.4 

'0— ::r-:7 + 



2v^-l 2.3 2.3.4.6 

But these series are respectively the developments of cosd and sin0, 
as shown in the preceding article ; hence we deduce these remarkable 
expressions of Euler, namely. 
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sind 

COS0 = 



2v^-l 



■ ....(B) 



2 

by which we are to understand that if the imaginary exponentials 
are treated according to the same algebraical laws which govern the 
treatment of real quantities, the algehraical expressions on the right 
may always replace the trigcmometritxd expressions on the left. 



The Them*em of Be Moivre. 
127. By Euler's Theorem just established, we have 
4(e«V-i + e-tfV-i):==cos0 
4(c«V-i«<j-«V-i)=sin0 . -v/-l 
therefore, by addition and subtraction, 

g±.tfV-i==cos0±8in0. -v/-l....(l) 
where Q is arbitrary. Put nB for 9, n being anything, 

.-. e±'^'^-i-cosn0±sinn0. -x/-l....(2) 

Bute±"«'^->=={e±^'^-i)»=(co80±sine. ^/-1)« by (1)^ 
Hence by (2), 

(cos0±sin0 . -v/-l)«=oosw0±sin»0 . -vZ-l (C) 

where n is quite unrestricted. And this is the Theorem of Be Moivre* 



We shall now exhibit an application or two of the preceding theorems. 

Development of 9 in a aeriee according to tfie j^onoen of tau 9, 

128. By Euler's theorem, 

««V-i=cos0 + sin0 . -x/-l 
g— tfV-i—cosO— sind • V'— 1 
Dividing the first of these by the second, 

o^ /_j cos0-fsing » \/--1 
cosO— sind • \/— 1 
l + tand • -v/— 1 



l-tan0. V'-I 

and taking the Napierian logarithm of each side, and dividing by 2, 

. . ^ .. l + tang. y/^l 
V-l-ilog ^_^^^,^^^ 

«tan0 v'-l + i(tan0 • >/-l)3 + i(tan0 • -x/-l)*+ . . . .(Alg. p. 97) 

w 



PLAICE TBIOOlSrOMSTBY, 183 

therefore^ diyiding by *y^\ 

©=»tan0-itan»0 + ^tan»0- ... . .(I)* 
o 5 

Let be the arcual measure of 45° ; then tanO^l 

.*, arc 45*'«l—g + ^—= + ^— ...... .- 

The same series, for the length of the trigonometrical arc of 45°, 
may be got from Euler's theorem, in another way, thus — 

By the theory of logarithms, page 102, 

logjp»jp-|) 1 ^ — + — ^ J — + 

therefore, putting jj^e^^""^, we have, by Euler's theorem, 

and dividing by 2-v/— 1, 

© . ^ sin 20 sin 80 sin 40 

_=.«n0 _ + _ _+ .^ . .(2)t 

Let s 90° ; then we have, as above, 

arc 45 =31--+---+-- 

and consequently the numerical value of the entire semicircumference ir, 
radius being 1, is 

iM 1 1 1 1 X 

ir»4a-3 + 5-y + ^-....) 

This series, however, is but ill fitted for actual summation, on 

account of its very slow convergency ; but, from the general form (1), 

Euler has deduced other series which may be summed with compara- 

tively little labour ; thus 

X /J nv tan^ + tan5 

smce tan(il + ^=B- ; = 

^ ' l-taniltan-5 

if ^ and B together make up 45% then tan(^ + J)=l 

.'. tan^l+tan^al— tauiltan^ 

* In the development (1), the arc must not exceed 90°. If 
exceed lliis limit, the excess above 90° being put for in the series, 
will obviously .give the same values of the several terms (but — unless 
the arc terminate in an odd quadrant — with changed signs) as itself. 
A fuller examination of the peculiarities of such series as those marked 
(1) and (2) above, will be entered into in the Diff'erentiaZ Ccdculus, in 
the third volume of this course. 

f In the development (2) the arc must not exceed 180°. If 
exceed this limit, the excess above 180°, being put for in the series, 
will obviously give the same values for the several terms as itself 
but the signs of the terms will be changed, unless the arc terminate in 
the first fiemidrcle. 
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from which equation we may notice, in passing, that the tangents are 
sach that their simi and product always make up tmity. 

Puttan^=i /. l + tan5=l-^^ /. tan5-^ 
n n n n+1 

Assume now n=:2 : then 

1 1 

t«n^=^, tan5«- 

Hence, since A + 5=46®, we have by (1) 

1111 
,^ , 2 3.2>"^6.2« 7.2^'*'"*** 

"^ 1 J- J L 

and both the series of which this development consists are rapidly con- 
vergent ; but a series more convergent still was obtained by Machin ; 
thus, 

mnce tan 2 A — - — - — r-r 

1— tan*^ 

1 15 

iftan^ss-, i&n2A=-rrr; therefore, since tan 45^=1, 2A must be less 

than 45°. 

Again, from this value of tan2^, and the above formula, we havd 

. 2ten2^ 120 

**''*^-l-tan»2^~119 
so that iA is greater than 45°. 

Now (page 171) since tan45°»l, 

♦ UA AKO, tan4il-l 119 1 

*^(*^-^^^ = rrte^=— 120=239 

^^119 

Hence, putting - for tand in (1), we shall have the development of 

A; and putting -^ for tan 0, the development of 4^ — 45°; so that, 

subtracting this Utter development from 4 times the former, we shall 
get the development of 45° ; that is. 



arc 45° s 



/I -}__ Jl 1_ 

\5 8.5«'*'5.5* T'S''*'""' 
( 1 1 1 . 

V239 3.239»'*'5.239» " "^ 



two series which are so convergent that if we take only eight terms in 
the first, and three in the second, we shall have, for the length of the 
semicircumference, the value 

ff =3 -14159265858979 
which is strictly correct as &r as the decimals extend ; and three terms 
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of tbe first series, with one only of the second, will suffice to giye the 
approximation commonly employed, namely, 

ir=3'U16 
In actually computing Machin's pair of series, as given above, it will 
be advisable to ohfuige the first into a form readily convertible into 
decimals, that is, to write it thus : 

2_ 8__ 82 128 

10 8-10»'**6-10* y-io'"*"**** 

firom which we see that any term being computed, we find the next by 
putting two 0*s before it, multiplying the decimal thus formed by 4, 
and then dividing by whatever odd number 3, 5, 7, &c., forms the 
factor in the denominator of the term to be found. 

129. The second of the two series may also be conveniently replaced 
by two others, obtained by splitting tan-i ^^ into two suitable arcs, 

or by making it the difference of two suitable arcs ; thus, if ^^ be put 

for tana, and ^ for ton^, we shall have 

. , ^ tana~tan/3 

tan(a--o)B^ — 2 r — 3 

^ ^ l + tanatan/3 

2.-2. 

70 99 29 29 



, 1 1 1 + 70-99 6931 
1h — • — 
70 99 

; • tan~^ sstan-"! TT— — tau""^ — 

239 •' 239 70 99 



Consequently the second of Machin's series may be replaced by 

111 



70' 
1 



that is, we may write 



arc 46* « 



\99 



3-70» 
1 



5-70*" 
1 






8-993 5.995 
4 16 



3-10» 
1 



70 
1 



3-70» 
1 



6-10* 

1 
6-70»' 

1 



) 



99 3-99« 5-99» 
the last series in which may be rapidly computed, since ^ is the cinm- 
lating decimal '010101.^..., and the division by 9 and 11 is easy.'*' 

* If seven terms of the first series, three of the second, and two of 
the third be taken, the length of the arc of 45" will be correctly ob- 
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But the actual calculation of the circumference of the drcle, to any 
great extent of decimals, is now a matter of but little interest, though 
it is well to show how the work may be executed with but a very small 
portion of that vast labour by which the early investigators souffht to 
accomplish the solution of the celebrated problem of the rectification of 
the circular circumference.* 



DeterrnmcBtion of the different roots of unity. 

130. In De Moivre's theorem (C) page 182, put - fof n, and we have 

1. Q 
(coB9±axi9 • -v/— l)*=cos-±8in- • a/— 1 

» n 

The first member of this equation is evidently unaltered, though 

2nr + 9 he written for 9, 
since the sine and cosine of an arc remains undisturbed by however 
many entire circumferences that arc be increased. Making this sub- 
stitution in the second member, we have 

(cos0±sin©-v/— 1)»»=boob ±sin • v — 1.. ..(1) 

n n 

Now, although the first member would have been unaffected by the 
proposed change, yet the second member admits, in tionsequence, of a 
variety of values, according to the number of units in n ; we may con- 
clude, therefore, that the nth root of cos0±sin0 • V'— 1 has mviJUvj^ 
valueiy like as the square root of a quantity has twofold values. Let 
us illustrate this : — ^ 

Put 0ssO; then the first number becomes simply 1**; and if n be 
now made » 2, 3, 4, &c., we shall have 

-v/l==cos— ±8m— • v^— 1=±1 : r=0, 1 

. tt 2r7r . , 2rw .- <lily« /v^ 

yi=cos— ±sm-g- . v^-l = l, ^±^V^-3: r«0, 1 

^l=cos?^±8in?^. -sZ-l-il, i-Z-l: ♦'=0, 1 
4 4 



&c. &c. 



tained as far as ten places of decimals, an extent amply sufficient for 
every practical purpose. 

* It is worthy of record, as a proof of the superior fiicilities of the 
modem methods, that, by aid of the series just given, the circumference 
of a circle, to radius 1, has been recently calculated to 530 places of 
decimals ! This unprecedented amount of decimals has bee obtained 
by Mr. IVjJliam Shanks, of Houghton-le-Spring, Durham. 
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We thus see that there are three different values for J^, four for 
^1, Jive for v^l, and so on. If other values for r, besides those above, 
had been taken, the results previously obtained would have reap- 
peared ; so that no additional values of the proposed roots of unity can 
exist. That the nth root of 1 has n values, and no more, may be thus 
shown : — 

Let r=0, 1, 2, 8 , 4»— 1, in succession; then, when O^O, the 

arcs in the second member of (1) are the n following, namely, 

0, -27r, -2v, 527r,.-...— 27r....(2) 
n n n n ^ 

12 8 
the fractions -, -, -, &c., denoting what part qf the whole circum- 
n n n 

ference 2ir each arc amounts to ; and it is plain that, whatever whole 

number n may be, these fractions are all different ; hence, since the n 

arcs are all different, and that each is less than a whole circumference, 

it follows that no two can have the same sine and cosine ; there are 

thus n different values for ^1. That there cannot be a greater number 

of values, will appear by extending the series of arcs (2) ; for the sihes 

and cosines of 

n_ n + 1^ » + 2- , ,«v 

-27r, — -27r, -— 2^-, &c (3) 

n n n 

are the same as the sines and cosines of (2), because 27r may be de- 
ducted from each of the latter without disturbing their terminations. 
It is tbus evident that the nth root of unity consists of n different 
values, and that more than n roots cannot exist. As an nth root of 
any number is always that which, raised to the nth power, reproduces 

the number, and since, as just shown, if N^ be the positive or ordinary 

arithmetical nth root of any number N, that (-^1 • JV")*» is N, it 
follows that every number N has n different roots expressed by 

131. If instead of putting 0»O, in the foregoing investigation, we 
had put O^TTf the first member of (1) would Jiave been —1 ; and, by 
imitating what is done above, we might get expressions for the second, 
third, fourth, &c. roots of — 1. We here give, from De Morgan's " Tri- 
gonometry and Double Algebra," the twelve roots of v^l, and the 
twelve roots of v^— 1 ; observing that, for the first set, we start with 
B=0 ; and, for the second set, with 0=7r. 

roots of \^1 
cosO''± 8inO°«-v/-l 1 

cos30°± sin30°V-l.... W^±W-'^ 

cos60°± sin60''V-l.. .. liiV'-S 

cos90*'± sin90°V-l,-. .^ ±\/-l 

cosl20'»±sinl20°V-l.... -4±4v/-3 
co8l60°±sinl50° V-1 .... - W3±4v/-1 
008180° ±sinl80°V-l.... -1 
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rootaof^—l 
cosl6*'± emlS^'y/"!..., }{v^6+ -x/2) ±1(^/6- -^2^-1 
cos45°± Bin45**V-.l.... 4v^±4v'-2 

. co875*'± 8in75°V-l l(\/6-v'2)±l(v^6+ v^2)v/-l 

cosl05°±8inl06° V-1. . • • -i(v^6- v'2)±i(V6+ ^^2)^/-! 

C08l35**±6inl86°V-l '-W^±W-^ 

co8l65°±sinl65°.v/-l. . • • -J{\/6+ V'2)±i(v'6--v/2)v/-l 
In the above, the arcs, regularly increase by i^ of the circumference, 
that is, by 30^ ; and, as soon as twelve results are obtained on the 
right, the series of arcs terminates, because, as shown above, the con- 
tinuation of the series would only supply the roots over again. 



Application of the developments (A) to the construction of a taUe of 

sines cmd cosines. 

90** IT 

182. Let 0^ — : the linear measure of this arc will be rr-, and the 
m 2m 

series (A), page 180, will be 

. 90^ jr_ L/JLV 1 ('^Y 

90** 
cos 



=1-1/— V 1 / ^ V 

2V2m/ ■^2.3.4\2m/ 



m 

If m»90 X 60, we shall thus have the sine and cosine of 1'; that i% 
the linear measure of the arc 1' being 

TT 8 -141592653589 nnAon^o«o« 

5-= TqK--^ = -0002908882. . . . 

2m 180 X 60 

we shall have 

sin r=. -0002908882- "T / + .- = '0002908882 

^, , -0002908882* 0002908882* nnn^^^^i.*,^ 
cosl'=l + — r-—- = -9999999577 

Z ^•o*4 

And, by help of these values, we may compute the sines and connes 
of every minute in the quadrant from the formula 

sin(^+l')=28in^co8r-.8in(^-10 
A being made equal to 1', 2', 8', &;c. in succession. 

As cosV differs but very little from unity, it will be better to write, 
in this formula, 1—^ for cos 1' ; h being its defect from unity ; we shall 
thus have 

sin(i4 + l')=2(8in^-;b8in^)-8in(ii-l') 
When the sines are computed up to sin 60°, the formula may be 
changed for the more convenient one at page 173, namely, 

sin(60°+jl)=sinil + 8in(60°-il) 

■* - 

* In order to get the ten decimals on the right, the first term only 
of this series need be used ; and in the second series, all the terms after 
the fii-st fraction may be rejected. 



I 
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and the table of sines and cosines completed. As all the other trigono- 
metrical lines are derivable from these, we shall merely add that, when 
tan 45° is reached, the calculation may be continued by means of the 
formula 

tan(45° + il)=tan(45**-.il) + 2tan2^ (page 178, ex. 4.) 

Hie following is also usefal for the secants, namely, 

8eCil = i{tan(45° + iJ) + tan(45°-ii4)} (page 178, ex. 5.) 
= i { tan (45° + ^A) + cot (45° + 4.1} 
and for the cosecants, the formula 

cosec J. = 4 (tan ^A + cot iA) (page 178, ex. 11.) 

and many other facilitating expedients might be pointed out ; but as 
tables sufficiently trustwortiby already exist, there is no necessity for 
any recomputation ; and what is here given is merely intended to show 
the leading principles upon which tables are constructed. 



To prove tkat the decimdU in the ntmber v are interminaHe, 
123. It was shown at page 181 that 

sm 0=^0 cos- cos 7^ cos— 7.^ . .1 
2 2' 2' 

w 
If we make 9^^-, we shall have sinOsl ; and since secant: 



2, - , ^^.^^, 

if each member of the preceding equation be divided by the cosines, we 
shall get for ^, the following ejq)re8Bion, namely 

^^secg sec^sec^secgj . . . .1 (A) 

As the arc diminishes, by the continual bisections of it, the secant 
differs from 1 by a decimal, the first significant figure of which becomes 
more and more remote till, at length, the significant decimals com- 
mence at a place infinitely distant. 

The nth secant is not only less than every preceding one, but, as a 
necessary consequence, it is also less than the product of all the pre- 
ceding secants ; and the nth secant has an infinite number of decimals. 
Consequently the product of all must have an infinite number of 
decimiUs, and therafore the decimals in tt must be interminable; so 
that the diameter and circumference of a circle are numerically incom- 
mensurable quantities. 

Every one of the factors in (A) is irrational ; for (page 174.) 

, . /1 + cos^ 

and since 

co8|«4v'2 \pagel77.) 



/.cos^-V^— =W(2+v^2) 
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&C. &0. 



AT 2 



IT 



2« ^(2 + v/2) 



BeCrrr^ 



sec 



2» vl2+v'(2+v/2)] 

IT 2 



2* v/{2 + V[2+V(2+>/2)]} 

and so on continually ; the numerator of every factor being 2, and the 
denominator of each being derived from the denominator of the pre- 
ceding by prefixing 2, and then putting a radical sign ^, before the 

whole ; so that the denominator of the fiiotor sec— will involve n 

radical signs. 

The mere fact that an additional term, and an additional extraction, 
is introduced into every succeeding denominator, precludes the possi- 
bility of the radicals being neutx^lized by the multiplication of the 
denominators together. 

In terminating this volume, it may be well to notice that, in most 

of the genei'al developments of analysis, wdt-factors are suppressed ; 

and that, on this account, it frequently happens — when fnMStional 

exponents enter — that there is an apparent (Uscrepancy between the 

developed and the undeveloped forms ; the latter appearing to have a 

multiplicity of values, and tibe former but a single value. The defect 

may always be supplied by introducing, as a factor, the suitable roots 

of unity, as already noticed in the Algebra, page 102, article 65. 

Thus, in the exponential theorem, if the exponent be a fraction. Hand 

usual form 

a^ a? 
«'=l+a!+y+2^+ 

requires the correction adverted to ; and to render the two members of 
the identity perfectly consistent with each other, whether x be integral 
or fractional, we should write the form thus 

and a like modification is necessary in all similar cases. 
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Note, referred to at page 178. 

The notation in the text is also employed in connection with logarith- 
nne as well as trigonometrical forms ; thus, log~^, means the number 
whose log is p. As an illustration of the convenience of this notation, 
we shall here give a curious theorem due to Euler. 

From u^iA-B)^^^ 

we hare ^_iJ=ian-i^^^^^. . ..(1) 

or putting t^ for tanil, and t^ for tan^, we have 

A «a tan-^ <„ and B^ tan-^ t^ 
hence, by substitution in (1), 

tan-i<,-tan-i<,«tan-i-^i^^ 

Now the following identity is obvious, namely, 
Ai'^(Ai-A^ + {A^^Ai) + {A^-A;)+....+{An-i-An) + An 

Eutting therefore ^,=tan~i^,, A^=t9,n~^t^, ^,*Btan~^^„ &g.j we 
ave the following theorem, namely, 

tan-i«,«tan-iTi^ + tan-i:^2l^ + tan-i:^3C:^+... + tan-i^ 

A similar theorem results from the identity 

namely, the theorem 

tan-i«, =tan-i Aii-tan-i-^^ + tan-l-^i^ 

Let ^1 — 1, t^^'i, t^=^'='tn, then (2) becomes 

arc 45° = tan-' ^ + tan-i f + tan-' ^ 

«2tan-ii + tan-if 

For ^i»l, the several firactions may be assumed of any values what- 
ever, and thence <,, t^, &c., and finally tn, niay be determined. And, 
take whatever value we please for t^, and then whatever value we 
please for each of the several fractions, the quantities t^, U, &c., up to tn, 
suited to those assumed values, may always be leadily discovered. 



ANSWERS 

TO 

THE EXEECISES IN THE ALGEBBA. 



Addition. Page 6. 
Ex. (1) 9ax+7b. (2) llacx+7m, (8) lla^~2a&. 

(4) 5ny. (5) Sx-Zy+z. (6) lax-^lOcz. 

(7) ~7«ia-13na:+9. (8) 8aaj-6y-2. 

(9) 66 + 2c-}d-10i. (10) 12aaj-106y-4. 

(11) -wia-3a;-l. (12) 6faa:y-J68. 



Page 8. 
(1) 3aa;-126y+80. ^2) ZlSax + 7fnz+xy, 

(3) 7a&c + 75cy— 16aJc— 87. (4) lla:y— 27y2 + 15a:ys + 5a«. 

(6) - 6(K. (6) Joa: + 9}6 + 164. 

(7) 2aa;-166-10. • (8) -8a:y + 1002-16, 
(9) 17ay- 902 + lOmn- 18. (10) iw + 15gy— 7c + 3. 



Subtraction. Page 10. 
(1) lla:y-8a2-66 + 3. (2) ~18a^+12o6-5crf+4. 

(3) 6wu; + 2wy + 8jp2— 15 + a. (4) 92+6y + 2a + c— 8m. 
(5) 1702+ 6y— Sea? +6. (6) -18pa;+233y— 4r-ll. 

(7) 166y + 13a; + 02-20. (8) a;-10c+66-14a + 9. 

^v>(9) -25aa + 2ia:y+6. (10) -^+6|-6y-4. 

"•"'(ll) 12oa?-226y + lJc-27. (12) 8}y-7i2-24a;+lf. 

(13) 2a; +803^ + 92+^. (14) 8}ay-5ieea;+8i2-l. 

(15) 4a;-2|y+642+o-&-c. (16) -42-«+y+67i. 



SncFLB Equations. Page 17. 

(1) a?«6. (2) ar-8. (8) a;-24. <4) a?- 12. 

(6) a?=4. (6) «-lif. (7) ar=7. (8) »-4. 
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Ex. (9) a;-2A. (10) a;-14f. (11) ««8. 

(12) ar=8. (18) a;=-l^f. (14) a:- 38. 

(15) a;-i6i. (16) ar-5f (17) a;«6J. 

aS) «--8i. a») «-eA. (20) «-4J. 



QuesHonifor Exerem. Page 21. 
(I)9iiiid8. (2)200. (8)15and& 

(4) A, 662. 18«. id. ; B, 882. 6<. 8d ; C, 2002. 

(5) lOOIb. (6) 18 days. 
(7) 7215. (8) 75 gaUona. 
(9) 90 balf-gnineai^ 11 crowna. 

aO) 52. (11) 1 hour, 52i minnteB. 

(12) If of aday. (18) 27 min. lO^sec. past Y. 

(14) 82 min. 48^^ mc. past XII. 

(15) The numher is 4. (16) 28} days. 

(17) 24 nules. (18) 45 miles and 105. 

(19) 2 and 8. (20) 2f days. 

IV«e24. 
(1) 7{(a+«)*+l}. (2) 4->/(a-«) + 6. 

(3) 8(2aa:+8)* + 5ft. (4) ^/(a?-2^--5a:+9a. 

(5) 6v/(a?^y*)-^av'(aJ«+j(^. 



MuLTiPLiOATioN, Page 25. 
(1) -12aV«y. (2) 80a6V/2». (8) -80a»««y. 

(4) -120a5»aj»/. (5) -|i?a»y». (6) -ia«&cy8». 



Page 26. 

(1) -10aay+16a«aV. 

(2) -84a*6*a»+21a6»<ssBy*-14aya?. 

(3) 12a?6V-4a«6»a;»y«. (4) -216«»3^-8a6a:yV + 12&ey» 

(5) ^63a^y*«* + 70ar»yV + 84a^y<«»o^ 

(6) 8a?6a;* + 8a*&c». (7) 28a^tey- 16(%. 

(8) a«&cy-2a^ar» + |a*ay. (9) 5a*&a*+a6«cay-a5c»«8. 
(10> -7flr»&r*yV + ajy«». 
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Page 27. 
Ex.(l) 6aV-2<M?-8. 

(2) 48aa^-8(12a+4&)a:»+(96 + 4c)a?-8(a!. 

(3) 16a?V-6a:'y + 4(6-8y)a?+12«y-48. 

(4) 18aa:» + 3(5a-2)a?-(18a+6)a; + 6. 

(6) -140a:»-79a:* + 78a;+45. (6) a:«-4V + 2a?V-82^. 

(7) a? + 8a^a;+8aa? + a*. (8) a?-8a?te+8aa?-.a:». 
(9) ea:»-9a?. (10) 8a?-3a:* + lTV»-*. 

(11) Ja^—^ioV +♦«!/*-*»•• 02) 7a?-89««+88a;+24. 
(18) 15aV-.26a&i:y~19a2;+8fiV + 16gy + 6. 

(14) 42a:»-68ia:* + 5iic + 6. 

(15) 4a*a?» + 4a?&r»-8a«6V-4o6»a;-6*. 

(16) 14a:*-29a?»-8a» + 19a? + 8a:-2. 

(17) a?*-(a+6)V+2(a+6)<»+A 

(18) The product is aJ*~y*=(a:* + y») (aj»-^. 

(19) The product is a?-.a^=(a?+«^(a?-«^. 

(20) (a:»+y*) (a?-2fl=a?*-y*, and (a?*-y*) (ar* + y*)««*-y«. 



Bivisioir. Page 80. 

l4(KgV • flVi* o: 

^^' -2ary» ^*' ^^^ 8^i?"""8i»- 

- 12ya;*y 2V gaa^V 5^ 

16o^^ 4a 7ayyg 7 

^^^ -4aVVy""T- ^®> "6^;5""6S- 

^^^ 5a%y'"6a«»y ^ ^ ^^^^ ^' 

^^> -2^." 2 • ^^^ 4^^"256- 
dcMx/{x + y) n-v/(a? + ; 



^^^ 18a»i»v'(ar-y) 2a-v/(a:-y)* 
8a5(a;-y)* 1 



Page 80. 

' 2aa; 

,„. 12mV-8mV + 16mV „ , . « , , 
(2) j^^ -8mV-2»na;»+4«, 

02 
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W 6SW ="*'*' + 2**^-65W- 

(8) Cancelling ix, 

r « — 2a*a:— 2a*a; + - - + — . 

ab b a 

(9) Cancelling cue, —^ '-^ • « 

lOSa^a* + 45 oV~70a^a;~80 ^ ^^, , . o^, . ^^ . - 15 

. . (<H~2o«4-2a:«)(4o*~3ar^ 4o^ - 8o« + Sa*a^ ~ 8o«a? -f 6a V - 6 j^ 
^ ^ 2aa:» '^ 2aa:« 



Pag9 S3. 

(1) 5a:»+4a:* + 8a?+2. 

(2) 0?— oaj + a:', and a* + aa:+a? + . 

a-^x 

(3) ar»-3aa:» + 3a«a;-a?. (4) 24a»-12cw-50a«. 

(5) 9a?»-10a:» + 6a:»-80ar. (6) a;*~g» + a^-a?-fl- _, , . 

ar + o;— 1 

(7) 2a:-4 + ^«2a;-4+ ^ 



a?— 1 a?+r 

(8) |a; + 2. 

(9) The remainder is 5 ; and when 2 is put for x in the dividend, 
we get 8—20 + 14 + 8=6, like the remainder. 

(10) The remainder is a^ + ba^ + ca + d, which is the same as the 
dividend when a is put for x. 

Page 88. 

(1) ^a^a^y^^aa^y*. (2) \/9(My^Sah:y/y. 

(3) 12a'ar'y^2ax^Zxy. (4) ^^-±v^. 



AirswEBS. 197 

Ex. (5) :ya^oi^f=-axf]^ax. (6) »JMs^f^^axl/o^, 

(7) ^27ftVa;«^^=^-ya6V. 

(10) a(a^-*=ay-'a!-*. 

(11) (288^3,V*=^^^^!=§2!tl. 

(12) (-8ary)-» = -4(ay)-'(a»»)-». 

/63aV 9a»a: ,, . 

<^^^ V Tdp—iop'^ ^' 

(14) (1^8)»=iv/8. (15) (|^/2)«=J. 

(16) v/(i6v'6)=4y6. ■ (17) et-dv'e. 

(18) i^hf^^yb; !5'a!»=aS; 



(1) 
(3) 
(5) 
(7) 



Fbaotions. Page 89. 
x—Za _. 7o6c— w— 1 



• 




23a + lOoo:- 


-2a:» 


5a 




2a;* 




a?^€?' 




a2 + ft» + c* 





2a6 



w 


2c • 


iK\ 


4a:9-.25ar» + 20a; + 25 


\V 


4a; + 3 


(6) 


o^ + a:* 
a— a; 


(8) 


o6 ' oi • 



Page 39. 



(1) a + 6 + ^j. (2) ^+y'-^. • 

(3) 2(a» + a^+y)- (*) 2a-l-;^. 

(6) 2(.»-«') +^^,. (6) 5-g-^L__a-^ . 

(7) .-y. (8) ^^Z^^l^^ 
(9) 2(«-2^) + ^^. 
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Pagf 41. 



2o6' 2a6 ' ^ ^ 2(Ka-J)' 2c(a-6)' 

2a6(a^5) (l -ft)(a-H&) a(a:+y) * 

,rx «»(^"y) ft(a?-Hy) c /-v 7(8a:*-4a) 20 

W ^_^» ^.^» ^_y.- W §j , 35. 

^'' (1-a?)*' (l-a:)»* ^^^ o'-a:** a»-«»' o*-a:** 

/a\ 8a^— 2g»^5a»+4a;-2 2a:» + a:»^8a?~4 
^^ a^-6a:« + 8 ' «*-dai»+8 * 

/1A\ ^^"g^^) «K8a;-2) Sab 

m\ ^(^-•^)* ^(^+1)* 8(g*-l) 20(a:»-l) 
^ ^ 4(a:*-l)' 4(a:*-l)' 4(a*-l)' 4(a:»-l)' 



Addition and Subtbaotion of Fbaohons. Page 41. 
... l&v— 5 ,_ aj+y— 1 ... 20aa;+16fta;-86a; 

w — T"- <^ "Snp-- W 60 • 



««-l • ^ ' a*-y»* ^ ' o*+6** 

(10) 0. (U) ^._^ . 



Mdltiplicatior akd Ditibiok or Fbaoiions. Page 42. 

W 36 • ^^ 25 • <*' S5- 

(4) 5. (6) 4(a? + «x+a«). (6) J-f-^. 

(7) f^. (8) '^ (9) J^Z^. 

oa? o»— a;^ ^ ' aa?(a* + a:^ 

aO) 1. (H) ^^^*. 

n2^ 21 ^ 21v/(a + a;) 

^ ^ 20v^(tt + a?) 20(a + a:) * 
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Sdcflb Equatiokb. P^ 46. 

Ez.(l) a;»36. (2) a;»18. (8) a;«60. 

(4) a;»12. (5) x«2a. (6) a;»64. 

(7) a;»5f. (8) x^d. (9) a;>-6i. 

(10) x^5. (11) ;c-i!i:5.,(2z^^^. 

(12) a;=a-l. (18) «=2. Vl^) a:-44. 

^^^^^'(^^«- (^^)^'=^A- (17)a:=8. 

(18) a?=l. (19) «=y. (20) a?«3. 



Questumc in Simple Egtiattons, Page 47. 

(8) 47. (4) 26. (6) 4(. 10«. (6) 7. 
(7) 22, 81, 9 and 54. (8) 4-^ imloB an boor. 

(9) 71 gal. at 9«. 6d., and 88 at 18«. 6d. 

(10) ^ ^m innteB. (11) 49 and 42. 

(12) 6f gal. of the firsts and 18^ of the second. 



Simple Equations, with Two Unknown Quantities. Page 51. 
(1) a;=4, y=5. (2) aj=7, y=5. (8) ar-7, y=4. 

(4) a:=10, y»7. (5) «=4, y-8. (6) x^Z, y=8. 

<^) ^^—2^' ^25"- <^) *"*' «'=*• 

(9) a?=80, y=19. (10) a:*21f, y=50. 

(11) :.=21, y=68. a2) ^-^^, y-~r^r- 

(13) ^=^j, »=jfj. a4) ^=12, y-6. 



QuestioTU, Page 52. 

(1) A.'s share 222. ; B.'s share 262. 

(2) 8 and 16. (3) ^. 
(4) IZ. 124. ; 14 persons. (5) 23. 

(6) 20 bush. lye, 52 bush, wheat. 

(7) 12 persons ; 82. (8) 6 min. and 4 min. 
(9) 21 (10) 22. 
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Equations, with Three Unknown Quantities. Page 55. 
Ex.(l) a;=*-4, y 6, 2«8. (2) a;*8, y=2, a=l. 

(3) X'^lOr y«2, 2«8. (4) a?»7, y=10, 2«9; 

(5) A.'8 Bbare, 50;., B.'s 802., G.'b 202. 

(6) Brandy, 15 gal.. ; wine, 24 gal. ; cyder, 21 gal. 

(7) 6, 12, 8, and 27. (8) 12, 60, and 80. 
(9) A. 14fi days ; B. 17}f days ; C. 28/r days. 



Examples in Quadratic Equations. Page 60. 
(1) a?«8, or -1. (2) x=5, or 8. <8) a:=3, or 14. 

(4) a:=4(l±v/5). (5) a:=6, or 6f. (6) a;=l±-v/-l. 

(7) a.»?^i/Z. (8) x=i, or 9. (9) x^i, or -21. 

(10) a:=60, or 235. (11) «=!, or 4. (12) a:=l, or (-4)1. 

(13) a?'-— 1, or —J. (14) aj—a. 

(15) a;=5, or 874. 0^) a;=»10, or -2^. 

(17) x=S, or (- V)*. (18) a;=9, or -ff. 



Qic«8^i0fu. Page 68. 
(1) 6 and 27. (2) 40. 

(8) 2 and 4, or —8 and 14. (4) Impossible, 

(5) A. 6 miles an hour ; B. 5 miles. 

(6) 15. (7) 7. 

(8) 8 and 15, or -10, and -12. 

(9) 18*. (10) 2±i^, and -2±i^. 



SunTLTANEOUS QUADBATIOS. Page 67. 

a:=±7, or ±—5^. [a?«±2, or ±-^. 

0){ ^ Z% (2)^ , 8^7 

y= ±4, or ±-|-. [y« ±1, or q:-|-. 

<')|,= il, or±f. <'Ky»±5, or=F59. 

{3!= ±2, or±^v'31. fa- ±8, or ±-^. 

y= ±3, or T^v'81. [y=±2, orT^. 
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Stmuetbioal Quadbatios. Page 68. 

. . Cx=2, or 3, or — 3±->/3. 
w \y«3, or 2, or -3^=^/8. 



Abithmbtioal Pbogbbssion. Page 73. 
(1) 190. (2) 0. (3) 3, 5, 7, 9, &c. 

(4) 5 and 7. (6) 11, 16, and 21. (6) Ten. 

(7) 280 or 140. (8) 11 miles 840 yards. 



Geometbioal Pboobession. Pag^ 76. 
(1) 4095. (2) 266720. 

(3) 4, 8, 16. ' (4) ±1, 4, ±i, i, ±^. 

(5) S-f. (6) f. 



Qv^esHons in Proportion and Progresnon, Page 77. 
(1) 1. (2) 4. (3) 69«. 11«. 6id 

(4) 2, 4, 8. (6) 14 and 21. (6) 800. 

(7) 10 and 2. (8) 14 : 9. (9) 234. 

(10) 1, 3, 9. 

Binomial Theorem, Page 89. 

(1) (a + xy = a* + 8a^a? + 28aV + 56aV + 70aV + 66a?a!* + 28aV + 
Sax'^ + a^, 

(2) (a-a;)7=a''-7aPa?+21a*a*-35aV + 36a»a?«-2laV + 7aa!"-a:^ 

(3) (a; + 2v)7 = a;7 + 14a:«y + SAafiy* + 280ar*y3 + 560aV + 672aV + 
448a:3^ + 128/. 

(4) (l+a;«)-'«l-8a* + 6a:*-.10a:«+ &o. 



(5)(a + 2a:) =_(1 -_ + _—_ ^ &c.) 



Page 90. 

- fl^^ T^^ O^^ ^\^]P^ 

(1) (a» ^^l-a.+^-g^.+j^-^^,+ &C. 
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(8) (a.-y)»-„_g_^^.^^. *<, 



aj» 2a:»o ea:»« 



— &e. 



(4) (c..^i.a.iL.^,j2^^ 

(6) (8-Hl)*-2-H^-g;^^^g^^,.- 3^^^;^^^^ &c. 
.-.^9-2 •08008882805. 

• Compound Intbbbst, Akkuitibs, Rivbbsions, &o. Page 105. 

(1) 8502. 19«. 1 J(<. (2) 4 per oent. 

(8) 7882. 12«. 7<2. (4) 482. 6$. Hid. 
{S) 2102. 6«. (6) 2142. 17«. 5d 
()) 14 -206 yean. (8) 20 -149 years. 

(9) 4 per oent. (10) 22i yean. 



Fftge 106. 
(1) 2152. 10«. lid. (2) 9882. 11«. 2d. 

(8) 6812. lU 7(2. (4) 2792. 0«. 8<2. 



Page 107. 
(1) 2,7762. 1«. lOd. . (2) 5512. 15«. 8rf. 

(3) 28f yean. (4) 1952. 7«. 8<2. 

(5) 2582. 10<. 6f (?. (6) 462. 5i. 

(7) 5 per cent. 



Page 108. 
(1) 1752. 1«. Hd. (2) 8822. 14«. Hd. (8) 502. 



InDETEBKINATX COEFFIdENTS. Page 112. 
^. w(n+l) ,„. n(2n-fl)(2n-l) 



(3) l^^l\ W 
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Pujno 07 Shot. Page 115. 
Ex.(l) 120. (2) 4960. (3) 140. (4) 1785. 

(5) 892. (6) 28405. <7) 8640. 



FeBMUTATIONS and GOMBIVATIONa P^ 118. 

PenmU<aions.—(l) 479001600. (2) 720. 

(8) 1260. (4) 64. 

CofnbmaHoni (p. 120).— (1) 210. (2) 455. 

(3) 15. (4) 65780. (5) 118. 

Page 122.— (6) 50068860, 5006886, 424270 timeB. 

(7) 84 times. 

ExTBAonoN OF THE Squabb Boot. Page 124, 
(1) 2a?-6aa:-9a*. (2) a*a?-6aa«-4a:'. 

(8) iB»-2a;+3, Eem. 12a;. (4) 8a:»-2iB»+«-4. 



Extbaotion of the Cube Boot. Pftge 126. 
(1) 2x+a. (2) a*-2a:+l. (8) 4a:«-6a?-9. 

Gbeatbst Common Measxtbb. Pftge 181. 
(1) a^-«». (2) a: +6. (8; «-5. (4) «»-2aj+l. 

£nd of ike Answen to ihe Algetradcal ExereiteB, 



ANSWERS TO THE EXERCISES IN THE TRIGONOMETRY. 



JRighi-angUd Trianglea, Page 145. 
Ex,(l) Perp. 884 -045 ft., Hyp. 480 -086 ft. 

(2) 78 -4 ft. (8) 118 -57 ft. (4) 7,936 mflee. 

(5) 8,000 miles. (6) 935 '76 ft. (7) 66 '65 ft. 

(8) Perp. 216 ft.. Hyp. 270 ft. 

(9) 38"* riS*'. (10> Sbip VV^Q^,\flSaL^^'^^ 
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(MtQue-angUd TriangUi. Page 149. 
Ex.(l) 0-471 -6, 6-871-9. 

(2) -4-40* 88' 18'', (7=61* 18' 47", a-101'617. 
(8) 296 -54 ft. and 806 -19 ft. (4) 1426 ft. 

(5) 2292 -26 yds. and 2298 * 05 yds. 

(6) 45° 18' 55", or 184" 46' 5". 

Page 151. 

(1) 19 -26. 

(2) Side 112 '6 yds., angles 57*' 28' and 64«* 85'. 

(3) JB=-8r 20', (7=115* 86'. 

(4) 57 -628 ft. (5) c-15-241. 



Page 158. 

(1) Ji-182'7'12«. 

(2) J =2r 4', JB-87* 20 (7=115* 86'. 
(8) 41* 24' 85", 55' 46' 16", 82* 49' 9". 
(4) JB=54* 88' 25". 

(6) 301 -01 ft., 719 -522 ft., 629 -101 ft. 



Page 178. 

(1) Sin9'>-i{v^(8+-/5)-v/(5--v/5)}, 
COB 9*=i{ -v/(3+ >/5)+ v/(5-'v/5)}. 

(2) Sin27*«i{v'« + v^5)- /(8-v'5)}, 
cos 27*= J{ v'(5 + >/5) + v^(3- v/5)}. 

(8) a;=15*. 

(7) Tan 67" 80' = 1 + >/2, sin 22" 80'=4 v'(2- ^2). 

(18)Sm^ = ±|,or±^. 



fMtMTED BT COX (SSOS.) AlfP WJUAH, OBKAT QUKI^IC fT^ICt, 
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